THE 


ASTRONOMICAL   JOURNAL 


FOUNDED     BY     B.    A.     GOULD 


EDITED     BY 

BENJAMIN    BOSS 

ASSOCIATE      EDITORS 

E.    E.    BARNARD  F.    R.    MOULTON  R.    S.    WOODWARD 

ERNEST    W.    BROWN 


VOLUME    XXVIII 

JULY     1913    TO    JANUARY     1 !» 1 5 
NUMBERS    649-672 


ALBAX  V 

I  (l  1  5 


j 
A  6-7 


CONTENTS. 


NUMBERS   649-650. 

Observations  of  the  Seven  Inner  Satellites  of  Saturn,  by  E.  E.  Barnard. 

Observations  of  Comets,  communicated  by  the  Superintendent  of  the  Naval  Observatory. 

Observations  of  the  Satellite  of  Neptune,  by'  E.  E.   Barnard. 

Observations  of  Minor  Planets,  communicated  by  the  Superintendent  of  the  Naval  Observatory. 

Systematic  Motion  of  Stars  of  Type  G,  by'  Benjamin  Boss. 

Some   Possible  Star  Groups,  by  Benjamin  Boss. 

Notice  Regarding  the  Desirable  Extension  of  Ephemebides,  by  C.  D.  Perrine. 

NUMBERS   651  652. 

The  Orbits  of  Freely  Falling   Bodies,  by    Et.  S.  Woodward. 

Sunspot  Observations,  by  Alden  W.  Quimby. 

Note  on  the  Proper  Motion  of  YVeiss-Argelander  7113,  by  J.  G.  Porter. 

Atmospheric  Disturbances  and  Variable  Refraction,  by*  C.  D.  Perrine. 

A  Means  of  Minimizing  the  Effect  of  Short  Period  Displacements  Due  to  Variable  Refraction  for  the  Transit  Circle, 

by  Benjamin  Boss. 
Corrigendum. 

NUMBER   653. 

OCCULTATIONS    OF    STARS    BY    THE    MoON,    COMMUNICATED    BY    THE    SUPERINTENDENT   OF    THE    NAVAL   OBSERVATORY. 

Observations  of  Variable  Stars,  —  No.  14,  by-  Wm.  E.  Sperra. 
Observations  of  Borrelly's  Comet  191  le,  by  E.  Chaudet. 
Observations  of  Comet  1911?  (Beljawskyi,  by  C.  D.  Perrine. 
Observations  of  Comet  1911/  (Quenisset),  by  C.  D.  Perrine  and  E.  Chaudet. 
Observations  of  Comet   1911c  (Brooks),   by  E.  Chaudet. 

NUMBER   654. 

Observations  of  Comet  a  1912  (Gale),  by-  Harriet  W.  Bigelow. 

Observations  of  the  Satellite  of  Neptune,  by  Asaph  Hall  and  H.  E    Burton. 

Observations  of  the  Satellite  of  Neptune,  by  H.  E.  Burton. 

Comet  6  1913  (Metcai.fi. 

Metcalf's  Comet,  by  F.  E.  Seagrave. 

Comet  d  191.3  (Delavan). 

(  JOMET    C    1913    (NeUJMIN). 

Notice. 

NUMBER   655. 

Proper  Motions  of  Telescopic  Stars,  by  George  C.  Comstock. 
i    <    1913  (Zinner). 

NUMBERS   656-657. 

The  Secular  Perturbations  of  the  Four  Outer  Planets,  by  G.  W.  Hill. 

The  Proper-Motion  of  Ci*  1536,  by  J.  G.  Porter. 

Elements  and  Ephemeris  of  Halley's  Comet,  by  F.   10.  Seagrave. 

Observations  of  Comet  1913  d,  by  W.  J.  Hussey. 

A  Control  for  Least  Square  Solutions,  by  Joseph  F.  Ritt. 


iv  CON  T  E  N  T  S 

NUMBERS  658-659. 

BY  ]        \      FATH. 

On   \  Tempi  rati  re  Gradient  Term  i\  the  Cm. mm  ition  Constant  of  rm:  Albans  Meridian  Circle,  by  Sebastian  Albrecht. 

(  >B1  n   un    Non 

\i  MBEE   660. 
Htperi  Series   u*d  Walker's  Tables  i    Leverrieh  Coeppicients,  bi  G    W.  Hill. 

I      SUl.'i    I  'll  WDLER. 

■■>       17.'.      I  >l  i  in.    BI     I-    E      S]    \'    I 

NUMBERS   661  662  663. 
Memoir  on  the    I  Di  hkwimm.  Orbits,  bi    F.  R.  Moi  lton 

Sunspot  Observations,  by  Alden  \\    Quimby. 

d  Maxima   ind  Minima  of  \  triable  Stars       L912  1913,  bi    Paul  S.  Ybndell. 
Comet  b,  1912    Schaumasse-Ti  mm   ,  bi    F    I     Si  igravi 

NUMBER   664. 
Tin.  Direct   ujd  Si  ittered  Radiation  of  the  Si  k    vnd  Stars,  bi   C.  G.  Abbot. 
Observations  oi   Comets,  by  C.  B.  Watts   vnd  H.  E.  Burton. 

NUMBER    665. 
:    L913  i    (Neujmin),  by  E.  E.  Barnard. 
Observations  of  Comet  L913  I    Dei  ivan),  bt  H.  E.  Burton. 

noNS  of  <  "Mi-i    191 1  6  (Kiess),  hy  E.  Cb  u  det. 
(is  the  Secular  \  uuations  oi   Jupiter   \\\>  Saturn,  by    1!    T.  A.  [nnes. 
ltions  in     624     Hector,  bi    11    E.   Burton. 

NUMBER    666. 

Preliminary    Resi  i  i     oj       Si    i h   Parallelism  in  the  Orbit-Planes  of  Binary   Stars,  by  J.  M.  Poor. 

rvations  oi    Asteroids,  by   C.   IS.  Watts. 

OMET    I      L913,    BY     A.    EsTELLA    GlANCY. 

Elements   wi>  Ephemeris  of  Comei  /  L913,  by  P.  F.  Delavan  and  B.  II.  Dawson. 
Neujmin's  i  "Mi  r,  bi    !'    E.  Si  igr  \\  i 

NUMBER    667. 
The  Moon's  Mean   Longitude,   1908  13,    \m>  the  Eclipse  m    August  21,   1914,  by  Frank  E.  Ross. 

by   Frank  ( !.  Jord  us 
Errors  in  the  Right  Ascensions  oi   Newcomb's  Catalogue  by  W.  S.  Eichelberger  and  II.  R.  Morgan. 

(  (111  II     \IIY      Nl 

Notes 

NUMBER    668. 
\\  ii. 1. 1  wi  Hill,  bi    R.  S    w  oodvi  lrd 

>i  vh  Motion  opon  Spectral  Type,  by  Benjamin   Boss 
OP  I  OM]  i    •    L913     Delay  an  i,   in    A.   Kstei.be  Glancy  , 
rvations  op  Comet  a   I '.Ml     Kritzinger),  by    \    Estelli    Glancy. 
i  Iomet  b  191  I    Zlai  insky). 

NUMBER    669. 

,      I'm;,  u   \l.    Lull  I  1.1 

Discordani   Magnitude  Determination!    Indicating  Possible  Variability,  by  Hehov  Jenkins. 
Photographk    Positions  oi    Comei    1911  c    Brooks),  by   William  0.   Hem. 

Si  NSPOT   ObSERY  ITIONS,    m',      \i  mi  n    \\      Ql  [MBY 

Further  Data  Bearing  opon  the  Reality   oi    rm:    Ujtapex  Group,  .1   J   635  636,  by    Benjamin   Buss. 

General  Catalogue,  by    Arthur  J.   Rot 
The  7    ■       '  luster,  bi  Johnson  O'Connor. 
New    Long  Per Variable  in  Carina,  by   Alex  W,   Roberts. 

NUMBERS   670  671  672. 
Deviations  oi    Falling  Bodies,  by   Wm.  11    Roi 
Transh  m    Mercury,   1914  Nov.  7.  by    I     P    Leavenworth. 

:  i  '    \I    T  \i.bi  .nr  .    BI     F.    Iv    Sfi  IQH  \\  i .. 

rvations  oi   ''.Mi.i   1913/    Delavan),  by    Bernhard  ll    Dawson 


THE 

ASTRONOMICAL    JOURNAL. 

FOUNDED     BY     B.    A.     GOULD. 

Nos.  649-650 


VOL.  XXVIII  ALBANY,  N.Y.,  1913   JULY  3  NOS.  1-2 

OBSERVATIONS   OF   THE    SEVEN    INNER   SATELLITES    OF    SATURN, 

l'.v   E.   E.  BARNARD. 


The  following  measures  of  the  satellites  of  Saturn  are 
continued  from  Asironomit  d  Journal,  Vol.  XXYil.  No. 
639-4(1.  In  the  measures  of  Hyperion  there  are  several 
cases  where  uncertainty  exists  as  to  whether  the  object 


observed  was  not  a  fixed  star.  The  observations  are  in 
Central  Standard  Time,  b1'  Om  slow  of  Greenwich  Mean 
Time.  All  the  measures  are  double  distances.  The  ob- 
servations are  not  corrected  for  refraction. 


Tin:  Measures  of  the  Satellites. 
Tethys  and  Mimas. 


1912 

-13 

l  .S.  Time 

PA. 

Dist. 

Cps.      P.  A.  of  Wires 

Remarks 

Mar 

4 

6  46  15 

6  51   10 

220.00 

17.68 
Dione  am. 

5 

8 

Mimas. 

130.1 

Seeing  good.     Mimas  close  to  the 

ring. 

Nov 

17 

10  59     4 

11  3  20 

252.04 

27.88 

5 

8 

161.6 

Feb. 

8 

9  IS  21 
9  22  51 

95.95 

73.08 
Rhea    \\i< 

5 

8 

Mimas. 

'  5.8 

Seeing  good. 

Jan. 

28 

8     6  23 
8  10  56 

113.19 

22.73 
Tethys   wo 

5 
9 

Enceladus. 

23.7 

Fairly  well  seen  but  close  to  ring. 

Oct, 

1 

15  38  21 
15  42  58 

280.11 

78.22 

5 

8 

191).  1 

Oct. 

15 

16    19   50 
16  24  32 

159.07 

36.26 

5 

8 

69.2 

Seeing  fail'. 

Oct. 

29 

11   44  .V, 
11   -is    1  i 
13     7     9 
13  11   54 

86.95 
80.69 

35  28 
37.00 

5 
2 

5 

8 

1 76.5 
170.5 

Clouds.     Single  distances 

Very  faint  from  very  bad  seeing. 

Wind  very  high. 

Nov. 

in 

8   15 
10     1  58 

L83.05 

30.00 

5 

8 

91.7 

Nov. 

17 

13   15     s 

13   IS  24 

287.69 

L6.84 

5 

8 

17.fi 

1  )ec. 

28 

11   L3   ! 
11   18     8 

147.62 

16.96 

5 
9 

58.3 

Seeing  excessively  had. 

Dec. 

31 

10  33  54 

10  38  18 

250.34 

56.00 

5 

S 

ICO. 5 

Seeing  good. 

L) 
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Tethys 

\\h  Ena  ladus.     i  <  Jontinued.) 

2-1S 

C  S.   rime 

P.A. 

Dist, 

P.A.  of  Wires 

Remarks 

Jan.    L8 

L0    ;i 
Hi  39 

52 
9 

63.64 

32.60 

5 
8 

153.6 

Mar      I 

6 

- 

1 

39 
32 

210.44 

30.47 
Diane,   wn 

5 

s 

Ena  ladus. 

120.1 

Sepl     8 

13 
13 

29 

:;; 

12 
28 

94.58 

27.86 

5 

8 

185.2 

Sept.  21 

13 
13 

56 
59 

5 
36 

105.04 

IM  16 

5 

8 

15.0 

Sept.  22 

13 
13 

16   12 
50  37 

79.11'.) 

52.57 

5 

8 

169.8 

Oct.    l'.» 

L2 
13 

56   1  1 
n   13 

86.04 

23.60 

5 

8 

175.8 

Nov.  24 

in 
10 

Hi 
22 

0 
14 

81.97 

34.44 

5 

8 

171.8 

Very  difficult  from  bad  seeing. 

Dec.    21 

9 
9 

44 
50 

48 
4 

71.79 

31.44 

10 

101.7 

Jan.   28 

7 
7 

16 

l'.i 

1 
34 

148.78 

30.51 

5 

8 

58.7 

Feb.     4 

6 

ti 

1 
5 

20 
30 

324.05 

33.61 

5 

8 

51.0 

Seeing  fair. 

Feb.     8 

9 
9 

59 

57 

8 

87.84 

65.91 
Rhea  and 

5 

8 

Ena  latins. 

177.8 

Seeing  good. 

Aug.  20 

15 
15 

17 

24 
L6 

78.67 

65.34 

5 

8 

L68.6 

Faint  in  clouds.     Seen  only  once 
in  a  while. 

Oct.    12 

15 
L5 

10 
L5 

0 

20 

1  13.15 

30.20 

5 

8 

52.7 

Seeing  bad. 

Dec.     8 

11 
11 

12 
16 

6 

to 

276.91 

46.86 

5 

8 

7.1 

Jan.     1.' 

11 
11 

6 

13 

30 

40 

333.32 

35.89 

5 

7 

63.0 

Excessively  faint  in  clouds.     Dis- 
tances  discordant  by  2". 

Feb.     1 

9  30 
9  35 

50 

54 

233.70 

31.03 

5 

8 

143.7 

Feb.     9 

• 
9   1-' 

5 
36 

287.73 

35.66 

5 

8 

17.8 

Diom    \\i» 

Tethys. 

Sept.    1 

L3 

13 

45  59 
50  44 

259.48 

13.46 

5 

10 

10!).  1 

Seeing  exc<  ssively  bad.     <  !louds. 

Sept.    8 

13 
13 

37 

11 

8 
32 

104.82 

37.87 

5 

8 

14.7 
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Dione 

and  Tethyi 

s.     (Continued.) 

11)12-13 

C.S.  Time 

P.  A. 

Dist. 

Cps. 

P.A.  of   Wires 

Remarks 

Sept.  21 

13  48     8 
13  52  10 

218.64 

42.56 

5 

8 

129.0 

Sept,  22 

13  37  20 
13  41  30 

ti4.:.:» 

80.93 

5 
8 

154.3 

Oct.      1 

15  29  56 
15  34     2 

247.47 

22.94 

5 

8 

157.4 

Oct.    19 

13     5  39 
13  10    6 

55.11 

31.12 

5 

8 

145.3 

Seeing  poor  towards  Last.     Good 
at  first. 

Nov.  15 

11  32  54 
11  37  37 

157.24 

40.60 

6 

8 

67.0 

Nov.  17 

13     7  45 
13  11  24 

227.96 

61.10 

5 

8 

137.6 

Nov.  24 

9  52  36 

9  57   16 

9.05 

33.75 

5 

8 

99.2 

Seeing  very  bad. 

Dec.  21 

9  35  17 
9  39  50 

112.05 

50.12 

5 
8 

22.2 

Dec.  22 

10  53  51 

10  58  20 

308.77 

60.40 

5 
8 

38.6 

Dec.  28 

11     4  19 
11     8  20 

266.24 

KILL'S 

5 

8 

176.3 

Seeing  excessively  bad. 

Dec.  31 

10  57  46 

11  1  43 

136.15 

27.24 

5 

8 

46.0 

Jan.      4 

10  46  55 
10  51  34 

I.1.D7 

82.24 

5 
8 

154. 1 

Jan.    18 

10  43  50 

10  48     8 

112.13 

46.55 

8 

22.1 

Jan.   25 

10  51  20 
10  53  52 

97.48 

16H± 

■"> 
1 

Stopped  by  clouds.     One  rough 
setting. 

Jan.    28 

7  23  13 

7  26  59 

191.12 

5 

8 

100.7 

Seeing  lair. 

Feb.     8 

10    3     0 
10     6  44 

138.73 

37. S4 

8 

48.8 

Seeing  good. 

Mar.    4 

7     8  32 
7  12  48 

269.07 

54.42 

5 
8 

I79.i 

Mar.  18 

6  43  44 
6  48  20 

201.25 

44.11 
Rhea  and 

5 

8 

179.1 

Very  difficult,     Excessively  bad 
seeing. 

Aug.  13 

15  58  49 

16  2  34 

225.64 

34.13 

5 

8 

135.9 

Seeing  fair. 

Aug.  20 

15     S    0 
15  12    9 

68.29 

29.29 

5 

8 

.     158.6 
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AM'     i 

i  ontii  ■ 

igi2-i3 

C.S.    Time 

P.A. 

i'  \.  oi   w  ires 

Remarks 

Aug.  24 

2    LO 

13  .".7     8 

101.71 

77. 7s 

5 
9 

11.8 

ing  poor.    Planel  Low. 

Sept.    1 

13  3 
13  41  34 

12: 

• 

5 

8 

33. 1 

Seeing  bad. 

-     it.    7 

L3  24  39 
13  29  34 

68.23 

L03.94 

5 
8 

15S.0 

Seeing  poor. 

-     t.  21 

13  39  22 
13   L3  52 

326.53 

30.53 

5 
8 

50.5 

Oct.    12 

15  20  33 
L5  25  32 

132.89 

6 

8 

42.7 

Seeing  bad. 

Oct.    15 

it;  m  31 
16   11  50 

272.79 

110.07 

5 

8 

2.7 

Seeing  fair. 

Oct.   29 

11   25     1 
11   39    14 

247.69 

L09.85 

5 

s 

157.5 

Nov.    9 

L3  22    (i 
13  26  20 

73.76 

5 

8 

163.7 

Seeing  very  bad. 
Through  dense  haze. 

Nov.  Id 

12    6  2i 

12  10  56 

L7  38 

00.02 

5 

8 

137.0 

Seeing  excessively  bad. 

Nov.  15 

11    L5  49 

11   20  4t  i 

275.22 

86.31 

5 
8 

5.0 

Nov.  16 

9   19    2 

it  53  34 

270.01 

53.04 

5 
8 

170.7 

Nov.  '-'I 

9   12  2!) 

'.i    17    is 

295.99 

00.73 

5 
8 

25.8 

Dec.     8 

11   5 
11  55  22 

259.84 

50.77 

5 
8 

169. 1 

Dec.  21 

9  25  37 
9  30  11 

282.58 

56. 18 

5 
8 

12.7 

Excessively  bad  seeing. 

Dec.  31 

in   L9     1 
in  52  58 

255. 1 1 

36.11 

5 
8 

165.5 

Jan.      1 

ID  36    6 

10  41    11 

301.35 

55.21 

6 

8 

31.1 

Jan.    L2 

11   27  20 
11   32    L0 

340.06 

L8.84 

5 
9 

69.8 

Jan.    18 

10  52  20 
Hi  56  56 

217.32 

90.64 

5 
8 

L18.2 

Feb.     1 

9   10  52 

9   1."    is 

208.11 

34.01 

5 
8 

1..7.I 

Feb.     1 

6  lo  10 
6   L5  36 

309.02 

59.45 

5 
8 

39.0 

Seeing  fair. 
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191 2-: 

13 

C.S.  Time 

Feb. 

9 

9  1!>  59 
9  24  32 

Feb. 

11 

6     9  56 
6  24  36 

Mar. 

18 

6  53     6 
6  57  40 

Oct, 

15 

16  29  40 
16  34  10 

Jan. 

18 

11     1  16 
11     5  39 

Feb. 

4 

6  29  43 
6  34  17 

Aug. 

13 

15  50  33 
15  54  38 

Aug. 

20 

14  58  31 

15  3  32 

Sept. 

7 

13  34  11 

13  38  36 

Sept. 

8 

13  45  22 
13  49  48 

Sept. 

22 

13  27  22 
13  32  22 

Oct. 

1 

15  21  58 
15  26     2 

Oct. 

Il- 

15  3]     2 

15  36  22 

Oct. 

15 

16     1     3 
16     5  52 

Oct. 

19 

12  42  43 
12  50  10 

Oct. 

29 

11  26  25 
11  30  33 

Nov 

.    9 

13  30  29 
13  35  25 

Nov 

.  10 

11  57  51 

12  2     6 

Nov 

.  16 

9  38  17 
9  43  42 

Rhea  and  Tethys.     (Continued.) 

1>.A.                     Dist.  Cps.     P. A.  of  Wires  Remarks 

311.17  5  Seeing  excessively  bad. 


104.82 


249.51 


12S.69 
157.54 
135.33 


248.87 

59.21 

63.66 

282.49 

265.83 

302.07 

100.86 

279.87 

277.09 

269.45 

68.33 

292.25 

246.51 


56.16 

8 

41.3 

50.82 

8 

14.5 

Seeing  bad. 

87.66 

5 

8 

159.7 

Very  difficult.     Excessively  bad 

seeing. 

Titan  and 

Tethys. 

82.34 

5 

8 

38.7 

Sciina;  fair. 

107.39 

5 

8 

67.6 

Seeing  good. 

7S.71 

5 

8 

45.5 

Seeing  fair. 

Dione. 

18.47 

5 

8 

158.9 

Seeing  fair. 

15.64 

5 

8 

148.6 

1(14.01 

5 

8 

153.5 

95.16 

5 

8 

12.7 

Seeing  bad. 

10S.32 

5 

8 

175.8 

L9.98 

5 

8 

32.4 

122.68 

5 

8 

10.7 

Seeing  bad. 

35.39 

5 

8 

10.2 

Seeing  fair. 

132.40 

8 

7.1 

35.73 

5 

8 

179.5 

111.92 

5 

8 

158.3 

Seeing  very  poor. 

72.24 

5 

8 

22.1 

110.52 

5 

8 

156.7 
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Rhea   \\i>  Dione.     (Continued.) 

C.S.  1  P.  \.                        I'isl.               Cps.        I'.A.  Of  Wires 

Nov.  17                      '.>:"  98^57                                   5 

13    3  41  

Nov.  24              9  29  275.65 

9  35    7  

Nov.  28             11    i  I  44.13 

Dec.     8            11  59   12  255.14 

L2    3  26  

I  lee.  22             10  4:>  14  230.89 

10  40   12  

Jan.    12             11  38  34  300.70 

11  4:5  35  

Jan.    2.".             10  20  57  53.40 

10  40   16  

Jan.   28             7     7  38  74.93 

7   12    is  

Feb.     1              9  40  56  210.17 

9  54  30  

Feb.      1               6  20  45  05.77 

6  25  26  

Feb.     8            10  lo  57  344.02 

10    14   40  

Feb.     9              9  2s   11  205.02 

9  33  22  

Feb.   11              6  11   19  220,10 

6  10  lo  

M   :.     1               7   17     1  303.0:; 

7  21  31  


22             13  55  298.22 

L3  59  37              

Oct.    12              15    12  17  229.52 

15    17  22              

10              13    15  12  00.31 

L3  2i  

Nov.  15             11    12  10  204.42 

1  I    17  6 

Dec.  21              9  55  37  80.69 

10     1  6 


86.10 

8 

8.6 

93.86 

5 
8 

Seeing  excessively  bad. 

6 

Clouds. 

77.89 

5 
8 

105.1 

18.82 

5 

8 

1 41.2 

42.40 

5 

8 

30.8 

Excessively  difficult.     I 
and  excessively  bad  s 

66.72 

5 
10 

142.1 

54.93 

5 

8 

104.7 

Seeing  very  poor. 

50.31 

5 

8 

120.2 

46.49 

5 

8 

155.5 

Seeing  fair. 

43.90 

5 

8 

73.3 

Seeing  good. 

58.17 

5 

8 

175.8 

Seeing  very  bad. 

37.12 

5 
8 

130.5 

Seeing  bad. 

14.83 

5 

8 

33.1 

Dione. 

80.01 

5 

8 

27.8 

Seeing  Fair  to  good. 

100.01 

5 
8 

139.7 

Seeing  had. 

121.02 

5 

8 

L59.3 

Seeing  poor. 

71.08 

5 

8 

111.0 

L34.38 

5 

8 

170.7 

11     :;   18  79.13  ..  ...  5 

11     0     o  212. so  8  100.2 
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Titan  and  Dione.  (Continued.) 

lltli-13                   '    S.  Time  P. A.  Dist.  Cps.      P. A.  of  Wires  Remarks 

Dec.  28            ll"-n'"lOS  27(131  . ....  5 

11  45  10  152.49  8  9.3 

Jan.   28              7  31  43  295.74  5  .... 

7  36  25  165.67  8  25.7 

Feb.     8            10  20     0  54.38  5 

10  24  22  112.28  8  144.3 

Titan  and  Rhea. 

Ana;.  20             15  33  11  287.47  5 

15  39  19  136.83  9  17.6 

Oct.   29            11   17  43  183.89  5 

11  22  14  57.97  8  93.5 

Nov.  10            12  21  23  264.85  5 

12  27  12  196.34  8  174.6 

Nov.  16            10     6     4  107.13  5 

10  10  59  177.78  10  17.2 

Nov.  24             10     1  42  307.02  5  ....             Seeing  very  bad. 

10  6  38  70.54  9  36.8 

Dec.     8            12     7  16  56.46  5 

12  12  15  145.70  8  146.1 

Dec.  31             11     5  42  211.70  5  Seeing  bad. 

11  10  18  66.45  8  122.0 

Feb.      1               9  58  59  228.54  5  ....              Seeing  fair. 

10    3  12  64.00  8  138.2 

Feb.     9              9  48  27  70.63  5  . . . .             Seeing  excessively  bad. 

9  53  24  158.54  8  160.8 

.       Feb.   11              6  29  15  324.44  5  ....             Seeing  bad. 

6  34  16  128.14  8  54.5 

Mar.    4              7  25  53  236.64  5 

7  30  36  93.83  8  146.6 

Rhea  and  Hyperion. 

Oct.      1             15  52  21  92.94  5  ....             Smug  very  had. 

15  58  22  143.00  8  2.9 

Oct.    12             15  57  47  255.34  5              Seeing  bad. 

16  4  40  205.44  8  165.2 

Nov.  16             10  21  20  53.76  5               A  fainter  star   1'  south. 

10  25  45  90.98  8  143.7 

Feb.   11               7  12  18  45.49  6               14  mag.  ?  if  Hyperion.     Difficult 

7  19  36  77.11  8  23.5  from  brightness  of  Saturn.  See- 
ing poor.  Some  question  of  a 
very  large  error  in  the  angular 
setting  of  wires  for  distances. 
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1912-18 

Mar.    4 


Aug.    24 

Nov.    9 
Nov.  15 

Feb.   11 
Mar.    4 

28 


- 

s     5  34 


L5  58  22 

- 

L3  32   in 
13  41  59 

12   18   16 
12  56   is 

L3   L8  35 
L3  54     8 


L3  11   15 

i:;   17  29 


!1   22   »s 
11  26  55 


6  48  34 

ti  56  1 1 


7  46  23 
7  51     3 


11  31  25 
11  35  50 


6  53  38 

7  (l     2 


Rhea   \xi>  //.<//«  rion.     (<  !ontinu<  d 

l'.A.  Dist.  I'. A.  of   Wins 

358^44 

73.15  8  88.6 

wi>  //  ipi 

5 
L49.58  8 


60.65 

86.62 

270.87 

224.20 


97.77 

173.03 
16.59 


341.05 


229.75 


91.04 

174. Si  I 
170.94 


150.6 
176.8 
1.6 

1:54.2 


221.60  8  7.8 

Rfa  ■  4.ND  a  star  (?). 

5 
29.02  8  82.3 


164.02 


in 


106.5 


119.81 


90.17  8             71.1 

r     (?). 


19.88  8             139.8 

D    -  ■    \N"i>  a  star  (?). 



114.89  11              29.5 


Remarks 
13.8  mag.  '.'  if  Hyperion. 


poor.     Planet  low.  Hype- 
,.  faint  and  difficult. 


?  if  Hyperion.  A  fainter  object  1' 
north  following.  ?  if  this  last  was 
not  Hyperion.     Lost  in  haze. 

'.'  if  Hyperion. 


Seeing  very  had.     13  mag. 


14.5  mag.     Very  difficult.     ?  if 
Hyperion.     A  brighter  star  V/<i 
north  and  fol.  another  2'  fol. 

14  mag.     ?  if  Hyperion. 


s  very  had. 


ig.     Very  difficult.     Seeing 
very  bad. 


.n.ii  Magnitude  of  the  Satellites. 


Rhea 

Titan        11,; 

iarks 

Aug.  13 

L2.6 

12"  j 

12 

20 

12.3 

11.8 

14 

1  item  is  yellow  - 

24 

13 

12.5 

12 

Sept.     1 

12.2 

12.3 

12 

, 

12.8 

12.3 

11'.. 

8 

14 

13 

12.2 

12 

21 

i::> ., 

12 

13 

12 

13 

12.2 

12. 2 

12 

Oct.      1 

13 

12.5 

11.7 

11.0 

12 

i-; 

12.1 

12 

13.9 

15 

11 

12.7 

12.7 

II1. 

i'.i 

14 

12 

12.1 

11 

29 

13 

12.2 

12>.. 

12 

15 

Nos   649- 

650 
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Mimas 

Encelad 

is        Tetkys 

Titan         Hyp 

Remarks 

Nov.  15 

\2y2        \2y2        12 

13 

?  if  Hyperion. 

16 

L3j  ■ 

13                 13                 12 

14 

17 

iiii 

13.5 

12.5              12.1              11.9 

Titan  a  rich  orange  yellow 

24 

12.4              12.6              12 

Dec.     8 

L3 

12'.,             12^             12 

21 

13                 13                 12 

Enceladus  faint. 

22 

L2.5              12                10-11 

28 

14? 

12                 12                 11.5 

31 

14 

12.6             12.6             12 

Jan.    12 

13 

12',            yix/2            12 

18 

13 

\2V2             \2Y2             12 

25 

13                 13                 12.5 

28 

13 

121,             12 

Feb.     1 

13 

12                 \2}/2             12 

4 

13 

12                 12.5              12 

8 

15 

13.2 

12.3              12.3              12 

9 

14 

13                13                12 

11 

12.5              12.7              12 

9.5 

Titan  very  yellow. 

Mar.    4 

14 

L3J  j 

12.3              12.3              12 

Mar.  18 


12i, 


12i,> 


The  estimated   magnitudes  are  taken   from   a  sketch, 
showing  the  positions  of  the  satellites,  made  just   ' 

ing  the  measures  on  each  date.     The  nearer  satel- 


12 

lites  are  subject  to  much  change  in  apparent  brightness 
when  close  to  the  planet  or  rings. 

i 


OBSERVATIONS    OF    COMETS, 

MADE    WITH     DHE    26-INCH    AND    12-INCH    EQUATORIALS    < I F    Till:    r.   s.   NAVAL    OBSERVATORY, 

[Communicated  by  Capt.  J.  L.  Jayne,  U.  S.  Navy.  Superintendent]. 


Date  Wash.  M.T. 

* 

Comp. 

Ja 

di 

App.  a 

App.  o 

log  p  A 
a                d 

Red.  to  App. 
Place 

Comet  1912  a  (Gale) 

1912 

h        m 

S 

i        it               h        m      s 

s 

Sept.  28 

7     8 

47 

1 

25    5 

-2  48.96 

-  2  52.6 

15  10  58.10 

-  0  30 

9.630 

0.768 

+  1.12 

-  9.9* 

30 

7  18 

39 

2 

24 ,  8 

-0  54.83 

+  10  13.4 

15  16  51.11 

-    0  40   25.5 

9.636 

0.759 

+  1.11 

-  9.2* 

Oct.      4 

7   11 

5 

3 

+3     0.91 

+  0  27.0 

15  26  57.29 

-    1  42  22.1 

9.631 

0.746 

4-1.11 

-  8.2* 

12 

6  55 

5 

4 

5.  1 

+3  22.07 

+  16  47.0 

15  41  56.52 

+   7  26  30.8 

9.635 

0.711 

+  1.01 

-  6.7* 

15 

7  26 

:,7 

5 

30,6 

+  1     6.32 

+  3  20.5 

15  40     0.74 

+  10  28  43.3 

9.660 

0.714 

+0.98 

-  6.2* 

26 

6  18 

59 

6 

15  ,  5 

-0  51.23 

+  3  54.2 

15  57  53.38 

+20     9     6.6 

0.001 

0.640 

+0.78 

-  6.1* 

1918            A 
Jan.          *' 

ti  37 

47 

7 

25  ,  5 

+2  21.::  1 

+   2  16.2 

18  12  25.74 

+  75  40    6.8 

0.223 

0  .22 

-5.37 

-14.4f 

14 

7  36 

H 

8 

25  ,  5 

+5  19.98 

-   5  55.0 

is  55  34.55 

+79  31  39.7 

0.318 

0.680 

-S.12 

-12.5f 

Mar.    5 

10  2:. 

19 

9 

25  ,  5 

+  2  34.46 

-   5  51.:; 

4  55     6.44 

+65     8  24.7 

9.996 

9.374?! 

+0.56 

+24.0f 

28 

9  38 

35 

10 

25  .  5 

-2  21.06 

+  2  33.3 

5  37     8.77 

+  56  56  14.6 

9.885 

9.837 

+  0.49 

+20.8f 

Apr.     .") 

9  36 

4 

11 

30,6 

+  1      0.01 

-   6  22.3 

5  49  36.91 

+  54  43  32.3 

9.873 

0.113 

+0.36 

+19.9J 

i  o  net  1912  6 

gJv.      9 

17  30 

52 

12 

25.5     -2  11.531-0    3.    |  11     3  37.05     -25     7  40.0    9.450n  0.869 

+  1.33 

-   0.4f 

Comet  1012  c  (Borrelly) 

1913 

Nov.          •' 

6  28 

P) 

13 

30,6 

+  1  12.68 

-   4     7.1 

18  12   17.20 

+33  41  32.5 

9.617 

0.310 

+  0.50 

+  4.6* 

8 

6  55  32 

14 

25  ,  5 

-1  33  95 

-  8  20.3 

is  32   15.20 

+28  50  31.0 

9.623 

0.456 

+0.77 

+  5.6* 

16 

8    6 

55 

15 

12,4 

-  0   12.06 

-   2     3.9 

19  11  58.26 

+  17  31  44.0 

0.655 

+  1.20 

+  5.7* 

Observers:    *C.  B.  Watts,  :  II.  E.  Burton. 

The  first  six  observations  of  1912  a  and  those  of  1912  c  were  made  with  the  12-inch  equatorial ;  the  last  five  of  1912  a  and  the  one  of 
1912  b  with  the  26-inch  equatorial. 
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Mxtit   Places  of  the  Comparison-Stars  for  the  beginning  of  the  year. 


* 

a 

8 

Authority 

* 

a 

8 

'.  uthority 

O             I           P 

h       in      a 

i 

1 

15  13  45.94 

9  27  45.9 

\  G   \vi.  n  otl  i 

9 

1  52  31.42 

1  05   13  52.0 

\.<  r.  Christiania      809 

2 

15   17    14.83 

6  59  29.7 

v.  c;  wini  ottal 

10 

5  39  29.35 

+  50  53  20.4 

l-'.'iss  I'm  lix m  \  <  ,.-!, 

3 

15  23 

l    12  41.5 

A.<  S.Nicolajew 

3937 

11 

5  48  36.54 

+  54  40  34.7 

i   Q.i   i     bi  Id  it   i    3    23 

4 

7     9  49.9 

U  ■.  Leipzig  11 

707)0 

12 

11     5   17.25 

-25     7    16.5 

i 

5 

15  45 

+10  25  29.0 

\.( ;.  Leipzig  1 

.-,507 

13 

is   m     4.02 

+33  45  35.0 

A.G.Leiden           6563 

6 

•    13.83 

+  20    5   18.5 

A.G.  Berlin  B. 

5492 

14 

18  33   18.47 

28  58  51.7 

\   G  i  ambrld  >    1  ■ 

7 

18   10     0.77 

18     5.0 

A.G.  Kasan 

3047 

15 

10    11    15.00 

+  17  33   12.8 

A.G.  Berlin  A.        7329 

8 

18  50  22.00 

+79  37  48.1 

A.G.  Kasan 

3187 

OBSERVATIONS   <>F 


The  following  observations  of  the  satellite  of  A. 
arc  a  continuation  of  those  printed  in  the  Astronomical 

i  1.  XXVII,  No.  638.     The  magnifying 
employed  throughoul  was  700  diameters.     The  observa- 
tions are  in  <  Jentral  Standard  Time,  or  01'  oln  slow  of  <  Ireen- 
wich   Mean   Time. 

The  distance  measures  were  made  by  the  regular  method 
of  double  distances  i  as  in  double  star  work),  four  measures 
being  made  in  both  positions  of  the  movable  wire.  In 
this  paper,  to  save  -pace,  the  mean  of  these  is  given,  in- 


THE    SATELLITE 

E.  BARNARD. 

1912-13         C.S. 
Dec.  21 


OF    NEPTUNE, 


1012-13 

Oct.    15 


C.S.  Time 


16   II  56 

10  to  16 


p  \ 
273^41 


Hist.   Cps.  Remarks 

....     5  Satellite  well  seen, 
15.12     8     but  seeing  bad. 


Hi    17 
16  51 


8      90.11 
20      


tellite  faint. 


15.17     s 


i  >ct.    29     16   13   10     300.64  5  Satellite  very  f'nt 

16   is    6  15.83     8  sessively 

bad 

Nov.    9     11     9   10    344.22        ...     5  Very  f 'nt  in  clo'ds 

I  1    13  58      12.72    8 

Nov.  10     11     8   10    294.21  6  Excessively 

14  16    7      16.47   1  1     anddifficult.  See- 
ing   e\<  e- 

Nov.  16     12  28  10    291.88  6  Seeing  poor  but 

;      i  10.02     S     satellite  well  seen 

Mag.      12.8. 

Nov.  17     1  !  23     0    235.09  5  Satellite  well  seen. 

II  27   17  11.58     8 


Dee.     s     13  37   15 
13   12   1! 


20.63 


10.88    8 


Dec.  22 


Dec.  28 


11  28 
11  33 


11  42 
11  47 


13  17 
13  23 


Jan. 


Jan. 


Jan.     18 


15 
15 


11  37 
11  4:?, 


12  25 
12  30 


Jan.    26     10  57  55 
11     5  34 


_s     l()     3  42 
10    8  5il 


Feb.     1     10  58  24 
11     3  26 


Feb.      I       s  2~7  37 
s  33     I 


leb.     9     10  46  38 
10  52  11 


Feb.   11       0   10  21 
9  16  32 


Feb.  23     12  34      I 
12    10  52 


I'.A.  Dist.  Cps.            Remarks 

303^38  .  .".  .  5  Well   seen,    13 
16.32  8     mag.  or  brighter. 

260.30 

14.00  8 

240.00  ....  5  Well  seen. 
12.93  8 

233.50  ....  5  See'g  exces'ly  bad 

12.10  8  Satellite  very 

difficult. 

158.80  ....  5  Difficult.    Seeing 

12.29  8      excessively  bad. 

37.57  ....  6  Excessively    faint 

11.26  9    from  bad  seeing 

and  thick  sky. 

273.62  .  ...  0   !                 >    dint. 
15.31  11  Seeing  very  bad. 

133.43  0  \  ei  \  f'nt  in  thick 

15.20  8     sky,  bat  plane! 

well  defined. 

207.00       6   Fairly  well  seen. 

15.35  8  Sei             to  poor. 

88.99  6  Difficult.  Si 
15.93  8    excessively  bad. 

L21.28  5 

10.21  8 

5.58  5   Faint  from  bad 
1 1.36  s    seeing. 

334.56  5  Verj  faint.  Seeing 

12.7:-!  lo    excessivelj  bad. 
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1912-13          C.S.  Time  P.A.  Dist.  Cps. 

Mar.    4       8  38118  15L61  .  ...  5 

8  43  26       13.15  8 

Mar.    9     10  49  18  220.08  ....  5 

10  54  54       11.61  10 

Mar.  11     10     3  58  97.64  ....  6 

10  9  10       16.47  8 

Mar.  15     11     5  34  208.78  ....  5 

11  11   13       11.47  6 

Mar.  16      9  32  53  136.35  ....  5 

9  38  42      14.89  8 

Mar.  21)       9  21      7  84.05  ....  6 

9  26     2      14.92    8 

.30     10  18   17  4.70  ....  6 

10  23  12      11.00  10 

Apr.     6      9  29  59  296.44  ....  7 

9  39  28      16.04  10 

Apr.    13       9  22    Hi  244.45  . . .  .  7 

(l  21 1  24       12.84  10 


Remarks 
Seeing  fair. 


13J/2  mag.  Seeing 
very  good. 

Well  seen  but  dim 
from  haze. 

Very  faint  and 
difficult. 
Seeing  exce'ly  bad 

Very  f'nt.  Seeing 
very  bad.  Bright 
moon  near. 

Well  seen  See- 
ing fair. 

;;::i;it.  Sky  poor, 
seeing  fair. 

Faint  in  clouds. 
Only  seen  once 
in  a  while. 

Very 

near. 


C.S.  Time        P.A.         Dist.    Cps. 


Remarks 


Apr.   14       7  21    15     165.86       ....     8  Faint.  Seeing  very 

7  28  33       11.85     8     poor.    Bright 

moon  near. 

On  March  21)  a  small  double  star  was  near  and  south  of 
Neptune.  The  north  and  brighter  component  was  meas- 
ured with  respect  to  Neptune. 


9h  43m  30s 
9    46       7 


P.  A.         199°.80     (3) 
Dist.         114".26     (3) 


This  gives  the  position  of  the  double 

11113.0     «7"39ra  499.4         8  +  20°  56'  32" 

Following  are  measures  of  the  doub'e: 
Date  P.A.     Dist.  Mag.  Mag. 

1913.242  March  29  166.44  6.19  12  V-V  > 
.244  "  30  169.73  6.13  12  13^2 
.264  April        (i  1611.64   5.94  Faint  in  clouds. 

The  north  component  was  measured  with  a  13th  magni- 
tude star  south. 

1913.264  April  6  I  it  in  clouds. 

Bay,  Wiscm  I  i  il  26. 


OBSERVATIONS  OF  MINOE   PLANETS. 

MADE    WITH    Tin:    26-INCH    A.ND    THE    12-INCH    Eoe  VTOKI  A  I.s    AT   THE    V.   S.   NAVA]     OBSERVATORY, 

[Communicated  by  Captain  J.  L.  Javne,  U.  S.  Navy,  Superintendent]. 


Date  Wash.  M.T. 


Comp. 


App.  a 


App.  o 


log  p  A 


Red.  to  App. 
Place 


(190)  Isrru 
g£.    26  10h36m498|     1  1  25  ,  5     +l"V.sV,l     +  0  15*8   |  4*   o"  33.77  |  +12°39  32^5  |  9.105n  0.593  | +3.42     +  15.4* 


(569)  Misa 


Dec. 


8   11  56     3 

20  10  41   27 

21  8  41  36 


23  9  48  6 

5 

25  .  5 

24  9  11  16 

6 

29  .  6 

25  8  51  4 

7 

28,6 

28  9  18  0 

8 

30  6 

2  I  30,6  I  +1  20.43 

3  25,5    -1  51.65 

4  |  25,5  I  +1   13.79 


-1  21.13 

-0  23.82 

- 1  9.95 

+  1  18.53 


4-10  27.8 

+  4     7.2 
+  3  34.7 


5  15  21.!).") 
5  3  35.31 
5     2  44  57 


(690)  Wraiislavia 


0  33.4 
3  27.2 
3  49.3 

1  57.8 


8  12  2.".  77 

8  11  36.62 

8  10    I 

8  8  16.71 


10  11  23   15 

11  12  31   32 


May  24    12  57   16 
June     3   11   26  30 


9  I  18,6 

9  I  30  ,  6 


•0  18.92 

■  1      5.51) 


10  I  30,10  j  +0  34.91 

11  I  30,10  I  -0  53.56 


(451 

-  3  30.6  :  12  36   L3.98 

-  2     7.2     12  35  57.31 

(246)  Asporina 

+  8  51). 5     I  I  35     5  L9 

-  0  17.5    14  30  23.62 


+  24  43  54.S 
+  24  21  48.1 
+24  H)  51.1 


+  7  41   11.9 

+  7  42  26. S 

+   7  43    14.0 

+   7  48     5.1 


+  19  29  53.1 
+  19  31  16.6 


8.386rt  0.328 
8.7677!  0.342 
9.465«  0.433 


9  409/f  0.67 

9.488n  0.678 

9.519n  0.6S2 

9.426ri  0.671 


7.743 
9.197 


0.462 

0.471) 


+3.94 

+4.08 
+  4.07 


+  0.87 
+0.88 
+  0.89 
+0.93 


+  1.94 
+  1.1)4 


+  8  2ii  26.0    9.454 
4-  s  _>:;  34.9    9.311 


0.667  !  +2.07 
0.657  |+2  06 


+  10.0* 

+  11.0* 
+  11.4* 


+  2.4* 

+  2.3* 

+  2.2* 

+  2.0* 


9.9f 

9.8f 


11.7f 
10.4f 
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Wash.  M.T. 

* 

J  a 

j,) 

App.  a 

App.  (5 

log  p  A 
a               9 

Red.  to  App. 
Place 

191)  Cm 

June  L2 

12  26  24 

12 

30,10 

+3  39.05 

+ 

9 

16.6 

16  42  20.79 

+  3  46  18.2 

9.131 

U.701 

+  2.33 

-  10.8J 

17 

12     1  56 

13 

2  1.  8 

+  2  20.41 

— 

1 

1.5 

16  38  55.85 

+  3  47     7.1 

9.123 

0.704 

+2.39 

-10.21 

20 

12  50    4 

l  1 

30,10 

4-2    3.55 

- 

6 

58.3 

16  36  57.17 

+  3  45  27.4 

9.389 

0.708 

+2.40 

-10.0: 

(651)  [1907  AN] 

Oct.    Hi 

L2  57  37     L5 

30,10 

+  1  15.98 

+ 

0 

9.9 

1  20  28.21 

+  2  51  54.3 

9.188 

0.713 

+3.42 

+  24. Of 

Nov.    2 

in  32   18     16 

+0  55.42 

+ 

7 

59.0 

1     6  27.39 

+  2  45     6.2 

8.461 

0.713 

+3.47 

+23.6t 

9 

id  :,  l   Hi 

17 

30,  6 

-0  58.18 

+ 

0 

58.6 

1     1  50.44 

+  2  50  54.0 

9.128 

0.713 

+3.43 

+23.3J 

11 

in  57  31 

18 

25,  5 

-0  54.09 

+ 

5 

0.4 

1     0  42.70 

+  2  53  38.7 

9.1 97 

0.713 

+3.43 

+  23.2J 

12 

in    0  51 

19 

25,  5 

+  1  14.86 

+ 

7 

45.7 

1     0  12.01) 

+  2  55     9.8 

8.748 

0.711 

+  3.43 

+  23.21 

29 

9  37  22 

20 

30,10 

+  0  37.36 

- 

3 

8.6 

0  54  50.31 

+  3  41     :;.:, 

9.179 

0.705 

+3.34 

+22.7f 

(115    Thyra 

L3   19  10 

21 

30.  6 

-2    9.46 

+ 

0 

13.1 

6     0  58.86  1  +37  38  52.4 

9.426 

9.805 

+  5.51 

+  s.ot 

•_'•_> 

L]    14  34 

22 

30,  6 

-1  31.74 

— 

4 

8.4 

5  59  48.27  \  +37  32  15.8 

8.697»? 

9.297 

+  5.52 

+  8.3f 

1 

12    12  25 

23 

25,  5 

-2  15.68 

— 

2 

31.6 

5  36  20.67 

+  33  56  26.1 

9.554 

0.219 

+  1.45 

+  11.31 

18 

10  43  59 

24 

24.  8 

-2  58.13 

— 

0 

28. 7 

5  34   18.12 

+  33  16     6.5 

9.161 

9.9S7 

+  1.43 

+  113J 

25 

12    Hi  50 

25 

12,  4 

-2  44.72 

+ 

1 

4.1 

5  32  16.97 

+32    4  50.5 

9.638 

0.398 

+  1.40 

+  11.8t 

Observers:     *J.   1!.  Eppbs,   f  C.    B.  Watts,  JH.  E.  Buutojt. 

The  <>l>ser\;itions  of  (190),  (569),  (li!>0)  ami  rlrst  one  of  (451)  were  made  with  the  12-inch  equatorial;    the  second  one  of  (451)  and  those 
of  (246),    191  i.  (651)  and  (115)  were  made  with  the  26-inch  equatorial. 


Mean    Places 

<>f  Comparison- Stars  for  the  beginning  of  tin 

year. 

* 

1 

b 

a 

§                               Authority 

* 

a 

8 

Authority 

58™  11.7] 

+  12°  39     L3 

LG.  Leipzig  I 

1187 

14 

16  34m"5L22 

!    :;  52  35.7 

A.< '..  Alb  my 

5510 

2 

5 

13  57.58 

+  24  33   17.0 

A.G.  Berlin  B 

1702 

15 

1   19     8.81 

+  2  51   20.4 

A.G.  Albany 

381 

3 

5 

5  22.88 

IA    17  29.9 

A.G.  BerlinB 

1664 

16 

1     5  28.50 

+  2  30  43.6 

A.G.  Albany 

314 

1 

5 

1   2H.71 

+  24  16     8.0 

A.G.  BerlinB 

1638 

17 

1     2  45.19 

+  2  49  32.1 

A.G.  Alb 

297 

5 

8 

13  46.03 

+   7  41  42.9 

A.i  t.  I  eipzig  II 

1191 

18 

1     1  33.36 

J-  2  48  15.1 

A.G.  Albans 

290 

6 

8 

11   59.56 

+  7  38  57.3 

A.G.  T  eipzig  II 

4473 

19 

0  58  53.71 

4-  2    17     0.9 

A.G.  Albany 

275 

7 

- 

11  55.9S 

+  7  3! 

A.i !.  Li  ipzig  11 

4171 

20 

0  54     9.61 

+  3  43    19.4 

A.G.  Albany 

245 

- 

8 

6  .-.7.2:. 

+  7  50     0.9 

A.<  1.  Leipzig  !  1 

14 1 5 

21 

6     3     2.81 

+  37  38  31.3 

A.i  '•.  Lund 

3120 

9 

12 

37     0.96 

33  33.6 

A.G.  Berlin  A. 

4727 

22 

6     11 

+  37  36   15.9 

A.G.  Lund 

3104 

10 

I  1 

- 

+  8  17  38  2 

A.< '.  Leipzig  11 

6768 

23 

5  38  34.90 

+  33  58  46.4 

A.<  1.  Leiden 

2250 

11 

1  1 

31    15.12 

1-  8  24 

A.G.  Leipzig  11 

0751 

24 

5  37  14.82 

+33   Hi  ■2.',. 9 

A.G.  Leiden 

2235 

12 

38  39.41 

37  12.4 

A.<  1.  Albany 

5533 

25 

5  35     0.29 

+  32     3  34.6 

A.I  1.1. 

2217 

16 

+  34 

SYSTEMATIC    MOTION 

Bi    BENJ. 

In  A.J.  623-624  Prof.  Lewis  Boss  found  a  consid 
discord 

mined  from  the  -1 
positi  m  of  the  ap 

i 

expressed  the  opinion  I 

Pro  ■■  /..  0.  /-'.  196 

r  motion  as  del  l  the 

ities  of  typi 


OF   STARS   OF   TYPE    (J. 

A  MIX    BOSS. 

\    ilu      n     adwasledto       iarkthat1 
1 1  exhibited  a  tendency  to  pa  m  ition. 

Whil  ieculi      ty  to  cham 

phenorneno  l  se  or  investig   nun. 

Two  suggestion                  o  :cur  in  explan  tion  of  the 
red  Facts,  either  thai  thei  drift  i 

of  the  lit;.:1                  '          rence  to  the  general  system, 
or  there  mighl  be  one  or  n treams  so  dii  d    i:     ti 
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The  material  was  at  hand  for  a  rough  preliminary  test 
of  the  nature  of  the  disturbing  motion  by  using  the  value 
of  19.5  km.  for  the  solar  velocity  as  determined  by  Camp- 
bell, in  the  direction  of  A  =  270°.7,  D  =  +  34°.3  as 
determined  by  L.  Boss,  with  the  values  of  16.0  km.,  and 
13.9  km.,  for  the  solar  motion  as  derived  by  Campbell 
from  the  G  type  stars,  and  the  apex  of  solar  motion  as 
found  for  this  type  by  L.  Boss  at  A  =  259°.3,  D  =  +42°.3. 
The  results  of  the  solutions  indicated  that  the  disturbing 
influence  was  generally  speaking,  directed  toward  the 
antivertex  of  preferential  motion,  or  toward  what  Kap- 
teyx.  Eddington  and  others  call  the  apex  of  drift  II. 

For  a  more  accurate  determination  of  the  apex  of  the 
drift  or  stream  motion  of  the  G  type  stars,  the  proper- 
motions  of  all  the  stars  of  that  type  were  employe 
given  in  the  Preliminary  General  Catalogue,  with  the 
exception  of  those  motions  which  exceed  20"  per  century. 
The  latter  were  not  used  because  they  would  most  prob- 
ably unduly  influence  the  problem  under  the  hypothesis 
adopted. 

It  seemed  advisable  t<>  hypothetically  free  the  observed 
proper-motions  from  solar  motion.  In  order  to  accom- 
plish this  each  observed  motion  was  corrected  for  the 
value  of  the  mean  parallactic  motion  of  3". 85  due  to  the 
Sun'-  way  through  space,  the  solar  apex  being  taken  as 
A  =  270. °7;  D  =  +34°. 3.  The  mean  parallactic  motion 
used  was  that  derived  by  L.  Boss  from  his  general  solu- 
tion of  stars  of  all  type-,  ami  the  justification  for  it-  use 
lay  in  the  fact  that  the  mean  parallactic  value  derived 
from  the  treatment  of  the  ( '.  type  stars  alone  would  be 
spurious  in  ease,  as  suspected,  there  exists  any  drift  motion 
of  this  type. 

Since  the  rough  preliminary  solutions  indicated  that  the 
resultant  effect,  whatever  it  might  be,  was  directed  toward 
ativertex  of  preferential  motion.  Eddington's  true 
apex  of  drift  II,  computed  form  the  material  of  the  P.G.t '. 
was  adopted  as  the  approximate  and  preliminary  position 
of  the  residual  motion  of  the  G  type  stars.  It-  position 
is  given  as  A  =  274°.  I)  =  -12°  in  M.N.  Vol.  LXXI, 
No.  1. 

The  deviations  of  th  obsi  rved  position  angles  of  the 
stars,  hypothetically  corrected  for  the  effects  of  solar 
motion,  from  the  values  computed  on  the  assumption  of  a 
vanishing  point  at  A  =  274D;  D  =  —12°,  furnished  the 
data  for  a  differential  solution  to  determine  the  apex  of 
the  group  motion  more  thoroughly.  The  result  of  the 
solution  gave  the  following  differential  corrections  to  the 
assumed  preliminary  position  — dA=  — 1°.3;  dD  = 
+6°. 8.  placing  the  refined  apex  at 

A  =  272  .7  D  =  -5°.2 

The  agreement  with  Eddington's  true  apex  of  drift  II 
is  very  satisfactory,  but  the  agreement  with  the  antiver- 
tex of  preferential  motion  as  given  by  L.  Boss  is  almost 


perfect,  the  latter  being  given  as  A  =  273°. 8,  D  = 
—  7°.0.  It  was  considered  unnecessary  to  repeat  the 
solution  for  a  more  refined  position  of  the  apex  as  the  dif- 
ferential corrections  from  the  first  solution  were  small, 
and  the  convergence  toward  the  true  value  rapid  from  the 
form  of  solution.  Likewise  the  material  used  did  not 
warrant  the  employment  of  a  greater  degree  of  refinement. 
While  the  same  argument  would  apply  to  an  even  greater 
degree  to  any  attempted  solution  by  separate  areas,  out 
of  pure  curiosity  the  celestial  sphere  was  divided  into  four 
areas  according  to  right  ascension  and  separate  solutions 
made.     The  results  are  as  follows: 

A  D 


0-  6 

247.9 

-   2.6 

6-12 

297.2 

+  14.2 

12-18 

202.9 

-27.8 

1 S  -  24 

280.0 

-  9.0 

As  might  have  been  expected  the  divergences  are  large, 
ami  their  unsystematic  character  would  lead  us  to  believe 
that  they  are  rather  due  to  the  sparsity  of  the  material 
than  to  any  real  effect. 

Considerable  confidence  should  be  manifested  in  the 
apex  as  derived  from  the  general  solution  as  a  division  of 
the  hypothetical  proper-motions  in  two  groups  0°  to  180° 
and  0°  to  —  180°  gives  an  even  count,  225  in  the  one  to  225 
in  the  other. 

The  table  accompanying  this  article  shows  the  distri- 
bution of  the  differences  in  position-angle-  between  the 
observed  hypothetical  proper-motions  and  their  computed 
values  on  the  hypothesis  of  a  vanishing  point  at  A  = 
272°. 7,  D  =  -5°.2.  The  tendency  for  motion  in  the 
given  direction  is  strongly  manifest  in  the  preponderance 
of  the  small  deviations  from  this  direction  of  motion.  There 
likewise  appears  to  be  a  somewhat  systematic  character 
to  the  arrangement  of  this  t  ible,  suggesting  that  the  tend- 
ency of  motion  toward  the  antivertex  varies  in  different 
portions  of  the  sky,  although  under  the  hypothesis  adopted 
a  similar  effect  would  be  generated  in  ease  the  mean  dis- 
tance of  the  stars  in  various  regions  differed  to  any  extent. 
The  investigation  by  Hough  and  Halm  in  M.  X.  Vol.  LXX, 
No.  S  showed  an  apparenf  unequal  distribution  of  the 
drift  II  stars.  A  comparison  of  their  results  > 
in  the  table  shows  no  points  of  simil 
but  it  iorne  in  mind  that  the  method  emp 

by  Hough  and  Halm  in  diffi  be1      en  drifts  I 

and  II  is  open  to  criticism,  as  Eddington 

M.N.  Vol.  l.XX.  No.  8.     (  to  the  other  hand  I  am  I 
admit  that   the  apparent  systematic  arrangement  of  the 

stribution  of 
the  limit:  d  material  tre 

The  e  preference  of  the  Gt; 

directioi  iward  A  =  272'. 7.   D  = 

compared  witl  tin  the  opposit 
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T  n  i: 

A  - 

T  RON  O  M  I  (A  L    .1  OU  1!  X  A  1. 

Nos- 

Distribution 

OF 

A0. 

\A0 
R.A.  \ 

0 

30 

60 

90 

120 

150 

-180 

—150           - 

120 

90 

—60 

—30 

to  30 

to  60 

to  90             to  120 

to  150 

to  180 

to 

—150 

to  —120       to 

—90 

to— 60 

to  —30 

toO 

li 
II 

5 

3 

2 

1 

2 
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1 

:; 

1 

1 

2 

1 

1 

2 

1 

1 

4 

G 

2 

5 

6 

1 

1 

1 

2 

2 

1 

2 

3 

3 

1 

3 

3 

1 

2 

1 

2 

4 

4 

6 

3 

2 

1 

3 

1 

1 

1 

1 

3 

5 

3 

2 

1 

2 

1 

2 

6 

3 

1 

1 

1 

3 

2 

2 

1 

4 

2 

7 

1 

1 

2 

1 

1 

2 

9 

2 

4 

3 

2 

8 

3 

1 

1 

2 

2 

l 

2 

1 

3 

3 

5 

4 

9 

1 

1 

1 

1 

2 

3 

2 

2 

3 

3 

G 

in 

1 

1 

3 

4 

3 

1 

1 

3 

11 

3 

1 

1 

1 

3 

1 

1 

2 

12 

G 

1 

2 

1 

2 

2 

6 

13 

-1 

1 

2 

1 

1 

1 

1 

1 

1 

14 

1 

3 

1 

3 

2 

1 

2 

3 

L5 

2 

3 

1 

1 

1 

1 

1 

1 

2 

16 

3 

2 

2 

2 

1 

2 

2 

3 

3 

17 

1 

1 

5 

1 

1 

1 

2 

4 

is 

2 

5 

3 

1 

3 

2 

3 

1 

1 

1!» 

3 

2 

5 

6 

1 

1 

1 

3 

1 

20 

3 

7 

2 

1 

1 

2 

3 

1 

1 

2 

21 

1 

2 

1 

2 

1 

2 

22 

2 

4 

1 

1 

3 

3 

4 

23 

1 

1 

1 

1 

1 

1 

1 

1 

5 

ling  confident  that  many  would  objed  to  tin'  adop- 
tion of  the  value  of  3". 85  for  the  correction  of  parallactic 

i  due  to  i  he  Sun's  motion  through  space,  the  proper- 
motions  were  also  corrected  for  a  value  of  the  parallactic 
motion  of  3". 12,  which  is  tin-  v;  lue  derived  by  I..  Boss  in 
.1../..  623  624,  from  the  sain.  <;  type  stars  employed  in 
the  p]  This  vain 

27 1      265 
the  preference  for  the  chosen  direction  from  "      to"  '  or 

1  i  . '       lo5 

to  all  intents  and  purposes  the  former  ratio  of  3  to  2  was 
maintained.  It  was  not  considered  necessary,  therefore, 
to  make  a  separate  solul  e  apex  on  the  assumption 

of  a  mean  parallactic  motion  of  3". 12.  as  the  result  could 
be  only  slightly  altered  in  the  direction  of  the 
solar  motion. 

exclusion  - 
i  r-motion  si  I      ever,  the  par- 

allactii  ber  than  the 

-  employed  in  th  i      liscussion  thi 

distortion  i  a  their 

inclusion  in  the  solution.  Also  the  evidence  points  toward 
a  proportionally  greater  number  of  stars  thai  have  abnor- 
mally 

motioi  ould  not  be  repi 

general  type.     Nevertheless,  it   may  be  thai   theii 
upon  the  solution  should  be  considered.     There  is  a  larger 
proportion  o  ing  in  the  direction 


of  the  vertex  of  preferential  motion  than  those  moving 
in  the  opposite  direction.     If  their  effect  were  to  be 
sidered  in  connection   with   the  (1   type  stars  of 
proper-motion,  it  would  tend  to  more  nearly  equalize  the 
distribution  of  the  proper-motions. 

An  attempt  to  prove  that  the  preferential  motion  o 
G  type  stars  is  due  to  one  or  more  streams  of  the  Taurus 
stream  type  proved  a  failure. 

(  loNCLXJSIONS. 

The  stars  of  type  < !  in  so  far  as  they  are  represented  by 
the  proper-motions  of  the  Preliminary  General  Catalogue, 

and  exclusive  of  those  proper-motions  i mting  to  over 

20". 0  per  century,  exhibit  a  preference  for  motion  toward 
the  direction  A  =  272°.7;    D  =  -5°. 2,  in  the  ratio  of  3 
to  2,  though  the  inch:  ion  of  the  larger  proper-motion 
stars  would  tend  to  decn  ase  this  proportion.     The  i 
if  real,  indici  I  -  a  class  the  ( I  type  stars  are  drifting 

toward  I  ertex  of  preferential  motion,  though  there 

iili      that  1  he  addition  of  Further  ■ 

The    appal  here    depicted    must     he 

atiated  from  the  streams  of  Kapteyn  and  Edi  ii 
■rnx  which  have  no  pin-  i     I  meaning  but  mereb   sub    i    i 
the  determi  li  is  of  1  he  so-called  pref- 

erential motion  or  other   peculiarit  motion.     The 
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streams  of  Kapteyn  and  Eddington  include  solar  motion, 
but  in  the  present  ease  the  effect  of  solar  motion  was  first 
hypothetically  eliminated  so  that  the  resultant  motion  is 
real,  as  far  as  indicated  by  tin  data  used. 

If  real,  such  a  bodily  motion  of  a  type  of  stars  will 
influence  the  determination  of  solar  motion,  as  evidenced 
by  the  value  obtained  for  the  apex  of  solar  motion  as 
derived  from  a  solution  of  the  same  (i  type  stars  as  used 
in  the  present  discussion. 

The  fact  that  the  solutions  for  the  apex  of  solar  motion 
by  types  yield  results  so  closely  similar,  is  a  very  fair  indi- 
cation that  whatever  may  be  the  peculiarities  of  the  disl  ri- 
bution  of  motions  among  the  various  types,  there  must  exist 
a  certain  similarity  of  symmetry  in  the  distribution. 

However,  I  would  call  attention  to  a  peculiarity  in  the 
distribution  of  the  apices  of  solar  motion  as  derived  from 
the  solutions  by  type.  With  the  exception  of  the  ( i  type, 
which  as  I  have  already  stated  is  anomalous,  these  apices 
are  strung  along  a  parallel  of  approximately  21°  galactic 
latitude.  The  parallelism  to  the  plane  of  the  galactic 
equator  looks  suspicious.  Also  some  significance  may 
b  itself  to  the  close  similarity  between  the  A  and  F 
stars,  and  a  similarity  between  the  K  and  M  stars.  The 
apex  of  the  B  stars  is,  broadly  speaking,  located  between 
the  two  sets,  and  if,  as  is  probable,  the  B  stars  furnish  us 
with  a  more  reliable  determination  of  the  solar  apex  be- 


cause of  their  distance  from  us  and  their  small  peculiar 
velocities,  it  would  seem  that  in  addition  to  the  peculiarity 
of  the  G  stars,  there  exists  a  tendencj'  of  motion  in  the 
early  type  stars  as  represented  by  the  A  and  F  types, 
opposite  in  resultant  effect  to  a  tendency  of  motion  in  the 
later  types  as  represented  by  the  K  and  M  types.  The 
data  for  the  two  pairs  is  as  follows,  the  radial  velocities 
being  those  given  by  Campbell,  L.O.B.,  196: 


Type  A 

K  275°4 

M  273.6 


270.0 
265.9 


+40.3 
+38.8 

+28.3 
+28.7 


■21.2 
-22.6 


-16.8 
-15.8 


This  matter  will  be  studied  later  on. 

Because  the  stars  of  type  G,  used  in  the  general  solution 
for  solar  apex  by  L.  Boss,  were  relatively  few,  their  ex- 
clusion changes  the  position  but  little.  The  general 
solution  gives  A  =  270°. 5,  D°=  +34°.3,  while  the  exclu- 
sion of  the  G  type  stars  places  the  solar  apex  at  A  =  271°. 9; 
D  =  +32°.2. 

I  wish  to  acknowledge  the  assistance  of  Mr.  Harry 
Raymond  who  has  offered  me  the  benefit  of  his  criticism 
and  lias  personally  performed  much  of  the  laborious  com- 
putation. 


SOME   POSSIBLE    STAR   GROUPS, 

By   BENJAMIN   BOSS. 


There  are  a  few  >  >se  similarity  of  proper-motion 

within  a  comparatively  limited  sky  area,  where  the  proper- 
motions  are  so  sm:lll  that  it  will  require  the  confirmation 
of  radial  velocities  to  determine  whether  these  groups 
represent  a  common  motion  or  not.  It  might  be  well  to 
call  attention  to  a  few  of  them. 

In  the  accompanying  tables  the  first  column  gives  the 
number  of  the  star  in  the  Preliminary  General  Catalogue. 
The  column  headed  /i  indicates  the  full  amount  of  the 
proper-motion,  and  the  column  6  gives  the  position-angles 
of  the  proper-motion  with  reference  to  the  north  pole. 
The  type  is  taken  from  the  Revised  Harvard  Photometrj  . 

Dividing  Group  A  into  two  sections  and  taking  the  1  irute 
mean  of  each  there  is  a  convergent  indicated  at  roughly 
10h,  —45°.  That  the  motion  is  not  entirely  parallactic 
is  indicated  by  the  fact  that  the  mean  position  angle  of 
the  group  with  reference  to  the  apex  of  solar  motion  is  144°. 
The  similarity  of  type  would  also  lend  confidence  in  the 
reality  of  the  group. 

In  the  case  of  Group  B,  the  very  small  proper-motions 
would  account  for  considerable  latitude  in  the  variation 
of  the  position-angles.     This  group  is  moving  at    right- 


angles  to  the  direction  of  solar  motion  and  very  closely  in 
the  direction  of  the  antivertex  of  preferential  motion. 
The  general  similarity  of  type  is  again  striking. 

Group  C  has  a  small  membership,  but  indicates  a  con- 
vergent at  about  4h  30m,  —15°.     It  also  is  directed  away 
from  the  antapex  of  solar  motion. 
Group  A. 


P.G.C. 

R.A.  L875 
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H 
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B3 
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20 

8 
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B3 
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24 

36 
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1.8 

153.4 

B, 

L335 

24 

53 

+  18  30 

1.5 

121,. 1) 

Ah/ 

1345 

26 

12 

+  18  27 

1.3 

116.6 

A 

1  117 

37 

41 

+  16     2 

1.8 

139.4 

1422 

39 

34 

+  15  46 

1.6 

129.8 

A 

1424 

40 

9 

+  17  41 

1.1 

153.1 

A 

i  m 

40 

55 

+  20  49 

2.7 

145.7 

A 

1457 

45 

28 

+  27  35 

2.3 

142.1 

A 

1507 

56 

30 

+  20    8 

1.6 

142.4 

Bs 

1518 

59 

11 

+23  39 

1.9 

137.1 

1534 

6     2 

8 

+  23     8 

2.1 

127.4 

A.. 

L545 

4 

:;7 

+  19  V.) 

1.6 

150.3 

A 

1590 

11 

43 

+  23  31 

1.3 

141.3 

1612 

17 

2 

+  25     7 
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1  10.5 
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1.4 
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1.3 

2217 

8  16  38 

-36     5 

L.3 
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232 1 
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2606 

17  29 
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2889 

44  35 
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3134 
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13  28  34 

-55    3 
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-SO  44    . 
Group  D. 
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Ma 

-33    4 
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4732 

35   L2 

-38  26 

5.9 

174.2 

A 

17:;  | 

35  57 

.3 
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B, 

4784 

17  31 

-26  27 

6.7 

171.4 
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-27   14 

5.1 

163.0 

K, 
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-35  37 

4.S 
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iup  P  is  so  nearly  directed  toward  the  antapex  of 
solar  ctic  in 

wever,  because  on  the 
chart  representing  the  motions  in  this  1  up  P 

stands  out  promini  1 

There  ar<  other  1  hat  similar  to  Group  D,  but 

the  reality    of  these  groups  is  so  doubtful  thai  it   is  not 

considered  worth  while  to  include  them,     ('roups  A  and 

I!  give  special  promise  of  sharing  a  common  motion.     In 

the  case  of  Group  B  the  radial  velocity  of  star  2H24  is  given 

■  ■I  thcrr  arc  two  spectroscopic  binaries, 

rved  f- 75.7  km.  to  —3.0  km.,  and 

2408  with   an   observed   range   +67.5  km.  to    —3.7  km. 

There  is  great  danger  in  mistaking  parallactic  motion  for 

stream  motion,  so  that  when  the  position-angles  of  the 

proper-motion  with  referenci  ex  of  solar  motion 

read  near  IS11  .  considerable  caution  should  be  exercised 

claiming  stream  motion  tor  such  a  group,  even  when 

ble.      But    in   the    cases 

cited,  the  motion,  is  directed  away  from  the  antapex  of 

solar  1;  eeption  0    the  last  group. 

No  ;  ttempt  has  been  made  to  increase  the  membership 
groups  given  in  the  tables.     The  membership  was 
governed  b;  l  motio  indicated 

on  our  charts  of  pr  m   aniline;.  united 

,0  indie  ted  on  a  chart  governing  a  lin 

Adjoining  areas  might  i 
the  group  membership. 


NOTICE    REGARDING    THE   DESIRABLE   EXTENSION   OF   EPIIEMEKIDES. 

C.   D.   PERRINE. 

By  the  time  many  of  the  ephemerides  of  comets  reach  us  through  the  usual  channels  of  publication,  they  have 

almost  or  entirely  expired.     If  computers  will  kindly  take  into  account  in  the   eas southern   comets   the   six 

hich  the  publication  and  transmission  require,  it  will  be  greatly  appreciated  by  southern  observers. 
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THE    OKBITS   OF   FREELY   FALLING   BODIES, 

By  R.  S.  WOODWARD. 


Historical  Note. 

It  is  now  one  hundred  and  ten  years  since  the  problem 
of  the  motion  of  a  body  falling  freely  from  a  considerable 
height  above  the  earth's  surface  was  first  carefully  con- 
sidered by  Gauss  and  Laplace.  Two  obvious  sources 
of  difficulty  are  presented  by  this  problem,  namely:  first, 
the  effect  of  the  rotation  of  the  Earth;  and.  secondly,  the 
effect  of  the  asymmetric  distribution  of  the  Earth's  mass, 
for  the  fact  that  this  mass  is  not  centrobaric  must  be  taken 
into  account  if  any  solution  better  than  a  rough  approxi- 
mation is  to  be  attained.  It  should  be  said,  however, 
that  such  a  solution  of  the  problem  requires  a  knowledge 
of  geodesy  not  available  to  Gauss  and  Laplace;  for  they 
are  to  be  recalled  as  the  most  eminent  founders  of  the 
theories  of  geodesy,  while  the  necessary  refined  and  elabo- 
rate observational  data  of  this  science  have  nearly  all  been 
acquired  since  their  times.  Thus,  Gauss's  investigation 
of  the  problem  was  published  in  March,  1803*;  but  this 
was  ten  years  before  Poisson's  extension  of  Laplace's 
theorem  in  the  theory  of  the  potential  function,  twenty- 
five  years  before  the  appearance  of  the  epochal  paper  by 
Georce  Green  (in  which  the  term  "potential  function" 
first  appeared)  and  thirty-seven  years  before  the  publica- 
tion of  the  greatest  of  all  papers  on  the  potential  function 
by  Gauss  himself.  It  is  not  surprising,  therefore,  that 
Gauss's  treatment  of  the  problem  of  falling  bodies  should 
now  appear  quite  incomplete  and  unsatisfactory,  although 
much  more  attention  seems  to  have  been  given  to  it  than 
to  the  far  superior  treatment  furnished  a  little  latter  by 
Laplace.     Concerning  a   critical  point,   which  furnishes 

*Fundamentalgleichungen  fur  die  Bewegung  Schwerer  Korper  auf 
der  rotirenden  Erde.     Werke,  Band  V. 

f<  mss's  paper  appeared  in  a  letter  to  Benzenberg  in  .March, 
1803.     Laplace's  paper  was  published  in  the  following  May.  in  the 

critical  point 
in  qui  stion  he  says  "Je  fais  voir  que,  .  .  .  .  il  ne  doit  point  y  avoir 
de  deviation  vers  I'6quateur."  This  paper  was  republished  in  the 
Mica  '         e  as  Chapitre  V,  Tome  IV  (edition  of  1880).     The 

title  of  this  chapter  is"De  la  chute  des  corps  qui  tornbent  d'une 


one  of  the  chief  reasons  for  the  publication  of  the  following 
paper,  these  eminent  contemporaries  were  diametrically 
opposed.  Gauss  concludes  that  the  falling  body  should 
undergo  a  small  meridional  deviation  from  the  vertical 
towards  the  equator;  but  Laplace  states  quite  positively 
'here  is  no  such  deviationf.  Curiously  enough,  in 
spite  of  this  discrepancy,  nearly  all  writers,  including 
authors  of  standard  treatises,  have  reproduced  the  meri- 
dional deviation  of  Gauss,  ignoring  the  much  more  im- 
portant, though  now  quite  inadequate,  investigation  of 
Laplace.  To  this,  however,  there  is  a  noteworthy  ex- 
ception  in  the  memoir**  of  Poisson  published  in  1838. 
In  characteristic  fashion  Poisson  investigates  in  a  very 
comprehensive  manner  the  flight  of  a  projectile,  of  which 
a  freely  falling  body  presents  a  special  case.  In  respect 
to  meridional  deviation  he  agrees  with  Laplace.  Stated 
own  words  his  conclusion  is,  "II  (le  calcul)  fait  voir, 
en  effet,  que  la  deviation  a  lieu  vers  l'est,  et  qu'elle  est 
nulle  dans  le  sens  du  meridian."! 

But  Poisson's  object  was  rather  a  general  theory  of 
gunnery  than  the  decision  of  a  delicate  question  of  geodesy, 
and  he.  like  Gauss  and  Laplace,  did  not  have  access  to 
the  essential  data;  and,  in  anticipation  of  the  sequel,  it 
may  be  here  remarked  that  there  is  still  some  doubt 
"whether  the  data  now  available  are  adequate  to  a  complete 
determination  of  this  question,  although  we  are  now  pre- 
p  red  to  make  a  definite  advance  in  that  direction.  In 
the  meantine,  while  the  theory  of  falling  bodies  has  not 
improved  appreciably  since  the  date  of  Poisson's  paper. 
experimentalists  have  done  much  to  maintain  interesl  in 


hauteur."     In  this  he  says  "-le  ferai  voir,  de  plus, 

i        in  est  nulle  vers  l'equateur." 
**Memoirc  stir  le  mouvement  des  projectiles  dans  fair,  en  ayant 
egard  ii  la  rotation  de  la  terre.     Journal   de  I'Ecole  Polyiechnique, 
Tome  XVI,  1838. 

tit  turns  out,  as  shown  in  the  later  sections  of  this  paper,  that  the 
onal  deviation  is  always  away  from  the  equator  instead  of 
towards  ii  as  Gai  SS  and  his  followers  have  supposed.     This  devia- 
tion is  a  quantity  of  the  second  order  and  hence  has  failed  to  be 
evaluated.     Gauss's  expression  for  it  is  a  mathematical  fiction. 

(17) 
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this  i  '   o  '.'in.  and  more  recently  it  lias  attracted 

ttention  of  the  younger  mathematicians  in  a  way 
which  seems  to  justify  the  hope  thai  Gauss  and  Laplaci 
may  have  some  worthy  successors  in  i  lie  geodetic  researches 
of  the  present  centui 

Obji  hob  of  This  P 

In  view  of  th<   opposing  conclusions  abovi    referred  to 
and  in  view  of  the  uncertainties  of  experimenl 
what  would  happen  it'  il  were  possible  to  e:      i1        series 
of  precise  experimt  nts  on  bodies  falling  in  vacuo 
siderable  heights,  as  well  as  in  view  of  certain  obvious 
defects  in  all  discussions  of  the  subject  b  in  the 

standard  memoirs  and  treatises,  it  has  seemed  worth  while 

to  undertake  an  d  on  pre- 

day  knowledge  of  geodesy.  The  defects  in  previous 
investigations  which  need  to  be  remedied  arise  from  three 
principal  sources,  namely:  (a),  inadequate  expressions 
for  the  gravitational  potential  of  the  Earth  for  points  out- 
side its  surface;  (6),  unjustifiable  negled  of  terms  in  the 
complete  differential  equations  of  motion  of  the  falling 
body:    (c).  neglect  of  the  distinction  h  centric 

and   geographic    (or    astronomical)    latitude.     This    last 
source  of  confusion  and  error  has  been  very  generally  over- 
looked.    Neglect  of  this  distinction  leads  readily  to  false 
conclusions   concerning    meridional   deviation,    since   this 
depends  on  and  is  of  the  same  order  as  the  difference  be- 
tween these  two  latitudes.     In  addition  to  carrying  the 
order  of  approximation  in  the  solution  of  the  problem  one 
d  that  hitherto  attained,  it  is  incidentally  de- 
I  i  call  attention  to  a  pressing  need  in  geodesy  for  a 
-  atic    gravimetric    survey.     The  results  of  such  a 
survey  are  required  especially  to  determine  the  extent  of 
inequality  in  the  equatorial  principal  moments  of  inertia 
of  the  Earth,  which  play  an  important  role  in  the  problem 
of  latitude  variations  as  well  as  in  the  problem  of  falling 

In  derivii  g  oi  motion  oi  the  falling  bodj 

the  energy  methodof  Lage  vnge  is  adopted,  partly  because 
it  does  not  appear  to  have  been  used  hitherto  for  this  pur- 
pose and  partly  because  it  is  peculiarly  suited  to  the  con- 
ditions of  the  problem.  The  equations  of  motion  are 
expressed,  however,  in  terms  of  three  different  systems  of 
coordinates;   so  thai  the  relative  merits  of  thi 

be  readily  seen,  while  they  afford  the  means  essential 
of  the  results  herein  derived  with  those 
hitherto  published.     The  route  of  approach  to  the  prob- 
lem  here   followed    h  that    suggested    by   Laplack,  but 

*An  interesting  historical  summary  of  the  work  of  experimi  ntal 
the  deviation  of  falling  bodies,  along  wjth  a  full  account  of 

his  own  carefully  planned  and  i  -.  is  given  by 

or  E.  II.  Hall  in  Vol.  I  of  Contributions  fron 
ry  of  Harvard  (Jnivei 


although  bis  generalities  are  at  once  admirablj  clear  and 

comprehensive  we  musl  reject  his  presentation  of  details 
as  both  obscure  and  inadequate.  After  the  fashion  of  his 
day  he  entailed  confusion  and  difficulty  for  the  modern 
reader  by  making  the  radius  of  the  Earth  unity  and  by  the 
unnecessary  negled  of  quantities  without  determining 
their  relative  magnitudes. 
Laplace  and  Poisson  in  their  investigations  sought  to 
•count  of  the  resistance  of  the  air,  assuming  it  to  1" 
proportional  to  the  square  of  the  speed  of  the  moving 
body.  This  was  quite  appropriate,  and  especially  so  in 
Poisson's  work,  since  it  was  designed  to  supply  the  w  is 
of  gunnery.  But  present  interest  in  the  problem  hing  ■ 
mostly  on  the  displacement  of  the  falling  body  with  respect 
t<  i1  e  vertical  line  through  the  point  of  departure,  and 
-  shown  by  Poisson  in  the  memoir  cited  above,  is 
but  little  affected  by  air  resistance,  since  the  orbit  of  the 
falling  body  is  everywhere  nearly  normal  to  the  eqt 
tential  surface-;  in  the  atmosphere.  For  experiments  in 
air,  indeed,  deviations  due  to  unavoidable  currents  and  to 
inequalities  of  surface  friction  even  for  the  smoothest  of 
spheres  would  be,  in  general,  much  greater  than  deviations 
due  to  normal  air  resistance.  This  latter,  therefore,  is  left 
out  of  account  in  the  following  investigation. 

Geometry  of  the  Problem. 

Let  the  position,  P,  of  the  body  at  any  tim<  ,  t,  b 
ferred  to  a  system  of  rectangular  coordinates  bavin. 
Earth's  center  as  origin,  the  axis  of  X  directed  toward 
the  vernal  equinox,  the  axis  of  Y  lying  in  the  plane  of  the 
Earth's  equator  90°  to  the  east  of  the  equinox,  and  the 
axis  of  Z  coincident  with  the  Earth's  axis  of  figure.  The 
position  of  the  body  at  any  time  t  will  then  be  given  by 
the  coordinates  x,  y,  z.  Let  the  general  position  of  the 
body  be  defined  also  by  a  system  of  polar  coordinates 
having  the  same  origin,  denoting  the  radius-vector  of  the 
body  by  r,  it-  geocentric  latitude  by  vt  and  its  longitude 
reckoned  from  the  plane  ZX  towards  the  east  by  fi.  The 
relations  between  these  two  systems  are 


x  =  r  cos  \j,  cos  /.( 
y  =  r  cos  ■■},  sin  ii 
z  =  r  sin  4 


(1) 


The  coordinates  of  the  initial  position,   Po,  say,  of  the 

body,  or  for  the  time  t  =  0,  will  be  distinguished  from  the 

coordinates  in  (1)  by  means  ,,f  a  zero  suffix  in  any 


The  reader  maj  als osulf  advantageouslj  mi  elaborate  histori- 

|  ace  ■■in   ol  thi  experimental  and  mechanii 
,,i   t!»    problem  of  fall        bodii     to  be  found  in  La  Rotation  de  La 
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Let  the  coordinates  of  the  point  Pi.  say.  vertically 
the  initial  point  !.r0,  ;/,-,.  z0)  and  in  the  tangent  (horizontal) 
plane  to  which  the  body  falls  be  distinguished  by  the 
numeral  suffix  unity,  so  that 


Xj  =  )■]  cos  4 1  cos  w 

i/i  =  ;•]  cos  i^i  sin  ,ui 
Z]  =  r,  sin  i/i 


(2) 


It  is  important  to  specify  precisely  how  this  point  Pi 
is  located  with  reference  to  the  initial  point  P0.  Imagine 
a  basin  of  mercury  at  the  point  Pi.  The  surface  of  the 
mercury  will  be  the  level,  or  equipotential  (or  horizontal) 
surface  through  this  point;  and  if  it  is  located  as  here 
assumed  the  line  joining  the  two  points  Po  and  Pi  will  be 
normal  to  the  surface  of  the  mercury.  In  experiments  oi 
falling  bodies  the  point  P,  is  commonly  located  b; 
pending  a  plumb-bob  from  P„  by  means  of  a  light  cord  or 
wire.  But  the  optical  method  jusl  suggested  eliminates 
some  questions  which  may  arise  as  to  the  effect  of  the  mass 
of  the  cord  or  wire  as  well  as  tin  more  important  questions 
of  the  effects  of  air  currentson  a  plumb-bob  thus  suspended. 
It  is  essential  to  observe  that  the  point  Pi  located  in  the 
way  just  described  will  not  be  coincident  with  a  point  in 
the  same  plane  determined  by  the  line  normal  to  the  equi- 
potential surface  through  P0.  In  fact,  since  the  equipo- 
tential surface  at  P0  is  more  nearly  spherical  than  the  one 
at  Pi  this  latter  point  is  nearer  to  the  equator  than  the  one 
in  which  the  normal  at  P0  pierces  the  plane  tangent  to  the 
equipotential  surface  through  Pi. 

The  most  convenient  of  available  forms  for  the  potential 
of  the  Earth  for  points  outside  its  surface  is  expressed  in 
terms  of  polar  coordinates  referred  to  the  principal  axes 
of  inertia  and  in  terms  of  the  principal  moments  of  inertia 
of  the  Earth.  Hence  it  is  desirable  to  have  equations  (1) 
adapted  to  this  form  of  the  potential  in  question.  To 
this  end  let  L  be  the  initial  longitude  of  that  equatorial 
principal  axis  of  interia  of  the  Earth  which  lies  nearest  to 
the  west  of  the  initial  position  of  the  falling  body,  and  let 
X  denote  the  angle  between  the  meridian  plane  through 
this  principal  axis  and  the  meridian  plane  through  the 
body  at  any  time.  Then,  if  co  denote  the  angular  velocity 
of  the  Earth,  the  longitude  of  this  principal  axis  after  a 
time  /  will  lie  I  +  at,  and  the  corresponding  longitude  of 
the  body  is  L  +  ut  +  X.  Thus  the  longitudes  which 
appear  in  equations  (1)  and  (2)  are.  respectively. 


(3) 


ix  =  L  +  cot  +  X 

;ui=  L  +  ut  +  Xi 

m  which  latter  Xi  and  mi  refer  to  P(1  as  well  as  to  P;.  since 
both  are  in  the  same  meridian  plane. 

Let  the  body  be  referred  also  to  another  system  of  coordi- 
nates f,  77,  f  witli  origin  at  the  point  Pi,  with  the  axis  of 
t  perpendicular  to  the  normal  at  that  point  and  directed 


positively  in  the  meridian  tow        -  [uator;   wit 

of  7;  perpendicular  to  the  meridian  and  positive  towards 
-t;  ami  with  the  axis  of  f  coincident  with  the  normal 
and  positive  outwards.     Denoting  the  direction   c< 
of  these  axes  with  respect  to  the  axes 

ai,  0i,  71  for  i 
a-2,  02,  7l>  for  71 
a3,   03,  73     for  .f 

the  following  relations  hold: 

£  =  ai  (x  -  Xi)  +  (3i  (y  -  2/1)  +  71  (z  -  2i) 

r,  =  a2  {x  -  Xi)  +   ft  0/  -  ,1/0  +  7-2  (z  -  Zi)  (4) 

f  =  a:i  (.(•  -  X,)  +  (3s  (;/  -  2/i)  +  73  (2  —  Z\) 


and  conversely 


X  —  .('i  =  ait    +  ao77    +  a3s" 
V-Vi=    0i£  +   0277  +   03S- 

2  —  21  =  7i£  +  y".v  +  73? 


(5) 


The  values  of  the  direction  cosines  which  enter  these 
equations  are  evident  functions  of  the  geographic  latitude 
ami  thi'  longitude  of  the  point  Pi.  Thus,  calling  this  geo- 
graphic latitude  <p,  these  cosines  have  the  following  values 
respectively: 


ai  =  +  sin  p  cos  n\ 
0i  =  +  sin  <p  sin  m 
7!   =   —  cos  <p 


0.2  =  —  sin  p.\ 
02  =  +  cos  m 

72    =     0 

as   =  +  cos  tp  cos  ^1  (6) 

03  =  +  cos  p  sin  mi 
73  =  +  sin  p 

1 U]  =  L  +  ojI  +  /,) 

Frequenl  use  will  be  made  in  the  sequel  of  the  dim  rences 

'"tween  the  initial  and  the  subsequent  values  of  the  coordi- 
nates and  especially  of  the  polar  coordinates  in  equations 
(1).     Hence  it  is  convenient  to  write 


Ar  =  >;,  —  r 
A<p  =  \pa  —  4> 
AX  =  n    —  mi  =  X 


(7) 


Performing  the  substitutions  specified  in  the  second 
members  of  (4)  and  making  use  of  the  values  in  (6)  and 
(7),  there  result  the  following  exact  relation-  between  the 
variable  coordinates 


£  =  /•  sin  (<p  —  i/O  —  T\  sin  {p  —  i/a) 


2/-  cos  1/  sin  <p  siir     _\\ 


)>  =  /•  cos  1/  sin  AX 

(-  =  >■  cos  (p  —  \p)  —  i\  cos  (p  —  i/a 


IS, 


2r  cos  \j/  cos  p  sins%  AX 
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.   ■     -  _  ■  is  'vi  +  i  sin  <p  +  f  cos  <p 

.  sin  AX  =  77 

j-  sin  v  =  T\  sin  i/i  —  J  cos  ^  +  jT  sin  v- 


stunt  in  the  problem  here  considered.     The  varying  posi- 
>dy  is  completely  specified  by  the  coordinates 
i  or  i»y  |,  7j,  f.   Confusion  concerning  these  facts  and 
:      recognize    the   importance   of   the   quantities 
(p  —  \f/)  .-.ml  iv-  -  fi),  small  though  they  are,  havi   led  to 
al  obscurity  in  the  literature  of  this  subject. 
In  addition  to  the  preceding  exacl  rel  tions,  all  of  which 
will  be  needed  in  establishing  the  equations  <>!'  motion, 
several  approximate  expressions  will  be  required.     These 
niently  derived  also  in  this  section. 
;;■  F(  .i  ing  t.»  tin   diagram  let 


The  geometrical  meanings  of  the  terms  in  these  equal  ii  ms 
are  readily  seen  by  reference  to  the  adjacent  diagram  which 
shows  the  relation-  of  the  points  and  lines  as  they  appear 
in,  or  when  projected  on,  the  meridian  plane  through  the 
initial  point  P  and  the  origin  Pi  for  the  coordinates  £, 
Thus,  in  the  first  of  (9)  r  cos  i  cos  AX  is  PD  in  the 
diagram,  or  the  projection  of  the  distance  of  P  from  the 

's  axis  on  the  initial  meridian  plane  through  1' 
p        ad       cos    y    cos  AX   sin   <p   in  the  first    of 
pi>  -in  p  =  EQ.     Also,  r  -in  i  cos  <p  =  OI)  cos  ip  =  EF, 
and 

/',  -in  {<p  —  fa)  =  FPi  :  so  thai 

£  =  p,  Q  =  EQ  -  EF  -  FP, 

Similarly,  observing  that  the  second  members  of  (9)  arc 
PD.  v  and  OD  r<  spectively;  making  use  of  equations  1 1 ), 
2),  (5  ritingfor  brevity 

p   =  n  cos  i/-i  +  £  cos  <p  +  f  sin  <p 
a   =  i\  sin  fa—  k  sin  v-  +  f  cos  <p  (10) 

r-  =  ,',-'  +  t-  +  f  +  ,--  +  2/-,  J  sin  fa  -  h) 
_'     i    cos  O  -  it) 

ollowing  relation-  needed  also  in  the  sequel  hold: 

x  =  p  cos  hi  —  t)  sin  fn 

y  =  p  sin  mi  +  v  cos  in  '11; 

Z    =    <T 

ntial  tii  observe  thai  the  geographic  latitude  <p 
is.  Ii!  i  and        a  con- 


50  =  p,  p0O,      o  =  PoOPx,     h  =  P,  P0 

In  accordance  with  previous  designations 

/•  =  OP 
v  =  Pi  B  A 


(12) 


r„  =  OP„ 
h  =  P„  < I  A 


r,  =  OP, 
ii  =  Pi  0  A 


It  is  now  proposed  to  express  5,  o,.,  (r0  —  rx).  (r0  —  r), 
and  £,  77,  f  in  term-  of  h,  ,-,.  (^  —  y',i.  A;'.  Aii  and  AX.  To 
this  end  the  triangle  P0  OPi,  in  the  initial  meridian  plane 

gives 

T\  sin  8  =  /(  sin  S0 

1  cos  5  +  h  cos  So  (13) 

5  +  5o  =  <p  —  it 


Writing  for  brevity 

e  =  9-  h, 


p  =  h/n 


(14) 


an  application  of  Mai  laurin's  series  to  the  first  of  (13) 
gives 

5  =  p  sin  9  —  \  p-  sin  20  +  .  .  .  (15) 

Hence,  to  terms  of  the  third  order  exclusive  in  9  and  to 
terms  of  the  -'  '   >nd  order  inclusive  in  />  there  resull 


8  =  0p(l-p) 
5o=  0(l-p  +  p») 


(16) 


Similarly,  the  second  of  (13),  by  aid  of  (14)  and  (15), 
gives  to  term-  of  the  second  order  inclusive  in  9 


r0  =  n  +  h-h(l 
Now,  observing  thai 

i  =  fa  -  Ai/-  =  i/-i  +  5 


/'' 


(17) 


<p  —  i  =  <s  —  i/ 1  +  Ai/ 

and    1 


-  Ay 

=  e  +  &* 


r,    —  Ar  =  /'1  +  h  —  A.' 


Mr.l  order  exclusive  in  h  and  9,  it  follows 

id   order  inclusive 
in    A  '   Ar.  AX,  /1  and  6 
t  =   -  -  ty)  -  (Ar  -  h)  \  sin  fl  -  5  +  A^) 

—  ir,  COS  1/  ■ .  -it)   k-     AX  ■'- 
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7j  =  ri  AX  Jeos  h  -  (5  -  A^)  sin  ^j  (18) 

—  (Ar  —  h)  AX  cos  ^i 
f  =  /i  —  Ar  +  ri  sin  9  (5  —  Ai/-)  —  £n  cos  i/-i  cos  p  (AX)2 

The  last  of  these  equations  shows  that  when  the  body 
reaches  the  plane  £  77,  or  when  f  =  0,  (/?,  —  A/-)  becomes 
a  term  of  the  second  order.  Hence  for  this  case,  to  terms 
of  the  second  order  inclusive 

t  =  -  n  (5  -  A«A)  -  in  (AX)2  sin  2^, 
77  =  n  AX  cos  <£i  jl  -  (S  -  A^)  tan  ^}  (19) 

A/'  =  /1  +  n  sin  0  (5  -  AtfO  -  in  cos2  ft.  (AX)2 

It  is  seen  from  the  first  of  these  equations  that  whether 
£  is  positive  or  negative  depends  on  the  factor  (5  —  A\p). 
In  the  following  sections  this  factor  is  shown  to  be  always 
positive.  Hence  the  deviation  £  is  always  towards  the 
adjacent  pole  in  either  hemisphere,  or  away  from  the 
equator  instead  of  towards  it  as  concluded  by  Gauss  and 
his  followers. 

Equations  of  Motion  of  the  Falling  Body. 

The  mechanical  system  here  considered  consists  of  the 
Earth  and  the  falling  body,  and  this  latter  is  assumed  to 
be  so  near  to  the  Earth  that  the  motion  in  question  is  not 
sensibly  affected  by  external  masses,  like  those  of  the  Moon 
and  the  Sun.  Under  this  restiction  the  system  is  conserva- 
tive; and  in  conformity  with  the  Lagrangian  method  the 
equations  of  motion  are  derivable  from  the  expressions 
for  the  kinetic  and  the  potential  energies  of  the  system. 

The  falling  body  will  be  assumed  to  be  centrobaric,  so 
that  its  mass,  which  would  appear  as  a  factor  common  to 
all  terms  in  the  equations  of  motion,  may  be  suppressed 
in  these  equations.  The  kinetic  energy  of  the  system  is 
that  of  the  rotating  earth  plus  that  of  the  falling  body. 
But  the  first  of  these  parts  is  an  obvious  constant.  Hence, 
calling  the  mass  of  the  body  m,  the  kinetic  energy  of  the 
system  T,  and  denoting  time-derivatives  by  accents  it 
follows  that 

T  =  constant  +  \m  u'2  +  y'2  +  z'-)\ 
Making  use  of  the  relations  (1)  and  (3)  there  results 

T  =  cons't  +  hn  \  r'2  +  r2^'2  +  r2  (to  +  X' )'-  cos2  ^  j  (20) 
Similarly  making  use  of  the  relations  (3),  (10)  and  (11) 

T  =  cons't  +  Jffi  \  T  +  Vs  +  f'2  +  2<o  (7,'p  -  vp')\ 
+  \m  co2  (t;2  +  p2) 
=  cons't  +  iff!  (77 '2  +  p"2  +  <r'2)  (21) 

+    m  u  (77'p  -  rip') 
+  \Vli  CO2  (r?2  +  p2) 

The  potential  energy  of  the  system  is  that  due  to  the 
attraction  between  the  Earth's  mass  and  the  mass  of  the 
body.  Denoting  the  potential  per  unit  mass  at  any  point 
external  to  the  Earth  by  V,  the  distance  from  this  point 
to  any  element  of  the  Earth's  mass  by  s,  the  volume  of 


this  element  by  dv,  its  density  by  p*,  and  the  gravitation 
constant  by  k, 


-\f 


pd  v 


(22) 


The  product  Vm  is  the  potential  energy  of  the  system; 
and  the  product  of  wi  by  any  one  of  the  derivatives 
dV/dr,  dV/d$,  .  .  .  gives  the  force  (or  moment  in  the 
case  of  an  angular  ordinate)  in  the  direction  r,  £,  .  .  .  . 

Now  for  any  of  the  coordinates,  r  say,  the  Lagrangian 
equation  of  motion  is 


d  /£T\  _  9T  _  dV 
dt  \dr'J        ~dr    ~  ly,- 


(23) 


Applying  this  formula  successively  to  the  three  coordi- 
nates r,\p,\  of  (20),  and  omitting  the  common  factor  m, 
there  result 


dt2 


i*Y        i     ,dX 

di   ~V  +  dt 


COS2  \f/ 


dV 
dr 


d  {  ,d*\,     J     ,  d\\         ,    .     ,        dV 


(24) 


,   rfx 

W+  Jt1' 


s2^J 


dV 


Similarly,  applying  (23)  to  the  coordinates  severally  in 
(21),  one  finds 


dn 

dP 


dr/ 
di 


d'v  _l  9    f^r,     d£_i_ 
--^cofsm^+cos^ 


dt2 


1  i  1; 
di 

(Pp  dr/ 

55  ~2"dt 

dh, 
dt2  ' 

ll-,T 

W2 


cc'-p  cos  <p 


J.   9     dp 

T    40)   —     —     77U"    = 


CO"  7) 


<>Y 
dp 


4         (25) 

dV 
3f 


(25,) 


These  equations  (24),  (25)  and  (250  are  exact.  Laplace 
has  derived  the  equivalent-  of  (24)  by  the  method  of  vir- 
tual displacements,  but  he  neglects  all  terms  in  cj2  and  uses 
inadequate  values  for  the  second  members.  He  puts  r=  1 
and  draws   no   distinction   between  geocentric   and  geo- 

*The  symbol  p  used  here  temporarily  to  specify  density  should 
not  be  confounded  with  the  same  symbol  used  elsewhere  in  tliis 
paper  to  specify  distance. 
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graphic   latitudes.    The  equations  of  Gauss,    Poisson, 
and  all  subsequent  « riters,  so  far  as  1  am  ;i\\  axe,  are  equi- 
valent in  their  first  members  in  the  first  members  < 
it'  terms  in  w2  are  neglected.     All  of  th  rs  have 

used    inadequate   values   for   the   second   members.     In 
generally   9?ande?l  "  ■    ch  replaced  by  zero,  and 

eplaced  by  tin"  acceleration  of  gravity  at  the 
place  of  ion.* 

It  is  imp-  dy  remarked,  that 

_  phic  latitude  <p  which  is  implied  in  (24)  and 
which  appears  explicitly  in  (25)  is  constant.  Gauss  was 
apparently  aware  of  this  fact,  hut  neither  he  nor  any  of 
his  followers  -''!  ms  to  have  considered  it  essential  to  draw 
a  distinction  between  geographic  and  geocentric  latitude. 
In  order  to  get  adequate  values  for  the  second  members 
_:  21     i1  is  essential  to  expand   V  in  (22)  in  a 

ical    harmonics.     The    most    appropriate 
available  expansion  is  the  following:** 


V 


™  +  ^  \C  -  4(1*  + -4)|(l-3  shnf) 


2r» 


3A- 


+  -r-.  (B  -  A)  cos-  4  cos  2X 

1 


(26) 


In  this  M  is  the  mass  of  the  Earth;  k  is  the  gravitation 
nt;  A,  B,  C,  are  the  principal  moments  of  inertia 
of  the  Earth  in  the  order  of  increasing  magnitude,  .-1  and 
1!  being  the  equatorial  axial  values  and  C  that  with  respect 
to  the  Earth's  axis  of  figure;  and  r,  \[s,  X  are  the  polar 
coordinates  of  equations  (1)  and  (3). 

greater  brevity  and  subsequent  convenience  write 


a  =  M/c 

0=  \C  -  *(B  +  A   | 

7  =  (B  -  A 


(27) 


Using  these  abbrevi  :  lerivatives  of  (26)  with 

respi  ct  to  r,  4,  X 


dV  a       33 


dr  /•-       2/ 


i(l  -  3  sin2*) 


97 
—   1~a  cos2  V  COS  '-'X 
4/-' 

dV  3»3  .  37    . 

-=-,  = r  cos  4  sin  \p  —         -in  -4  cos  2X 

d4>  r 


;2S) 


37 

^r-  cos2  4  -i"  -'X 

Zr 


11  pie,  om  elk,  I  ome 

;  I.  p.  278,      I  I     nr  R01  ra 

iO,  5th  edition,  1892. 

chen  Thi  o- 
on  F.   ii.  Helmeri  .    I  ei)  [I,  p.  72 ;    or 


<  iEODETIC    1  >\  i   .     I  !SS1  N  HAL. 

Before  passing  on  to  the  integration  of  the  equations 

(24)  ind  (25)  it  is  desirable  to  know  the  relative  magni- 
tudi  -  of  the  constants  a,  0,  -,  and  thereby  of  the  quanti- 
ties in  the  second  members  of  28).  Other  geodetic  data 
will  also  be  needed  in  the  sequel,  and  hence  all  of  them 
may  be  assembled  in  this  section. 
To  this  end  let 

a    =  major  semi  axis  of  Earth's  ellipsoid  of  revolution. 

b     =  minor  semi  axis  of  same. 

e     =  eccentricity  of  this  ellipsoid,  so  that  tt'-e-     =  a2  —  fc2. 

V     =  volume  of  Earth 

pm  =  mean  density  of  Earth 


Then  the  first  of  equations  (27)  becomes 

a  =  Mk  =  v  {k  Pm),  =  +7T  a-b  [k  Pm) 


(29) 


The  volume  v  in  this  equation  can  be  computed  with  a 
high  degree  of  precision  from  the  known  dimensions  of 
the  Earth.  The  product  of  the  mean  density  of  the  Earth 
by  the  gravitation  constant  is  known  with  a  precision 
indicated  by  five  significant  figures.  This  product  is,  in 
fact,  as  shown  by  me  in  the  Astronomical  Journal,  No.  424, 
1S97, 

kPm  =  36797  X  l(rll/(sec)2  (30) 

with  a  probable  error  less  than  one  unit  in  the  fifth  sig- 
nificant figure. f 

Since  the  time  of  Laplace  the  equatorial  moments 
of  inertia  of  the  Earth  have  been  generally  assumed  to  be 
equal.  They  are  probably  nearly  so,  but  existing  knowl- 
edge does  not  enable  us  to  state  with  precision  how  nearly. 
If  their  difference  were  as  great  as  one-half  of  one  per  cent 
of  either  it  would  account  completely  for  the  prolonga- 
tion of  the  Eulerian  cycle  disclosed  in  the  variation  of 
latitudes;!  so  that  one  may  say  that  this  difference  lies 
between  the  limits  zero  and  one  two  hundredth  of  .4  or  B. 
But  in  the  absence  of  exact  information,  which  can  be 
gained  apparently  only  by  means  of  a  comprehensive 
gravimetric  survey  of  the  Earth,  the  prevailing  assump- 
tion that  A  =  B  will  be  adopted  hen-. 


t This  product  may  be  written 


wherein  r  is  the  periodic  time  (if  an  infinitesimal  satellite  which 
would  revolve  aboul  the  Earth,  jusl  grazing  the  equator,  if  there 
were  do  atmospheric  or  other  resistance;  ami  the  value  of  r  is  l* 
24m20.9".     Thus  the  theory  of  the  paper  referred  to  shows  how  the 

regularity  of  the  speed  ol  rotati 1  the  Earth  might  be  checked  by 

■>  gravimetric  surveys  made  from  time  to  time  if  the  attain- 
able precision  of  such  surveys  were  high  enough. 

{See  the  author's  paper  " Mechanical    Interpretation  of    Varia- 
tions of  Lati  il  Journal,  No.  345,  1895. 
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In  conformity  with  this  assumption  the  most  trust- 
worthy available  values  of  the  moments  of  inertia  in 
question  appear  to  be  those  derived  by  Harkness  in  his 
"Solar  Parallax  and  Related  Constants."*  By  a  least 
square  adjustment  involving  many  quantities,  the  most 
of  which  are  from  necessity  not  very  closely  interrelated, 
he  computed  the  following  values: 


C 


A  =  B  =  0.32502 

C  =  0.326094  Ma2 
h(B  +  A)  =  0.001065  Ma? 


(31) 


Adopting  these  values  the  constant  y  in  (27)  and  (28) 
is  zero  and  the  second  member  of  the  third  of  equations 
(24)  vanishes.  The  meaning  of  this  latter  condition  is 
that  the  orbit  of  the  falling  body  docs  not  depend  on  its 
longitude. 

Using  Clarke's  spheroid  of  1866  and  the  C.  G.  S. 
system  of  units  the  following  values  of  the  above  constants 
and  their  logarithms  will  be  needed: 


a  =  637825900 
b  =  635663500 
e-=  0.00676866 
v  =  10S3221  X  1021 


8.8047021 
8.8032273 
7.S305030  -  10 
27.0347201 


(32) 


The  relation  between  the  geographic  latitude  <p  of  any 
place  on  the  Earth's  surface  and  the  corresponding  geo- 
centric latitude  \f/t  to  which  frequent  reference  has  already 
been  made,  is  defined  exactly  by  the  equation.** 


whence  if 


tan  4  =  ''  —  '-)  tan  c 


2-« 


(33) 


<p  —  \f/  =  q  sin  <p  —  kq':  sin  2<p  +   .  .  . 
(log  q  =  7.53095  -  10) 

There  will  be  needed  also  a  convenient  formula  for  com- 
puting the  radius  vector  R,  say.  of  any  point  on  the  Earth's 
surface.  A  special  value  of  R  will  be  i\  which  figures  in 
equations  (2),  (8),  (14),  etc.  Mich  a  formula  for  the 
natural  logarithm  of  /,'  isf 


log  ft  = 


a  (2  -  e2) 


1  +  Vl  -  e- 
+  {q  —  qi)  cos  2<p 

—  K?2  -  ?12)   COS   iip 


*  Washington,  Government  Printing  Office,  1891. 

**  See  Helmert,  Geodasie,   IVil  r,  p.  I 
3i  e  I  Ihatjvenet's  \  Vol.  I.  p. 

100,  edition  of  1871. 


wherein  q  has  the  value  given  by  the  first  of  (33)  and 
9i 


l  -  VT 


1  +  Vl  -  e2 

Applying  the  values  of  the  constants  given  by  (32)  and 
introducting  the  modulus  of  common  logarithms  in  the 
series  of  cosines  of  multiples  of  <p  there  results  for  the 
adopted  spheroid  and  for  the  centimeter  as  unit  of  length 


log  R  =  8.8039666 

+  [3.S6769]  cos  2<p 
-  [1.2737]  cos  4c- 

+  .  .  . 


(34) 


wherein  the  numbers  in  square  brackets  are  logarithms 
of  the  coefficients  of  cos  2V-  and  cos  4c.  respectively,  for 
units  of  the  seventh  decimal  place.  Thus,  for  example, 
if  a>  =  0,  log  R  =  log  a  =  8.8039666  +  7373.8  -  18.8  = 
8.8047H21  i  -  given  in  (32) 

Making  use  of  the  values  in  (29)  to  (33) 

log  «  =  20.6005325+ 

log  0  =  35.23728  (35) 

There  will  be  needed  likewise  in  the  sequel  the  angular 
velocity  of  the  Earth,  w,  and  or.  along  with  the  quantity 
3(3/ft:\  or  its  equivalent  3/3/r5.  This  latter  quantity 
appears  in  the  integration  of  (24)  in  connection  with  co2 
and  it  is  essential  to  know  that  they  are  of  the  same  order 
as  well  as  of  the  same  kind. 

Since  the  mean  solar  second  is  the  unit  of  time  in  the 
C.  G.  S.  sjrstem 

2- 


Hence 


86164.1 

»g  u  =  5.86285  - 

10 

g  co2=  1.72571  — 

10 

(36) 


To  compute  a  value  of  3|3/JS3  for  the  present  purposes 
of  comparison  it  will  suffici  to  use  the  value  of  log  R  for 
mid-latitude  <p  =  45°,  since  the  value  of  R  changes  very 
slowly  with  latitude.  Thus  by  (34)  log  R  =  8.8039685 
for  ^  =  45°;  and  by  reference  to  (35)  it  is  found  that 


log  (3/3/-R5)  =  1.69456  -  10 


(37) 


Integration  of  Equations  (24). 

Since  the  second  member  of  the  third  of  equations  (24) 
is  assumed  to  be  zero,  it  expresses  constancy  of  moment 
of  momentum  of  the  falling  body  with  respect  to  the 
Earth's  axis  of  figure  and  is  immediately  integrable.     Us- 

|  The  (Lit    for  a  do  not  justify  a  precision  indicated  l>y  7 
logarithms,  but  this  number  oi  placi  ised  Lnordei  to  secure 

accurate  numerical  verification  in  the  results  furnished  by  the  inte- 
grals of  equal  i  !    25 
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ing  accents  •   time  derivatives,  ami 

observing  thai  the  initial  ang  ity  of  the  body  is 

w  the  first  integral  of  1 1  ii-  equation  is 

\     cos5  4  =  constant 

=  r02  co  cos2  i'a, 

whence,  making  use  of  equations   7    and  (17), 

.  Ar 


to  4-  X'  =  co{l  +  2 


X'  =  2co(^" 


''i 


_>  Atf  tan  -d}) 


ji.  tan  4 


(38) 


to   terms   of   the   second  order  inclusive  in  (Ar/rO,  A4> 
ami  co. 

Introducing  the  firsl  of  (38)  in  the  second  of  (24)  and 
making  use  again  of  (7)  ami  (17)  there  results  to  terms  of 
"iid  order  inclusive 


1  - 


Ar 


(A*)'  \   =T> co2  + 


3/3 


sin  2^i 


whence,  to  the  same  order  of  approximation. 


+  !?Wsin2fc 


M>  =\  {<*■  +  ^j  )  i 


(39) 


Referring  now  to  the  first  of  equations  (24)  it  is  seen 
from  the  first  of  (39)  that  the  term  in  i//2  =  (A^)'2  is  of 
irth  order  in  to2  and  it-  equivalent  magnitude  3/3/rj5. 
Hence,  neglecting  this  term  and  making  use  of  the  rela- 
tions 7  and  I  17)  it  follows  that  to  terms  of  the  second 
order  inclusive 


wherein 


*  =  H  +  «4  a 


(Ar  -  h)"  =  >r  (Ar  -  h)  +  g 
3  sin5  ^j)  —  3m2  cos2  vi* 


<J 


30 


(40) 


=  fi  +  ?ni(l  -  3  sin-  ^)  -  (/-,  +  4/()  co2  cos2  ^ 


It   should  be  obsen  i  d   thai    .-  ;  lantity   here 

denoted  by  g  is  o,  it  is  qoI  identical  with  the 

ol  ur.i'  it\ ."  or,  more  exactly,  the 

tion  due  tn  the  attraction  and  to  the 

rotation  of  the  Earth. 

The  in'  t  ■   •  last  differential  equation  is 

.    —  h)  =  D  cosh  (nt)  +  L  sinh  (nt)  —  g 
in  whir!,  /;  and  I  .'-.  Since 

Ar  -  h  =  -  h  and    Ar  -  I,)'  =  0 
for  t  =  0,  these  coi 


D  =  g  —  lui- 
E  =  0 


Thus 


g  —  lui 


cosh  (nt) 


(41) 


Expanding  the  hyperbolic  cosine  this  equation  gives 

Ar  =    ±gt2\l  +    Mnty+   .  .  .   \ 
-  U  (nt)-  {1  +  tV  (nt)2  +   .  .  .    | 


(42) 


Recurring  to  the  second  of  (38)  it  now  becomes  by  means 
of  (41)  to  terms  of  the  second  order  inclusive 

reViX'  =  2co  (g  —  hn-)  £eosh  (nt)  —  \\ 
whence,  since  X  =  Xo     for    /  =  0  , 

reViAX  =  2co  (g  -  lui')  |sinh  (nt)  -  nt\         (43) 

Expanding  the  hyperbolic  sine  in  this  expression  there 

results 


r,AX 


\  9   J 


\\  +MntY+  •  •  •   I    (44) 


This  along  with  5  of  (15)  and  A\f/  of  (40)  inserted  in  the 
second  of  (19)  will  give  the  easterly  deviation  -q. 

Since,  as  shown  below,  5  is  of  the  same  order  as  A^-,  and 
since  the  latter  by  (39)  is  of  the  second  order,  the  value  of 
the  easterly  deviation  to  this  order  of  approximation  is 


77  =  ;'iAX  cos  4/i 


(44,) 


wherein  nAX  is  given  by  (44). 

It  is  now  essential  to  clearness  of  ideas  to  know  the 
numerical  values  of  the  various  terms  which  enter  the 
equations  (39)  to  (44).  To  this  end  consider  the  ease  for 
which  <p  =  45°.  Fur  this  case  the  factors  in  the  second 
members  of  (39)  are 

W  =  13294  X  10-13 
(3/3/4ri5)  =  12374  X  10~13 

Similarly,  the  terms  in  equations  (40)  are 

(2a/)-!3)  =  +  30878  X  10-10 
^4(1-3  sin2  *,)  =  -        49  X  lO"10 


—  3  co2  cos2  4/1  = 


80  X  10"10 


n-    =       30749  X  10-10 

(a/ri2)  =  +  983.095  cm./ (sec)2 
0.788  cm./  (sec)2 

-  (n  +  4/i)  co2  cos2  fa  =  1.093  cm./ (sec)2 


|4  (1  -  3  sin2  fa)  = 

-'  1 


g  =        980.614 
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Hence  in  equations  1 42 1  and  (44)  for  the  latitude  45° 

(nt)2  =  30749  X  10"10  for  t  =  Is 
=  30749  X  10~s  for  t  =  10s 

Hence  for  t  =  10  seconds  or  less,  or  for  falls  of  490 
meters  or  less,  the  terms  in  (nt)  of  (42)  and  (44)  are  rela- 
tively unimportant.  But  their  precise  values  are  easily 
computed.     Thus  if  t  =  103  (42)  gives 

=  49030.70  cm. 

^jt-(nt)-    =     +    1-26 

-  \h  (nt)1  =     -   7.54 

Ar  =  49024.42 

For  the  same  latitude  and  for  t  =  10  sec.  (44)  and  (440 
give 

cos  15°  =      16.855  cm. 
"'"'■  '  -  0.003 

16.852 


—  $guP  (  —  ]  cos  45°  = 


Suppose  now,  for  the  sake  of  further  numerical  illustra- 
tion, the  data  given  are  <p  =  45°  and  the  total  time  of  fall 
is  10s.  In  any  experiments  on  falling  bodies  it  would  be 
practicable  to  measure  the  height  h,  of  Po  above  Pi, 
directly.  But  it  may  lie  here  shown  how  h  may  be  com- 
puted.    The  values  just  derived  give  by  aid  of  (42) 

Sr  =  49024.42  cm. 

This  is  a  sufficient  approximation  to  It  to  permit  com- 
putation of  5.  Thus,  since  log  r}  =  8.8039685  and  since 
p  =  h/ru  log  p  =  5.88668  -  10.  Also,  by  the  second 
of  (33),  log  (ip  -  fa)  =  log  6  =  7.53095  -  10.  Hence 
the  first  three  terms  of  (15)  give 

5  =  p6  -  p-d  -  ipd3 

pd  =  26146  X  10"u 

p-6  =  2  X  10"u 

ipd3  =         5  X  io-13 


5  =  26144  X  10-11 

Recurring  to  the  value  A^  computed  above  and  making 
t  =  10  seconds  it  is  seen  that  for  this  value  of  t 

8  -  A+  =  (26144  -  25668)  10"11 
=  +  476  X  10-" 

Putting  f  =  0  in  the  last  of  (18)  it  is  seen  that 
h  =  Ar  -  rx0  (5  -  Afa  +  Jr,  cos2  fa  (AX)2 


and   I  iy    (43) 


Pi  (AX)- 


Thus 


h  =  49024.42  -  0.011  +  223  X  10" 


that  is,  for  this  case,  h  and  Ar  differ  by  only  one-tenth  of 
a  millimeter,  or  in  round  numbers  by  one  part  in  5,000,000. 
Finally,  the  values  of  £  and  y  given  by  the  first  two  re- 
spectively of  (19)  are 

£  =  —    3.03  centimeters 
7j  =  +  16.85  centim.  i 

It  is  thus  seen  that  for  a  fall  of  490.24  meters,  in  vacuo, 

the  northerly  deviation  in  the  northern  hemisphere  and 

mtherly  deviation  in  the  southern  hemisphere  would 

be  not  only  an  easily  appreciable  quantity  in  itself  but  a 

1   .able  fraction  of  the  easterly  deviation. 

For  the  sake  of  ready  reference  the  numerical  data  and 

results  derived  in  this  section  may  be  here  collected  in 

compact   form. 

ip  =  45°  t  =  10  seconds 


logri 

=  8.80397 

\<f  =  13294  X  10"13 

log  W 

=  5.86285  - 

10 

(3j3/4n6)  =12374  X  10~13 

log  p 

=  5.88668  - 

10 

5  =26144  X  10-11 

log  e 

=  7.53095  - 

10 

A^  =25668  X  10-11 

log  g 

=  2.99149 

h 
V 

S  -A^=     476  X  10-11 

=  49024.43  cm 
=  49024.42 
=  -     3.03 
=  +   16.85 

Integration-  of  Equations  (25)  and  (25i). 

In  order  to  complete  this  investigation  it  is  essential  to 
integrate  the  equations  (25)  and  (25i)  and  to  show  thai 
the  values  they  give  for  the  coordinates  are  equivalent  to 
the  values  given  by  (8),  (18)  and  (19).  But  quite  inde- 
pendently of  the  confirmation  thus  afforded  of  the  con- 
clusions already  reached  it  appears  to  be  worth  while  to 
show  that  equations  (25)  and  (250  are  suspectible  to  no 
less  precise  and  complete  treatment  than  equations  (24). 

Observing  the  relations  (10)  and  using  accents  to  indicate 
derivatives  with  respect  to  the  time,  equations  (25)  and 
(250  give 


Cwq     —    U)~p 


dV   .  dV  9V 


r/      -\-  2oip'  —   O!2?)    =     - — 


<>Y 

9V 

Vs 

dV 

BV 

dV 

dt 

cos 

f> 

+ 

»r 

511) 

If,  = 

<>e 

The  most  direct  way  to  get  the  derivatives  of  V  which 
appear  in  the  second  and  third  members  of  these  equations 
is  to  express  V  as  a  function  of  f,  tj,  f  and  r.     Thus  by 


26 
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in   and  (27)  equation  (26)  becomes 


V  =  -  - 


r  +  p8) 


(46) 


This  nives  by  reference  to  tin'  firsl  of  (10) 

■\ 

M 
3f 


3/3p  sin  <p 

>r        3j3g 

,,,   +      jS 

9V  'dr       3  j3p  cos  <p 

Y  r1 


(47) 


i4S 


The  last  of  equations  ( 10)  gives 
1 

_     7) 

'•'77        r 

^    =    -    (f  +   /',   I      3  fi 

9$         r 

Bearing  in  mind  that  d  =  <p  —  vi- 1  -  (47)  and  (48)  give 
Mnd   members    oi      l."     the   following   values 
respectively:" 

fdY       y\  p  _  21 

\  dr  r4  J  r         dp 


(49) 


37    (7 

■T 

' 

9ff 

Now  for  brevity  write 


COS2  V 


(50 


v,j  =  —  — 

=  a  _  30       15 

r1         r  +  "      2H- 

Then,  making  use  of  these  in  (49  .equations    15   become 

p"  —  2urj'  4-  i>rp  =  0 

7)"  +  2cop'  +  i;,2ij  =  0  (51) 

er"  +  P2V  =  0 


tions     19)  may  be  derived  also,  '  readily, 

from  (26)  and  (28).     It  should  be  noticed,  however,  thai     ,,\     ,>r 
in  the  first  of  (28)  is  not  the  sanu  1  derived  froi 


The  quantities  v\  and  c2  which  oppear  in  these  equations 
are  evidently  angular  velocities,  as  maj  b<  seen  likewise 
by  reference  to  (35)  and  (50).  Thej  an  also  seen  to  be 
variable,  since  they  depend  on  £,  17,  *:  through  the  radius 
vector  r  and  through  the  quantity  (j?!  -4-  p2).  But  the 
extent  of  this  variation  is  small  as  shown  by  the  last  of 
equations  (10),  which  gives  to  terms  of  the  second  order 
inclusive  in    £   17,  f 


)•  =  /',+  t  s 


in  0  +  f  cos 


+  5-UC0S  9  +  £sin  0)2+ 


I'm 


For  such  applications  as  are  here  considered,  for  which 
t  =  10  seconds  or  less,  the  maximum  value  of  (r  —  ;-,i  in 
this  last  equation  amounts  to  only  1/ 13000th  part  of  -•,. 
The  effect  of  this  variation  on  £,  77,  f  for  falls  of  490 
meters  or  less  will  therefore  be  small,  since  the  equations 

I  i  are  exad  x<  ept  for  the  approximations  involved  in 
i'i  and  i>2-  For  the  calculation  of  these  quantities,  how- 
ever, one  may  vise  the  time-average  value  of  r  and  thus 
a  higher  order   of   precision  in  the  calculation  of 

£,  r;  £  than  is  justified  by  the  data  from  which  the  quan- 
tities a  and  i3  of  (27)  are  derived.  This  time-average 
value   of  T  is  from      I  ! 


=  r,  +  h 


if" 


Using  this  value  of  the  radius  vector  the  parts  which  enter 
into,  and  the  values  of,  vi1  and  r22  are  for  the  mid  latitude 
<p  =  45°  as  follow: 

log  r  =  8.8039908 

~  =  1.5436.90  X  10-10 
6/3 


15/3  cos-  i 
2r> 


98.96  X  10- 


61.85  X  10-'" 


n2  +  u-  =  15399.79  X  10-'° 

co2  =  53.17  X  10-!" 

n"  =  15346.62  X  lO"10 

,.,-'  =  15449.27  X  10-10 

Returning  to  equations  (51)  in  which  v\  and  vi  are  now 
supposed  constant,  multiply  the  firsl  by  p'  andthesecond 
by  7)',  add  products  :nu\  integrate.     The  result  is 

p"-  +  j?'2  +  (p~  +  7?2)  vi-  =  consl   ni 

equation  means  thai  the  kinetic  energy 

\m  (o'-+  7,'-        4  1    =impoW 

is  conserved  in  the  motion  of  the  body. 
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This  first  integral  and  the  equations  from  which  it  is 
derived  are  satisfied  by 

p  =  O]  cos  dut  +  ei)  +  02  sin  {n4  +  e2) 
ij  =  &i  sin  (nii  +  «i)  +  &2  cos  [k4  +  62) 

in  which  ai,  a2,  &i,  62,  »i,  n-2,  t\  and  e2  are  constants,  pro- 
vided that  the  first  six  of  these  constants  conform  to  the 
following  conditions: 

«i  02  v\2  —  61  62  '*i  n-2  =  0 

61  bi  v{2  —  «i  0«  Hi  »2  =  0 

ai  ("i2  —  «]'-)  —  2  61  n.i  co    =  0 

02  (vi2  —  n-22)  +  2  b2  «»  «   =  0 

61  (j»i2  —  Mi2)   -  2   «i  »i  u     =0 

b2  (ci2  -  »22)  +  2  a2  >i2  co=0 
These  conditions  require  first  that 

bi  =  (>]■  b-z  =  02  (i) 

secondly,  that 

ft,  //..  =  vt?  (ii) 

and  thirdly,  that  /<,  and  »■>  be  the  roots  of  the  quadratic 

n?  ±  2)i  co  =  i>{2  (iii) 

or  that 

"1  =   ±  V  i>r  +  co2  —  co 

/i2  =   ±   V  j/,2  +  co2  +  co*  (iv) 

Introducing;  the  relations  of  (i)  in  the  above  equations 
for  p  and  -q  they  become 

p  =  01  cos  (riit  +  «i)  +  "-  sin  (n2t  +  e2) 

17  =  "1  sin  Ui<  +  «i)  +  02  cos  \iij  +  e2)  (52) 

The  constants  in  these  equations  are  d<  termined  by  the 
conditions  that  for  t  =  0, 

p  =  po  =  )'!  cos  ^1  +  /1  cos  p 

p'  =  0 

7,  =0 

77'  =  0 

These  conditions  require  that 

ei  =  0,  or  a  multiple  of  w, 


'"      2 

Oi   =   po 


,  or  an  odd  multiple  of  = 


a, 


a-z  =  po 

'  1    T   "2 
Ol    +   0-2    =    PO,  Cll    —    Oo    =     p0 

Now  write  for  brevity 


»i  +  n-2 
n-2  —  ??i 

«1  +   »2  ' 


(53) 


♦Both  sets  of  values  of   «j  and  ttj  arc  applicable;    that   is,  the 

positive  pair  and  the  negative  pair  of  roots  satisfy  the  conditions 
and  give  the  same  results  for  ij  and  p. 


w'2  =    i>{2  +  CO2 

Then  the  values  in  (iv)  become 


>h  =  ic  —  co,     or 


{w  +  co) 


(54) 


(55) 


"•:  =  W  +  to,      or  —  (w  —  co) 
Making  use  of  the  relations  (53)  to  (55)  in  (52)  the  latter 


become 


p  =  Po  cos  wt  cos  co£  +  po  I  —  )  sin  wt  sin  ui 


sin  wt  cos  cot1  —  po  cos  wt  sin  cot1 


(56) 


Recurring  to  the  last  of  the  equations  (51)  its  complete 

integral  is  seen  to  be 

a  =  a3  cos  (v4,  +  e8) 

in  which  <;•  and  t.>,  are  constants.     They  are  determined  by 
the  conditions  that  for  t  =  0 

cr  =  cr0  =  )\  sin  fa  +  h  sin  co  =  O3  cos  €3 
<x'  =   —  (i3  v-2  sin  e3  =  0 

These  give  «3  =  0  and  a3  =  co.     Hence  the  value  sought 

is 

(7  =  (To  cos  v2t  (57) 

This  last  equation  and  (56)  are  the  complete  integrals 
of  equations  (51)  and  it  remains  only  to  derive  £  and  f 
from  (57)  and  the  first  of  (56).     For  this  purpose  write 


1  —  ti  =  cos  wt  cos  wt  +  —  sin  wt  sin  co? 

=  1  —  {sin2  i-  («?  +  co)  t ;  +  sin2  ^  (w  —  u)t\ 
+  -  {sin2  I  (id  +  co)?  -  sin2  k  (w-u)t\ 
1  —  to  =  cos  v«t  =  1—2  sin2  i  i'o? 


(58) 


Galley  6  A.J. 

Then  observing  the  values  of  p  and  <j  given  by  (10)  it 
follows  from  (57)  and  the  first  of  (56)  that 

f  cos  <p  +  £  sin  ca  =  po  (1  —  ti)  —  /'1  cos  i/, 
f  sin  cp  —  £  cos  qo  =  co  (1  —  to)  —  rj  sin  fa 

Introducing  the  values  of  po  and  <t0  these  equations  give 


(59) 


f  =  h  —  £tan  c5— (ri  +  /!  +  ri  sin  t?  tan  sr  — 2/',  sin2£0)Ti 
f  =  /1  +  £  cot  tp—  (n+ft— n  sin  f  cot  v5- 2/'i  sin2  .V0)t2 

The  forms  given  to  the  last  equations  lend  themselves 
readily  to  precise  computations  of  £  and  f,  especially  the 
latter  when  £  is  derived  independently.  By  elimination 
from  (59)  there  result 

£  =  —  riTi  sin  6  +  i  (ri  +  /1)  (t2  —  n)  sin  2^ 
—  2)-,  (t2  —  n)  cos  ^  cos  (cs  —  id)  sin  ?,  0 
r  =  /1  -  (n  +h-  2r,  sin2  ^e)  n  (60) 

-  (i\  +  h)  (r-2  -  n)  sin2  ss 
-|-.2ri  (t2  —  n)  sin  v-  cos  iv-  —  ^,W)  sin  40 
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For  the  easterly  deviation  the  second  of  (56)  gives 
if  =  ip0  (1  +-  J  sin  O  -  u)t 


—  ipo  f  i  (v>  +")* 


,.,!) 


The  expressions  60  and  (61)  are  exad  excepl  for  tin 
small  uncertainties  in  the  angular  velocities  v\  and 
hence  in  the  functions  r,  and  t2)  to  which  reference  has 
already  been  made.  Bui  these  expressions  are  so  different 
in  form  from  those  previously  derived  in  this  paper  for 
lordinates  £,  v-  f  that  the  equivalence  of  the  several 
Oi  values  is  not  immediately  evident.  To  remove 
this  obscurity,  observe  from  58  thai  to  terms  of  the  fourth 
order  exclusive 


7,  =  h  (M),2    1-2  =  i  inty- 


and  by  (50 


3/3 


(t2  -  n)  =  h  W  -  n2)  ?  =  h  [f  +  71 J  ? 

Also  by  (40)  and  (50)  it  is  seen  thai  to  the  first  order  of 
oximation 

/-,  -,  sin  0  =  i/'i  sin  6  (vxt)" 
=  if//"  sin  6 
=  /i  sin  0 

and  this  by  (14)  and  i  15)  to  the  same  order  of  approxima- 
tion is  rid.     Thus  it  appears  that  the  first  two  terms  in  the 
second  member  of  the  first  of  (60)  are  identical  with  the 
first  two  terms  in  the  second  member  of  the  first  of  (19). 
Similarly.  (61    give-  to  terms  of  the  third  order  inclusive 

n  =  :  '  -  <*t3 

=    '.,■■■/     cos    i 

which  agrees  with  (44i)  to  the  first  order  of  approximation. 
It  is  sufficiently  evidenl  therefore  thai  the  expressions  for 
£,  r,  c  derived  in  this  section  are  interconvertible  with  the 
corresponding  expressions  derived  in  previous  sections  oi 
this  paper.  A  more  pr<  i  isi  tesl  of  numerical  equivalence 
and  correctness  of  all  the  formulas  derived  is  afforded, 
however,  by  the  computation  of  £  and  i"  from  the  equations 
(59)  .-,1m!  60  This  computation  is  somewhat  tedious 
hut  the  essential  details  oi  i1  are  given  below.  In  order 
to  secure  a  high  degree  of  precision  it  is  accessary  to  have 
some  of  the  data,  already  given  above,  expressed  by  seven 
significant  figures  and  to  use  7-place  logarithms  in  some 
of  the  calculations.  Adopting  the  same  values  for  the 
latitude  and  the  time  of  fall  /  a-  hitherto,  namely,  15  and 
in  seconds,  respectively,  it  is  first  required  to  compute  r, 
and  -;  from  (58).     For  this  purpose  it  is  found  that 


w  =  0.001240959 

u  =  0.000072920 

w  +  u  =  0.001313879 

w  -  u  =  0.001168039 

log  0!    =  7.0944540  - 


10 


Hence  follow 


sin-  A  (w  +u)t  =  0.00004315630 

sin-  Uir  -  u)t  =  0.00003410748 

r2  =  2  sin-  \  v4  =  0.00007724536 

n  =  0.00007673198 

r,  -  Tl  =  0.00000051338 


With  these  values  and  with 


n  =  8.8039685,       log  sin  6  =  7.5309.5 


10 


it  is  now  easy  to  gel  the  separate  terms  of  (59)  and  (00). 
Thus,  assuming  that  the  value  of  %  derived  for  the  same 
case  iii  tin'  previous  section  is  available,  and  making  f  =  0, 
these  two  equations  should  give  the  same  value  for  h,  It 
will  be  observed  that  a  first  approximation  to  h  is  r-i  n  or 
;'i  72  and  that  the  mean  of  these  two  values  is  a.  still  closer 
approximation  to  h.     By  the  first  of  (59)  the  results  are 

n  7i  =  48859.03  cm. 
h  7i  =  +     3.76 

/■,  7i  sin  6  =  +165.92 

2d  7i  sin2  ,V0  =  -     0.2s 

+  t  =  -     3.03 


Sum  =  h  =  49025.40 

By  the  second  of  (59)  the  results  are 

/-!  72  =  49185.93 

hn  =  ■+     3.79 

c,  72  sin  0  =  -167.03 

2r,  72  sin2  \d  =  -     0.28 

-  £  =  +     3.03 


Sum  =  /)  =  49025.44 

Similarly,  the  first  of  equations  (00)  gives  for  £ 

-  d  7i  sin  6  =  -  105.92  cm. 
+  £  (rx  +  h)  (72  -  7i)  sin  2<p  =  +  103.4(1 
—  2r\  (t2— 7i)  cos2  y?sin  \Q  =  —      0.56 


Sum  =  £  = 


3.02 


And  the  second  of  (60)  gives  for  h  ( f  being  zero  for  the  case 
under  consideration) 
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(n  +  h)  n=   48862.79  cm. 
-2r,  n  sin-  J0  =  -      0.28 
(n  +  /()  (r2  -  n)  sin2  p  =  +  163.46 

—  2ri  (r»—  7i)  sin  V"  cos  sr  sin  i#  =  —      0.56 


Sum  =  /i .  =    49025.41 

The  difference  between  the  value  of  £  =  —  3.02  centi- 
meters here  derived  and  that  furnished  by  the  preceding 
section  is  one-tenth  of  a  millimeter  and  is  no  greater  than 
should  be  expected  from  the  different  processes  of  calcula- 
tion. The  range  amongst  the  different  values  of  h  here 
computed  is  less  than  one-millionth  part  of  it.  showing 
That  the  computations  by  (59)  and  (60)  are  consistent 
with  one  another.  If  the  value  of  £  from  the  first  (60)  is 
used  in  (59)  the  range  in  /*  will  be  reduced  by  one-half. 
But  a  more  searching  numerical  test  of  the  correctness  and 
of  the  high  order  of  approximation  of  the  formulas  derived 
is  furnished  by  a  comparison  of  the  value  of  h  coming  from 
the  second  of  (60)  with  that  furnished,  by  the  last  of  (18), 
or  by  (42).  Thus,  from  equation  (42)  h  =  49024.41cm. 
and  by  equation  (60)  ft  =  49025.41.  showing  a  difference  of 
1.00  centimeter,  or  a  discrepancy  in  round  numbers  of  one 
part  in  50,000*.  This  must  be  regarded  as  quite  satis- 
factory in  view  of  the  different  processes  required  in  de- 
riving the  formulas  (42)  and  (60).  This  degree  of  accord- 
ance is,  indeed,  as  already  indicated,  much  higher  than 
the  geodetic  data  require,  for  existing  knowledge  of  them 
does  not  justify  the  use  of  more  than  five  significant  figures 
in  such  computations  as  are  here  made. 

Summary. 

For  the  benefit  especially  of  the  non-mathematical 
reader  the  salient  features  of  this  investigation  may  be 
briefly  summarized  as  follows: 

(1)  The  problem  of  falling  bodies  has  hitherto  been 
inadequately  treated  by  reason  of  neglect  of  the  effect  of 
the  square  of  the  angular  velocity  of  the  Earth  and  other 
terms  of  the  same  order,  and  by  equal  neglect  of  the  effect 
of  the  difference  between  the  geocentric  latitude  of  the 
point  of  departure  of  the  body  and  the  geographical  lati- 
tude of  the   horizontal   plane   to  which   the   body   falls. 

*If  in  computing  the  angular  velocities  h  and  1-2  the  value 
ri  of  the  radius  vector  had  been  used  in  place  of  the  value  rj  +  -h 
the  above  noted  discrepancy  would  have  been  about  one  pari  in 
16,000. 


Failure  to  consider  these  effects  has  led  to  erroneous  con- 
clusions in  respect  to  the  meridional  deviation  of  the  body, 
the  real  deviation  being,  in  fact,  opposite  to  that  derived 
by  Gauss  and  most  later  investigators. 

(2)  The  problem  is  here  investigated  anew  in  the  light 
of  geodetic  data  not  available  to  Gauss  and  Laplace  who 
were  the  pioneers  in  this  field.  The  motion  of  the  body 
is  referred  to  four  sets  of  interconvertible  coordinates  and 
the  equations  of  motion  for  each  of  three  of  these  sets  are 
derived  without  neglect  of  any  of  the  factors  involved. 
Each  set  of  equations  of  motion  is  integrated  so  as  to 
include  all  terms  of  the  second  order  in  the  angular  veloc- 
ity of  the  Earth  and  in  equivalent  factors.  The  values 
thus  derived  independently  for  the  coordinate  displace- 
ments of  the  body  from  the  three  sets  of  integrals  are  shown 
tu  be  consistent  with  each  other  and  to  give  a  degree  of 
numerical  accordance  surpassing  that  justified  by  the 
precision  of  the  geodetic  data  on  which  calculations  are 
based. 

(3)  The  displacement  of  the  body  parallel  to  the  merid- 
ian plane  through  its  initial  position  is  shown  to  be  always 
away  from  the  equator,  or  towards  the  adjacent  pole  in 
either  hemisphere,  and  the  amount  of  this  displacement  is 
a  very  sensible  fraction  of  the  easterly  deviation. 

(4)  If  the  equatorial  principal  moments  of  inertia  of 
the  Earth  are  equal,  as  here  assumed,  the  deviation  of  the 
body  does  not  depend  on  its  longitude.  Attention  is  called 
to  the  need  of  further  observational  data  to  determine  the 
approximation  of  equality  of  these  moments  of  inertia. 
Such  data  would  be  supplied  by  an  elaborate  gravimetric 
survey  of  the  Earth. 

(5)  The  equality  of  the  equatorial  principal  moments 
of  inertia  just  referred  to  requires  constancy  of  moment 
of  momentum  of  the  body  in  respect  to  the  Earth's  axis 
of  figure.  The  same  condition  requires  that  the  part  of 
the  kinetic  energy  of  the  body  due  to  its  motion  parallel 
to  the  equator  remain  constant. 

(6)  The  last  set  of  the  equations  of  motion  referred  to 
gives  the  matually  orthogonal  distances  (p.  rj,  <r)  of  the  body 
from  the  Earth's  axis  of  figure,  from  the  meridian  plane 
through  the  initial  position  and  from  the  plane  of  the 
equator,  respectively.  It  is  remarkable  that  the  last  of 
these  distances,  a,  is  to  a  high  degree  of  approximation  a 
simple  harmonic  function  whose  amplitude  is  the  initial 
value  of  a;  while  the  other  two  distances  (p,  -q)  are  ex- 
pressed with  equal  approximation  by  sums  respectively 
of  two  simple  harmonic  functions  of  two  different  angles. 
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SUN  SPOT   OBSERVATIONS, 

MADE    AT    BER\Y\\.    l'l  W,   WITH    A     U-IX<1|    ::i   FRACTOR, 

B\    A.LDEN   W.  QUIMBY. 
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NOTE   ON   THE  PROPER   MOTION   OF   WEISS-ARGELANDER   7113, 

By  J.  G.  PORTER. 


The  proper  motion  assigned  to  Weiss-Argelander 
7113  in  the  preface  of  the  Washington  A.  G.  Zones  w 
+0S.026  in  right  ascension  and  zero  in  declination,  a  cor- 
rection of  —20"  being  applied  to  Argelaxder's  declina- 
tion. 

Two  recent  observations  at  this  observatory  by  Dr. 
Smith  show,  however,  that  the  difference  in  declination 
is  also  due  to  proper  motion  in  that  coordinate,  and  the 
star  falls  in  the  class  of  those  with  yearly  motion  greater 
than  half  a  second  of  arc. 


The  data  for  the  star,  reduced  to  N.  F.  K.  system,  are 
as  follows: 


W.  Arg.         1851. 0 
Bord.  94.2 

Wash.  A.  G.     94.8 
Ci.  1912.7 


Observa      /.  July  '.'.  1913 


R.A.  1900.0 

Decl.  1900.0 

8  36     9.60 

-15  58     6.8 

10.76 

32.7 

10.73 

33.4 

11.22 

41.5 

P.M.  +0S.026 

-0".54 

ATMOSPHERIC   DISTURBANCES   AND   VARIABLE   REFRACTION, 

By  C.  D.  PERR1XK. 


Several  references  have  appeared  recently  on  some 
phase  of  this  subject.  To  what  has  been  said  I  may  add 
the  principal  results  of  my  own  experience  covering  a 
period  of  fifteen  years.  Briefly  it  is  as  follows.  In  1898 
I  began  work  on  the  parallax  of  a  few  of  the  planetary 
nebulae  with  the  36-inch  Lick  refractor,  the  measures 
being  made  visually  with  the  filar  micrometer.  After 
taking  every  precaution  and  investigating  many  possible 
sources  of  error  I  came  to  the  conclusion  that  the  chief 
trouble  was  in  refraction  effects  which  caused  the  images 
to  be  displaced  bodily  and  that  the  mean  of  ten  or  even 
twenty  "settings"  did  not  remove  the  discordances  in 
many  cases.  Tin-  discordances  were  about  as  large  in 
declination  as  right  ascension  showing  that  they  were 
not  due  to  errors  of  driving  of  the  telescope.  A  con- 
sideration of  the  size  of  the  spurious  disc  of  the  star  showed 
that  these  discordances  could  not  be  due  to  simple  acci- 
dental errors  in  the  bisection  of  the  image,  but  that  there 
must  have  been  actual  relative  displacements  of  the 
images.  The  distances  measured  varied  up  to  3'.  (In 
the  measurement  of  double  stars  where  such  a  high  degree 
of  accuracy  is  shown,  the  distance-  are  very  small). 

I  then  gave  up  visual  measurement  for  parallax  pur- 
poses. 

My  next  active  investigations  in  this  line  were  during 
the  Eros  campaign  in  1900.  I  wished  to  have  an  inde- 
pendent check  upon  the  scale-value  of  the  photographs 
of  Eros  taken  for  parallax  purposes  with  the  Crossley 
reflector.  For  that  purpose  I  designed,  and  had  con- 
structed, a  device  in  which  a  shutter  was  operated  electri- 
cally by  a  standard  cluck  to  make  short  exposures  of  a 
sufficiently  bright  star  every  two  seconds. 

These  images  showed  clearly  the  same  bodily  displace- 
ments as  had  the  visual  images  with  the  refractor,  and  of 
about   the  same  magnitude.     Trails  were  also  obtained 


which  showed  similar  displacements  of  the  image.  Many 
of  the  displacements  in  these  trails  covered  longer  periods 
of  time,  up  to  several  seconds. 

Since  coming  to  Cordoba  I  have  experimented  further 
with  trails  as  a  means  of  testing  the  steadiness  of  the 
atmosphere  with  a  view  to  using  this  method  in  the 
selection  of  a  site  for  our  large  reflector.  I  have  also 
studied  somewhat  the  effect  on  meridian  observations. 

That  these  bodily  displacements  of  the  star's  image 
result  from  irregular  refraction  in  the  atmosphere,  pro- 
bably by  quite  large  masses,  seems  clear. 

My  experience  at  Mt.  Hamilton  and  here  at  Cordoba 
leads  me  to  think  that  there  may  sometimes  be  horizontal 
components  to  currents,  especially  in  regions  of  peculiar 
surface  contours,  sufficient  to  cause  a  star's  image  to  lie 
displaced  bodily  for  a  considerable  length  of  time  (several 
minutes  or  perhaps  even  for  hours).  High  winds  may  also 
have  such  an  effect. 

Short  period  relative  displacements  may  lie  almost,  if 
not  entirely,  eliminated  by  integrating  the  observations 
over  a  sufficient  time,  as  by  photography.  Visual  observa- 
tions may  be  improved  by  the  same  means  but  to  less 
extent  generally  than  by  photography. 

It  seems  to  me  that  we  have  reached  a  point  in  our  most 
refined  observations  of  position  (particularly  in  M.C. 
work)  where  we  are  beginning  to  encounter  the  variable 
effects  of  refraction  over  comparatively  long  periods  of 
time,  and  -tip-  iiui-t  lie  taken  to  avoid  their  injurious 
effects.  It  would  seem  impossible  from  the  nature  of  the 
Ci  se  to  determine  the  amount  of  such  effects  and  correct 
for  them,  and  that  the  only  practical  way  is  to  eliminate 
them  as  far  as  possible  by  seeking  conditions  which  are  free 
from  such  influences  in  which  to  make  such  observations. 

I  have  been  led  to  the  following  tentative  conclusions, 
as  a  working  hypothesis: — 
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1.  The  lighter  the  atmosphi  higher  the  obsi 

ts  w  i;l  be,  other  things  being 
equal. 

2.  rhe  more  n  ibserver  is  in  the  free  air  the 
less  likely  are  irregularities  of  refraction  to  be  me1  with. 

-•■  two  conditions  presu]  edom  from  violenl 

winds  which  would  cause  the  same  class  of  difficulties  as 
a  dense  atmosphi  1 1  mts. 

Thai  where  a  high  degree  of  accuracy  is  sought, 
"instantaneous"  images  or  settings  should  be  avoided 
ami  an  integrated  result  obtained  extending  over  a  con- 
siderable time. 


1.  Thai  it  is  just  as  important  to  have  a  meridian 
circle,  a  vertical  circle  or  zenith  telescope  which  is  intended 
for  work  of  the  highest  possible  accuracy,  at  a  consider- 
able altitude,  as  a  great  reflector  or  refractor  —  that  fine 
atmospheric  conditions  should  be  as  carefully  sought  for 
t  be  one  as  for  the  other. 

Further  studies  of  these  problems  are  in  progress  and  1 
expect  soon  to  have  the  results  from  special  observations 
which  are  being  made  at  different  altitudes  in  the  moun- 
tains. 

Cordoba,  February  Is.  1913. 


A     MEANS    OF 
MK NTS   DUE 


MINIMIZING    THE    EFFECT    OF    SHORT    PERIOD    DISPLACE 
TO   VARIABLE   REFRACTION    FOR   THE    TRANSIT   CIRCLE, 

By  BENJAMIN  BOSS. 

All  meridian  circle  observers  are  familiar  with  the  short 

period  variability  which  seems  to  sway  the  star  for  a  more 

or  less  long  period  in  zenith  distance,  so  that  bisection 

becomes  a  difficult   task.     To  free  the  observed  zenith 


ices  from  errors  arising  from  such  a  cause  some  ob- 
servers have  taken  two  or  more  settings  during  transit, 
and  thus  minimized  the  effect.  The  disadvantage  of  such 
procedure  is  the  unlikelihood  of  catching  the  star  con- 
sistently  on  opposite  sides  of  the  true  position. 

To  obviate  this  trouble  a  device  has  been  in  operation 
at  the  Dudley  Observatory  for  some  years  wherein-  the 
variable  effects  of  refraction  may  be  integrated.  A  fixed 
wire  is  used  slightly  inclined  to  the  horizontal,  the  inclina- 
tion being  about  6".8  in  1050".     A  star  entering  the  field 

can  be  placed  t le  side  of  the  wire  by  means  of  a  slow 

motion  conveniently  manipulated  by  the  observer.  In 
it-  course  across  the  field  the  star  will  gradually  come  to 
bisection  and  then  move  to  the  other  side  of  the  wire. 
The  pi.- where  bisection  takes  place  is  noted  by  the 


observer,  and  recorded.  The  inclination  is  determined 
by  bisections  taken  at  two  vertical  wires  situated  about 
4.55  each  side  of  the  middle  wire  on  a  number  of  nights. 
Such  observations  should  only  be  taken  when  the  atmo- 
spheric conditions  are  very  steady. 

The  advantage  of  such  a  system  of  zenith  distance  bi- 
section is  that  the  bisection  is  not  made  instantaneously. 
If  the  star  sways  in  one  direction  for  the  period  of  a  few 
seconds,  then  sways  in  the  opposite  direction,  a  mental 
allowance  can  be  made  for  it,  or  otherwise  speaking,  the 
observer  can  estimate  the  star's  bisection  very  closely  by 
noting  the  star's  position  relative  to  the  inclined  wire 
before  and  after  bisection. 

Should  the  period  of  displacement  continue  for  a  longer 
time  than  it  takes  the  star  to  transit,  the  method  would 
be  ineffective.  The  only  remedy  in  such  a  case  is  to  try 
to  eliminate  theerrors  introduced  by  observing  on  a  num- 
ber of  nights  under  different  conditions. 


CORRIGENDUM. 


In  the  article  of    Professor  E.   E.  Barnard  in  A.  ./.,  649-650  on  Observations  of  the  Seven  Inner  Satellites 

the   following  correction  should  be  made  at   the  top  of  page  5. 
For  Feb.  lld  6h  9m  56=  read  6h   I9m  56s. 
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OCCULTATIONS  OF  STARS  BY  THE  MOON, 

OBSERVATIONS    MADE    WITH    THE    26-INCH     AND    THE    12-EJCH    EQUATORIAL*    OF    THE     D.    S.   NAVAL    OBSERVATORY, 

[Communicaii'il  by  Captain  J.  L.  Jatnb,  U.  S.  Navy,  Superintendent.] 
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15  23  18.8 

g 

26-inch 

365 

E 

June     2 

42  Leonis 

DD 

12  55 

s  13  50.1 

g 

12-inch 

235 

B 

July    18 

0  Piscium 

RD 

21  44  :^:j 

14     1     4.4 

26-inch 

180 

E 

Aug.     9 

37  '  '"/'.< 

DB 

23   12     1.6 

14     1   25.9 

26-inch 

495 

E 

9 

37  Capi 

RB 

0  27  51.6 

15  17     3.4 

f 

20-inch 

495 

E 

Sept.     li 

161  B.  ( 'apricorni 

l>l> 

20  28     L.3 

9  27  46.9 

g 

20-ineh 

195 

E 

1912            6 

161  B.  ( 'apricorni 

RB 

21  53  32.2 

10  5:1    3.8 

" 

20-inch 

495 

E 

0  .2  late. 

Jan.    27 

4.")  4n'efo's 

DD 

5  45     6.3 

9  21     5.4 

f 

26-inch 

ISO 

H 

27 

45  .1  rt'efts 

KB 

6  54  27.3  1 

10  30  15.1  1 

f 

ISO 

H 

Light  clouds.     Late  2s. 

•A 
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Date 

Object 

\\  ash   Sid 
Time 

Wash.  Mean    gee>g 
Kme 

ostrum'1  Power 

Obs.                       Remarks 

1912 

Jan.  27 

15  Arietis 

DD 

5   i:>    6.2 

1,          in 

'.»  21     5.3 

g 

12-inch 

160 

B 

•_'7 

15  A 

RB 

6  54  26.4 

10  30 

P 

12-inch 

100 

B 

Hun  clouds.    Perhaps  n  few 
Beconds  late 

31 

134  B.  '■■ 

RB 

H)  25    0.1 

13  44  29.8 

£ 

26-inch 

180 

H 

Late  about  1  . 

31 

134  /  •'  1 

DD 

9  41    16.2 

13     1  22.9 

f 

12-inch 

160 

W 

:;i 

L34  />'.  ■ 

RB 

lit  24  59.7 

L3   II  29.4 

f 

12-inch 

160 

W 

Probably  0-.5  I,,  1  .0  laic. 

1 

308  B.  1 

DB 

5   18  57.8 

s  53  29.0 

P 

26-inch 

ISO 

11 

Windy 

1 

308  />'.  i 

DB 

5   is  53.8 

s  53  25.0 

P 

12-inch 

115 

W 

28 

■ 

DD 

13  30  55.1 

1  l  59   18.8      p 

12-inch 

115 

W 

Hazy. 

Mar.  27 

1)1) 

8   H    IV  l 

s  24   20.3      f       12-inch 

115 

W 

Cloudy. 

Apr.      4 

DB 

13     1     L.6 

12     s  27..". 

P 

26-inch 

180 

B 

I 

Ml) 

14   16  55.9 

L3  21     9.4 

f 

26-inch 

ISO 

B 

4 

L69  B.  Libra 

DB 

13     1     2.2 

12     s  28.1 

P 

12-inch 

235 

W 

l 

L69  B.  Libra 

i:i> 

14  16  57.2 

13  21    1(».7 

f 

12-inch 

115 

W 

Probably  1    or  2^  late. 

1 

177  B.  i 

RD 

1141    L5.4 

13  51   24.4 

f 

26-inch 

ISO 

B 

1 

177  />'.  Libra? 

RD 

1111   15.6 

13  .".1   24.6 

P 

12-inch 

115 

W 

1 

12  /. 

DB 

15  44  36.6 

11   51    37).  7 

f 

26-inch 

180 

H 

Early  probably  Is  ^SaTnsf01 

4 

12  Libras 

RD 

L5  57  42.5 

15     I  39.5 

f 

26-inch 

180 

H 

Earlier  Mian             in      .    - ,,, 
invili.ti.<l  liui''  by     *       ' "    ''     • 

4 

12  L 

\m 

15  44  41.9 

14  51   41.0 

P 

12-inch 

235 

W 

23 

\  <  'cm 

RB 

L3    IS  26.3 

11  41     2.2 

g 

26-inch 

180 

B 

23 

X  Cant 

DD 

i:;     5  16.6 

10  57  59.6 

f 

12-inch 



W 

Taken  witnoul  micrometei 

Driving  ■!'>. 1.  no!  running. 

23 

\  Cain 

RB 

L3  48  '-'7.:; 

11  41     3.2 

p 

12-inch 

— 

W 

Probably  0.s7  late.     Taken  with- 

May   s 

■7 

DB 

is    m  21.7 

15    12     9.6 

P 

26-inch 

ISO 

B 

out  microm.,  clock  not  running. 

8 

icorni 

DB 

IS  49  24.9 

15  42   12.8 

P 

12-inch 

235 

vv 

20 

•    mcri 

DD 

13  13    6.3 

9   L9  38.4 

f 

12-inch 

115 

\Y 

20 

mcri 

RB 

13  2S  58.2 

9  35  27.7 

f 

12-inch 

115 

W 

1    to  2-  late. 

20 

1  <  'ancri 

DD 

13  21  37.6 

9  28     8.3 

f 

12-inch 

115 

w 

20 

I  Cam 

RB 

11   11     6.7 

10  20  28.8 

P 

12-inch 

115 

w 

2  or  3s  late. 

23 

RB 

L2  58  27.8 

8  53   14.6 

g 

26-inch 

180 

H 

29 

3]  B.  S& 

DD 

17  38  37.4 

13     9     2.8 

- 

20-inch 

180 

H 

29 

31  B.  .sVm,7„, 

DD 

17  38  37.7 

13     9     3.1 

P 

12-inch 

115 

VV 

July   27 

DD 

22  12  51.5 

13  50  33.2 

f 

12-inch 

115 

W 

27 

'fa/vV 

RB 

23   U     3.1 

14  48  35.2 

P 

12-inch 

115 

W 

An!*.     3 

f  Piscium 

DB 

20  39     1.2 

11  49  26.9 

f 

26-inch 

180 

H 

3 

f  /'/.•<• 

RD 

21  28   is.;; 

12  39     5.8 

f 

20-inch 

180 

H 

3 

DB 

20  39     1.7 

11   49  27.1 

f 

12-inch 

115 

W 

3 

RD 

21  28  48.5 

12  39     6  0 

f 

12-inch 

115 

W 

3 

A.G.  Leipzig  II,  433 

DB 

20  39  38.1 

11   50     3.7 

f 

26-inch 

180 

H 

3 

A.G.  Leipzig  II.  133 

RD 

21  29   19.2 

12   10    6.5 

f 

26-inch 

180 

H 

3 

4.G.  Leipzig  11.  133 

DB 

20  39  42.3 

11  50    7.8 

f 

12-inch 

115 

W 

3 

.1.',.  Leipzig  11.  L33 

RD 

21  29    19.4 

12  40    6.7 

f 

12-inch 

115 

w 

Sept.    5 

19  .1  < 

DB 

It   is   11.  s 

13  IS   16.6 

g 

26-inch 

180 

B  • 

5 

19  .1 

RD 

1     s     9.1 

14     8     5.6 

g 

26-inch 

180 

B 

5 

19   1 

DB 

0  18  12.0 

13  IS   16.8 

P 

12-inch 

160 

W 

5 

.")  1  .1  urigoe 

DB 

2  is  53.8 

15   is  38.8 

g 

12-inch 

115 

W 

5 

54  .1  u 

RD 

2  42     1.9 

15   11    13.1 

'- 

12-inch 

115 

AY 

5 

/;./>>.  +28°1201 

DB 

2  20  18.0 

15  20    2.8 

f 

26-inch 

ISO 

B 

.-> 

/;./>.  f_»s  i.'ui 

RD 

3  22  34.0 

16  22    8.6 

f 

26-inch 

ISO 

B 

29 

DB 

23  39  39.7 

11      5  20.0 

g 

12-inch 

115 

W 

Haze  and  clouds. 

29 

RD 

(i  39  58.0 

12    5  37.4 

f 

12-inch 

115 

W 

Slightly  hazy. 

Oct.      1 

354  B.  7\n,,v 

DB 

5    6   13.7 

16  23   17.6 

f 

26-inch 

180 

B 

1 

354  B.  Tauri 

RD 

6  27  22.6 

17    11    13.3 

g 

26-inch 

is:  I 

B 

1 

354  B.  Fawn 

DB 

5    6  40.4 

L6  2:;  ii.:; 

f 

12-inch 

115 

W 

Somewhat  uncertain. 

1 

354  B.  rawri 

RD 

6  27  22.7 

17  4  1    13.4 

g 

12-inch 

115 

W 

Nearly  daylight. 

1 

28  l  a 

DB 

1   16  39.1 

15  22     3.4 

E 

20-inch 

180 

B 

4 

RD 

7,   1 

16  is  35.9 

f 

20-inch 

180 

B 

4 

DB 

1   Hi  39.9 

15  22     1.2 

P 

12-inch 

235 

\Y 

1 

28  ' 

l!l> 

5   13  20.9 

16   is  36.0 

i 

12-inch 

115 

W 

1 )ark  hint)  visible. 

1 

u'  C< 

DB 

:.  55   10.4 

17     0    ls,5 

g 

20-inch 

180 

1'. 

1 

RD 

6  25  58.4 

17  31      1.5 

g 

20-inch 

ISO 

P. 

1 

DB 

5  55   12.1 

17     0  50.5 

P 

12-inch 

235 

w 

1 

RD      6  25  58.5 

17  31      1.6 

i 

12-inch 

115 

\Y 

Nearij  daylight     Dart  limb 

\  isibli 

25 

19  .1 

DB      5  17  23.4 

15     0    3.7 

1    g 

12-inch  1  115 

W 
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Object 

Phen. 

Wash.  Sid. 
Time 

Wash.  Mean 
Time 

See'g 

I  nst  rum' t 

Power 

Obs 

Remarks 

1912 

Oct.    25 

19  Arietis 

1M) 

6  27  49.4 

16h  10  18.2 

g 

12-incb 

160 

W 

03.2  or  0\3  Late. 

27 

104  B.  Tauri 

DB 

22  16  45.8 

7  52  43.1 

f 

26-inch 

180 

B 

27 

104  B.  Tauri 

RD 

22  51     6.7 

8  26  58.4 

f 

26-inch 

180 

B 

27 

104  B.  Tauri 

RD 

22  51     7.6 

8  26  59.4 

f 

12-inch 

115 

W 

Possibly  a  little  late. 

29 

400  B.  Tauri 

RD 

23  36  34.1 

9     4  26.6 

P 

26-inch 

180 

B 

Thick  haze.    Reappeai  a  ace 
seemed  indefinite. 

29 

406  B.  Tauri 

RD 

23  36  32.6 

9    4  25.2 

f 

12-inch 

115 

W 

Reappearance  possibly  ii.-i.iyni 
by  thick  haze. 

Nov.  20 

171  B.  Piscium 

DD 

2  37  57.2 

10  38  40.0 

g 

26-inch 

180 

B 

Perhaps  a  trifle  late. 

20 

171  B.  Piscium 

RB 

3  55  13.7 

11   55  53.  s 

g 

26-inch 

180 

B 

20 

171  B.  Piscium 

DD 

2  37  58.8 

10  38  51.5 

f 

12-inch 

115 

W 

A  little  late. 

20 

171  B.  Piscium 

RB 

3  55  20.0 

11  56    0.1 

E 

12-inch 

335 

W 

25 

107  B.  Annua' 

DB 

2  36  59.8 

10  18   13.1 

f 

26-inch 

388 

B 

25 

107  B.  Auriga 

rd 

3  15  46.3 

10  56  53.3 

P 

26-inch 

388 

B 

Haze. 

25 

107  B.  Auriga 

DB 

2  36  54.6 

10  18     8.0 

P 

12-inch 

335 

W 

25 

107  B.Auriga 

RD 

3   15  43.3 

10  56  50.3 

P 

12-inch 

115 

W 

Hazy.    A  little  late. 
Stiir  very  faint. 

Dec.    19 

19  Arietis 

DD 

3     3   L8.5 

9  10     5.6 

f 

26-inch 

388 

B 

19 

19  Arietis 

RB 

4     6  45.7 

10  13  22.4 

p 

26-inch 

388 

B 

Thin  clouds  over  Moon 
at  reappearance. 

24 

47  Geminorum 

RD 

1    10  35.8 

6  58     1.9 

P 

26-inch 

180 

B 

Perhaps  a  trifle  late. 

24 

47  Geminorum 

RD 

1   10  37.3 

6  58     3.3 

P 

12-inch 

115 

W 

A  little  late. 

25 

X  ( 'ancri 

DB 

1  58  51.9 

7  42   14.1 

P 

26-inch 

180 

B 

Not  a  good  disappearance. 

25 

X  ('alien 

RD 

2  51    25.6 

8  34  39.1 

f 

26-inch 

180 

B 

25 

X  ( 'ancri 

DB 

1   58  51.5 

7  42   13.7 

f 

12-inch 

115 

W 

Rather  uncertain. 

25 

X  ( 'ancri 

RD 

2  51  25.6 

8  31   39.2 

f 

12-inch 

115 

W 

28 

a  Leon  is 

RD 

8     0  37.2 

13  31    12.4 

g 

26-inch 

ISO 

B 

28 

a  Leon  is 

DB 

7     5  57.8 

12  36  42.0 

P 

12-inch 

160 

W 

28 

a  Leonis 

RD 

8     0  37.3 

13  31    12.5 

f 

12-inch 

115 

w 

Dark  limb  visible. 

30 

g  Virgin  is 

DB 

12  53  31.6 

18  15  26.9 

f 

26-inch 

388 

B 

1913           30 

g  Virginis 

RD 

14  12  46.1 

19  34  28.5 

P 

26-inch 

388 

B 

Daylight  ami  thin  clouds. 

Jan.    19 

406  B.  Tauri 

DD 

10  32    4.0 

14  35  44.3 

f 

26-inch 

388 

B 

19 

406  B.  Tan n 

DD 

10  32     4.0 

14  35  44.3 

P 

12-inch 



W 

21 

4  ( 'a ncri 

DD 

9  13  26.0 

13     9  27.4 

g 

26-inch 

3ss 

B 

21 

4  ('ancri 

RB 

10  18  18.3 

14   14     9.1 

g 

20-inch 

liss 

B 

Probably  a  trifle  late. 

21 

1    (  'l///07 

DD 

9   13  26.2 

13     9  27.6 

g 

12-inch 

115 

W 

21 

4  Cancri 

1 !  B 

10  18  19.0 

14    14     9.8 

g 

12-inch 

115 

W 

Late. 

25 

ft  \'irijinis 

DB 

6  54  44.7 

10  35  25.1 

f 

12-inch 

160 

W 

Feb.    15 

47  /?.  Anriijir 

DD 

5  58   16.7 

S  17     2.1 

g 

12-inch 

115 

W 

15 

47  B.  .1  •<    <;" 

RB 

6  32  17.1 

8  50  27.1 

g 

1 2-inch 

335 

W 

Rather  late. 

15 

354  B.  Tauri 

DD 

II    16  20.2 

13  33  43.7 

f 

26-inch 

180 

B 

Trifle  hazy. 

15 

354  B.  7\;../-/ 

RB 

11  42     2.9 

13  59  22.2 

P 

26-inch 

180 

B 

( )bservation  late. 

15 

354  B.  Tauri 

DD 

11    16  20.2 

13  33  43.7 

g 

12-inch 

115 

W 

15 

354  B.  TWi 

RB 

11  42     7.0 

13  59  20.2 

P 

12-inch 

115 

w 

22 

162  B.  Virginis 

DB 

15  24  20.1 

17  13  31.6 

P 

12-inch 

235 

w 

22 

162  Z>.  Virginis 

RD 

i:>  36    8.0 

17  25   17.6 

P 

12-inch 

115 

w 

A  little  late. 

Feb.    25 

47  G.  Libras 

DB 

13  16  20.8 

14  54     5.5 

P 

26-inch 

388 

B 

Haze.  Disappearance  gradual. 

25 

47  G.  Libra 

RD 

II  29  18.9 

Hi    6  51.7 

P 

26-inch 

388 

B 

Haze. 

25 

47  G.  /./7>m 

DB 

13  16  20.2 

14  54     4.9 

f 

12-inch 

235 

W 

Hazy. 

25 

47  G.  Libra 

RD 

14  29   19.2 

16     6  51.9 

f 

12-inch 

115 

W 

Hazy. 

Mar.  12 

47  Ariel's 

RB 

7  13  53.4 

7  53  38.9 

f 

26-inch 

388 

B 

Haze.  Steady. 

12 

47  Arietta 

1)1) 

6     6  17.6 

6  46   1  1.2 

g 

12-inch 

115 

W 

Good  disappearance.    Haze. 

12 

47  Arietis 

1!!'. 

7   14     2.4 

7  53  47.0 

12-inch 

235 

W 

Late  on  account  "1  IhlCk 
haze-     Steady. 

17 

a  ( 'ancri 

RB 

10     3  30.5 

10  23     8.6 

P 

12-inch 

115 

W 

Late. 

17 

4    (  'ff//(T/ 

DD 

9  41     3.9 

10     0  45.7 

f 

12-inch 

115 

w 

17 

4  ( 'ancri 

RB 

Hi  52  39.5 

11    12     0.6 

P 

12-inch 

115 

w 

22 

319  £.  Virginis 

DB 

1 1      1     8.8 

11      3  57.4 

f 

26-inch 

388 

B 

22 

319  /?.   Vinjinis 

RD 

11  41  30.7 

11  41  22.2 

f 

26-inch 

388 

B 

t  Observation  late. 

22 

319  B.  Virginis 

DB 

11     4     4.1 

11     3  52.7 

f 

12-inch 

235 

W 

Apr.    17 

SO  f Aim  is 

DD 

15    13  47. S 

13  30  41.9 

f 

12-inch 

115 

W 

17 

89   Lean  is 

RB 

16    10  27.0 

14  27    1  1 .8 

f 

12-inch 

115 

w 

21 

17  G.  Libra 

DB 

12  32  24.6 

10  34     1.6 

f 

26-inch 

388 

B 

21 

47  G.  Libras 

RD 

13  43  13.8 

11    It  39.1 

f 

26-inch 

388 

B 

21 

17  G.  Libr-CE 

DB 

12  32  22.4 

10  33  59.4 

P 

12-inch 

160 

AY 

21 

47  G.  Libras 

RD 

13  43   13.9 

11  44  39.2 

f 

12-inch 

II.-. 

W 

22 

48  /?.  Scorpii 

RD 

12  48  25.8 

10  46     4.3 

f 

26-inch 

180 

B 

36 
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Date                     Object 

Phen. 

Wash.  Sid. 

\\  ash.  Mean    See'a 

[nstrum't 

Powei 

Obs. 

Remarks 

Time 

1913 

W  .22 

ti.">  /;.  Si 

DB 

1  1    17  20.4 

12   II    14.3 

P 

26-inch 

388 

R 

Diasppearance  gradual. 

22 

65  B.  > 

RD 

15  33  31.6 

L3  30   13.0 

f 

26-inch 

:;ss 

B 

22 

65  /;.  > 

1)!'. 

1  1    17    17.1 

\2   11    11.:; 

P 

1 '2-inch 

ii.ii 

W 

Hazy. 

22 

(>.">  />'.  >, 

RD 

L5  33  31.7 

13  30   13.1 

1       12-inch 

115 

W 

29 

lv'  B.  Aq 

DB 

is   is  55.3 

16   is     3.3 

P 

ISO 

II 

Disappearance  gradual. 

29 

L82  B 

DB 

IS     lv     1:1  M 

16  17  57.9 

p      12  inch 

115 

w 

In  the  third  column  1)1)  signifies  star  disappeared  at  dark  limb  of  Moon;  DB,  disappeared  a1  brighl  limb;  RD. 
reappeared  at  dark  limb;  KB,  reappeared  at  brighl  limb.  In  sixth  column,  under  Seeing,  e  =  excellent;  g  =  good; 
f  =  fair;  p  =  poor;  b  -    bad. 

All  observations  were  recorded  on  chronograph  excepl  a-  noted  under  Remarks. 

rvi  rs:    H  =  A.  Hall;    E  -  J.  B.  Eppes;   B  =  II.  E.  Burton  and  W  =  C.  B.  Watts. 


OBSERVATIONS   OF   VARIABLE   STARS,- 

By  WM.    lv  SPERRA. 


No.  14, 


103.     T  Andromedce. 

Twelve  observations  of  this  star,  extending  from  1908 
January  •>  to  1908  March  9,  give  as  the  date  of  maximum 
1908  February  10,  at  7m.5.  At  first  observation  the  star 
9  .6,  and  a1  las!  observation  had  declined  to  8m.3. 
All  hut  two  observations  on  the  decline,  lie  close  to  the 
curve  as  drawn,  and  they  deviate  three  light  steps,  one 
each  above  and  below. 

A  maximum  for  1908  November  26,  at  8m.6,  is  indicated 
.  observations,  L908  November  13,  at  9m.O,  to  1908 
December  27,  when  it  had  declined  to  !)"'.">. 

A  third  maximum  is  indicated  for  1912  September  24, 
s  l.  From  seven  observations  between  1912  August 
14,  when  at  11'". ti.  and  1912  October  27,  when  the  star's 
light  had  declined  to  9m  3. 

The  dates  of  all  three  maxima  are  well  determined,  as 
the  observations  are  very  accordant  with  the  exception 
noted  in  first. 

294.  W  Cassiopeia. 
nty  observations  1908  June  23  to  L908  November 
2s.  of  this  star  yield  as  the  date  for  maximum,  1908 
<  tctob  c  1  a1  s  '.9.  The  star  was  at  9m.3  at  beginning  of 
series,  and  with  the  exception  of  considerable  fluctuation, 
had  attained  only  9m.2  by  September  I,  when  the  rise 
really  commenced.  The  rise  and  decline  were  of  nearly 
equal  steepness,  and  observations  at  this  part  of  the  curve 
were  quite  accordant.  9m.3  was  reached  at  the  end  oi 
the  series, 

1623.     '/'  Camelopardalis. 
o     erved  on  eighteen  dates  between  1907 

December  7  and  1908  April  25,  and  indicate  as  the  time 

of  maximum  1908  March  7,  at  7m.9,     From  9m.2  at  first 

ation,  the  rise  was  steady,  and  after  passing  a  sharp 

the  decline  was  much  steeper  than  the  rise,  ami 

-    3       -.reached  at  the  la-t  observation. 

1521.     I!   Virginis. 

Sixteen  observations  of  this  star,  between  1908  April  t 

and  1 '.tits  July  11.  indicate  a-  the  time  of  maximum   1908 

June  20,  .-it  6"  .9.     Tru  l!  -it  beginning  of 

ries  and  at  the  end  had  reached  8m.3.     For  about 


ten  days  the  light  was  stationary  at  maximum,  and  all 
observations  lie  in  or  very  close  to  the  smoothed  curve. 


5768.     RR  Herculis. 

This  star  was  observed  twenty-one  times  between  1908 
April  4,  when  at  8m.8,  and  1908  October  13,  when  8m.6 
was  reached  on  the  decline,  and  the  indicated  date  for 
maximum  is  1908  July  24,  at  7'". 9.  The  rising  phase  was 
marked  by  a  stationary  light  May  10  to  June  17,  amount-: 
ing  to  a  Hat  secondary  crest  at  8m.3  for  May  21.  A  break 
in  the  series  of  observations  between  June  17  and  July  19 
causes  several  days'  uncertainty  in  the  time  of  passing 
maximum. 

6207.     Z  Ophiuchi. 

This  star  was  observed  twenty-seven  times  between 
1908  June  27.  when  at  10m.5,  and  190S  November  15, 
when  S"'.(>  was  reached  on  the  decline.  The  date  of  pass- 
ing maximum  is  indicated  (mite  definitely  for  1907  August 
2'.).  at  7m.6. 

7085.     RT  Cygni. 

What  follows  is  in  continuation  of  what  was  published 
in  A.J.,  606,  and  with  the  exception  of  several  minima 
and  one  maxima,  when  the  star  was  unfavorably  located 
for  observation,  is  continuous,  and  in  all  there  are  seventy- 
two  observations,  1909  April  24  to  1911  October  11. 

A  maximum  for  1009  July  14,  at  6'". 9,  is  based  on  four- 
teen observations,  June  15-  August  30.  The  rise  was 
rapid,  and  the  decline  slow  for  five  weeks  after  passing 
maximum,  or  until  7m.9  was  reached,  and  then,  in  less 
than  three  weeks  it  dropped  to  9m.9,  and  then  slowed  off 
for  the  minimum. 

I'ln  minimum  was  passed  1909  October  26,  at  ll'"..j, 
based  on  nine  observations,  September  5 — December  6. 
The  stay  at  minimum  was  short,  and  the  rise  was  well 
under  way  the  first  week  in  November,  ami  continued 
rapid  until  maximum  was  reached. 

\  maximum  is  indicated  for  1910  January  Iti.  at  6m.9, 
from  five  observations,   1909  December   19  to   101(1  March 
i    ::i    9m.5. 

The  next  minimum  was  not  sufficiently  observed,  but 
must  have  occurred  about  the  last  week  in  April.     The 
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rise  to  maximum  was  very  slow  requiring  about  three 
months. 

The  next  maximum  is  indicated  for  1910  July  30,  at 
6'  .8,  based  on  fifteen  observations  June  24 — September 

4.  Besides  the  very  slow  rise,  already  referred  to,  the  star 
remained  for  nearly  a  month  at  or  near  maximum,  fol- 
lowed by  a  rapid  decline,  which  started  the  last  week  in 
August,  and  in  November  observations  were  discon- 
tinued as  it  passed  below  my  limit,  llm.5. 

The  next  maximum  and  minimum  were  missed,  ob- 
servations not  commencing  until  1911  June  1,  when  the 
star  was  marked  as  very  faint. 

A  maximum  for  1911   August  7,  at  7m,0,  is  based  on 


sixteen  observations,  July  3 — September  25.  The  rise 
was  slow,  followed  by  a  very  sharp  crest,  and  a  somewhat 
slow  irregular  decline. 

7100.     S  Vvlpeculce. 
Twenty-nine  observations  from  1908  March  10  to  190S 
Septi  mber  29,  yield  results  for  this  star  as  follows: 


Maximum 
Minimum 
Maximum 
Minimum 
Maximum 


1908 


May  15 

July  :; 
Aug.  1 
Sept,  10 


9.8 


0.X 


Oct.     3?  S.7 
Cleveland,  Ohio,  1913,  July  20. 


Fairly  good. 

<; i 

Very  good. 
Fairly  good. 


OBSERVATIONS    OF   BORRELLY'S   COMET   1911   e, 

made  with   ihi:   12-inch  hefractor  of  the  argentine  national  observatory,  cordoba, 
By  E.  CHAUDET. 


Greenwich  M.T. 

* 

Comp. 

Aa 

Jo 

App.  a 

i.pp.                       lo^A 

a                  S 

Red.  to  App.  PI. 

a              d 

mil           d      h 

Oct.   23  16 

12 

49 

1 

13  L2 

+  o"'lo"lO 

_ 

3  23.8 

h 

3 

53  31.47 

-33  31  26.9 

9.450?? 

9.133?) 

+28.98 

+  24.1 

24  15 

5 

26 

1 

11  15 

-0  22.89 

+ 

4  24.8 

3 

52  52.44 

-33  23  38.6 

9.618/? 

9.9 12m 

+3.00 

+  23.8 

26  16 

9 

16 

2 

6    6 

-0  25.84 

— 

0  35.1 

3 

51   19.21 

-33     4    14.8 

9.408n 

9.058» 

+  3.05 

+  23.4 

Nov.    1  15 

21 

46 

4 

12  10 

-0     6.26 

+ 

4     3.6 

3 

45  32.31 

-31  43  33.9 

0.0.7,/ 

9.654m 

+  3.  IX 

+21.9 

2  19 

28 

26 

6 

8    8 

-0     3.16 

— 

0  37.8 

3 

44    11.25 

-31  23     8.6 

9.508 

9.794m, 

+3.19 

+21.7 

13  14 

27 

10 

8 

8  10 

+  0     9.83 

+ 

3  26.3 

3 

29  25.40 

-26  48  48.0 

9.410// 

0.028a 

+  3.35 

+  19.0 

17   14 

11 

25 

10 

10  10 

+  0     1.74 

+ 

6  28.1 

3 

23  10.72 

-24  23  28.9 

0.3X4// 

o.i:;o// 

+3.39 

+  18.2 

18  18 

30 

53 

11 

2    4 

+  0     0.92 

+ 

4     1.9 

3 

21   16.36 

-23  35  31.7 

9.549 

0.270// 

+3.39 

+  18.0 

19  14 

5 

51 

13 

10  10 

+0  13.70 

4-10  15.4 

3 

19  59.26 

-23     1    10.8 

9.358n 

0.124m 

+3.40 

+  17.8 

22  14 

20 

57 

14 

8    7 

+0  23.41 

+ 

4  13.5 

3 

15  10.31 

-20  44  58.4 

9.190?/ 

0.235t! 

+3.42 

+  17.4 

26  17 

39 

53 

16 

14  10 

-0   17. 02 

+ 

0  30.6 

3 

8  41.16 

-17  14  47.8 

9.515 

0.417m 

+3.43 

+  17.0 

27  14 

29 

31 

18 

6  10 

+  0  10.47 

— 

6  12.6 

3 

7  22.63 

-10  27  33.7 

8.850m 

0.355m 

|  3.43 

+  16.9 

27   18 

12 

42 

18 

10     0 

-0     4.29 

+ 

2  21.1 

3 

7     7.87 

-16  19     0.0 

0.500 

0.476// 

+3.43 

+  16.9 

29  15 

37 

14 

L9 

4    4 

-3  37.70 

+ 

2    2.8 

3 

4  20.44 

-14  32     8.3 

9.029 

0.410// 

+  3.44 

+  16.8 

30  19 

45 

11 

20 

6    6 

+  1  18.89 

+ 

0  50.4 

3 

2  38.79 

-13  23  30.1 

9.69S 

0.602/; 

+  3.44 

+  16.8 

Dec.     8  16 

1 

31 

21 

..     6 

_ 

2  43.6 

-  5  10  36.9 

0.597« 

+  3.45 

+  17.3 

8  16 

31 

37 

?1 

8  .  . 

-0  1S.65 

2  52  44.73 

0  IM 

+3.45 

+  17.3 

9  16 

16 

34 

•>:■; 

3  .  . 

-0  31.49 

?, 

51  41.62 

9.458 

+  3.45 

+  17.4 

9  15 

56 

6 

23 

6 

_ 

1     4.7 

-  4     5     0.4 

0.611;/ 

+3.45 

+  17.4 

11  16 

13 

56 

24 

10  10 

f-0     6.74 

— 

1   18.1 

2 

49  43.81 

-    1   51  30.1 

0.170 

0.010,/ 

+  3.45 

+  17.7 

14   15 

27 

4 

25 

5    4 

-0  25.69 

+ 

1     8.9 

2 

47   12.75 

+    1  26  30.8 

9.378 

0.675;i 

+  3.46 

+  18.3 

15  14 

45 

56 

27 

.  .     4 

— 

1   54.4 

+  2  31   14.1 

0.0X7// 

+3.46 

+  18.4 

27  15 

I'S 

II 

28 

5  12 

-0  42.08 

+ 

8  15.4 

2 

42  25.71 

I  15   10    10. s 

9.548 

0.767/) 

+  3.50 

+  21.3 

Mean  Places  for  1911.0  of  the   Comparison   Stars. 


* 

a 

8 

Authority 

* 

a 

8 

Authority 

1 

h 

3 

in        p 

53   12.33 

-33° 

28  27.2 

<  'onlob:!  ri.lian  obaerv. 

CD,  -:'.■: 

15 

b 

3 

17 

42.05 

-20°  38'  34.8 

Arg.  Gen.  Cat.       3644 

2 

3 

51  42.00 

-33 

4     3.1 

C.D       8    1443  micr.  comp. 
with  Star  a 

16 

3 

8 

55.35 

-17  15  35.4 

S.I>.  -17" 619  micr.  comp  Stai  i? 

3 

3 

52  40.33 

-32 

55  2o.i 

Cor.  Zone  Cat.  3h  1570 

17 

3 

8 

29.62 

-17     0  41.7 

A.G.  Cat.  Wash.     848 

4 

3 

45  35.39 

-31 

47  50.1 

C.D.  —81"  1555  micr.  comp  Stai  i 

18 

3 

7 

8.73 

-16  21  38.0 

A.G.  Cat.  Wash.     840 

5 

3 

40  19.99 

-31 

43  14.2 

ArgGen.  Cat.        1130 

19 

3 

7 

54.70 

- 14  34  27.9 

A.G.  Cat.  Wash.     844 

o 

3 

44  11.22 

-31 

22  52.5 

C.D. —81"                              Star? 

20 

3 

1 

10.10 

-13  24  37.3 

A.G.  Cat.  Cambr    700 

7 

3 

39  35.47 

-31 

18     l.i 

it.       4118 

21 

2 

52 

59.93 

5     x  lo.o 

s.n 

8 

3 

29   L3.12 

-26 

52  :;::.:; 

CD     26'  1881  mic mp   3tai  9 

22 

2 

53 

30.50 

-    5     4  52.2 

A.G.  Cat.  Str.  711 

9 

3 

28  52.60 

-27 

3   14.7 

D       IT  IS69 

23 

2 

ol- 

0.00 

-   4     4  13.1 

Pi   Gen  i  al   Boss  i: 

10 

3 

23     5.59 

-24 

30    15.2 

CD          1     1057 

24 

2 

IO 

33.62 

-    1   50  20.7 

A.G.  Cat.  Str.  696 

11 

3 

21    12.05 

-23 

39  51.6 

i    i        a0 1877  micr.  comp.  Star  12 

25 

2 

47 

34.98 

+   1  25     3.6 

l;.H     •  ■!•■  605  mta 

12 

3 

25  41.80 

-23 

10  57.0 

Arg.  Gen.  Cat.       3812 

26 

2 

47 

39.16 

+   1  33  48.6 

A.G.  Cat.  Albany    804 

13 

3 

19  42.16 

-23 

11  44.0 

Cord.  New  Cat.  I'.ioo.otos 

27 

2 

17 

15.47 

+  2  32  50.1 

A.G.  Cat.  Albany   800 

14 

3 

14  43.48 

-20 

10  'jo.:; 

S.D.—  2l°60l  micr.  comp.  Star  IE 

28 

2 

n 

4.29 

+  15     8  13.1 

A.G.  Cat.  Leipz.I    818 

38 
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All  the  observations  arc  din  res  with  the  micro- 

meter, except  those  of  November  29th  anil  30th. 

'  ii  i  _'.;.  Skj  bad,  identification  of  faint  Mars  almost 
impossible. 

'_'!.     Sky  bad,  cornel   disappears  sometimes,  star 
images  blurred. 

26.     Very  hazy,  seeing  bad,  images  blurred. 

Nov.  1.  Sky  good.  Moonlight  interferes;  comet  not 
visible  in  tin'  finder,  illumination  of  tin'  wires  deficient. 
Probable  magnitude  of  the  nucleus,  9:5.t-10. 

Nov.  2.  Sky  very  bad,  observation  frequently  inter- 
rupted l>y  clouds.  Moonlight  and  strong  Lightning  in 
thr  west  ami  north  interferes  considerably. 


Nov.  27.  Hazy  for  the  first  observation  ami  very  hazy 
for  the  second  observation. 

Nov.  30.     Very  hazy,  images  blurred. 

Dec.  S.  Sky  had,  too  hazy  and  damp,  moonlight. 
Observation  interrupted  by  clouds. 

Dec.  14.  Sky  very  had.  very  hazy;  observation  in- 
terrupted by  clouds. 

Dec.  15.  Sky  very  had.  observation  interrupted  by 
passing  clouds.  Measures  in  a  impossible,  it  clouded  over. 
( 'oinet  often  invisible. 

Dec.  27.  Observations  in  a  very  difficult,  very  windy, 
images  blurred. 


OBSERVATIONS   OF   COMET   1911  g   {beljawsky), 

made  with  the    12-inch  refractor  of  the   argentine   NATIONAL  OBSERVATORY, 
By  C.  I".  PERRINE. 


nwich  M.T. 

>f:      Comp. 

J„ 

Jo 

App.  ./ 

App.  d 

log  //  A 
a              d 

Red.  to  App.  PI . 

a            3 

.Ian.    28  20   L5    10 

1 

10    8 

+  o  L3.73 

-   2  50.4 

18  47     5.34 

-44  19  40.5 

9.845/1 

0.569/) 

-1.78 

-  6.1 

Feb.    11  20  31  56 

3 

10    8 

-0   17.32 

+    1  41.4 

19     9     9.33 

-47  35  19.0 

0.S04// 

0.315// 

-1.35 

-   4.3 

15  20  18  18 

5 

10    8 

-0     5.92 

+  4  41.2 

19  10  19.19 

-47  47     7.0 

9.869n 

0.365// 

-1.32 

-   4.1 

16  20  23  36 

/ 

10    8 

+0  38.55 

+   2   13.7 

19  11  29.86 

-47  59     5.8 

9.868/;. 

0.323// 

-1.28 

-   4.0 

Mean   Places  of  the  Comparison  Stars  for  1912.0. 


* 

a 

S                                 Authority 

* 

a 

S 

Authority 

1 

2 
3 

1 

h       m      s 

is   it,  53.39 
is   15  :.7.57 
L9    9  28.00 
19    7  23.00 

-44    It,    14.0    Mic  comp.  with  star  2 

-  14  26  24.1    Arg.  Gen.  Cat.     25763 

-  17  36  56.1    Mic.  comp.  with  star  4 
-47  30  21.7  I  Arg.  Gen.  Cat.     26289 

5 
6 

7 

19  10  26.43 
19     8  39.49 
19  10  52.59 

-47  51  44.1 
-48     1  28.8 
-48     1    15.5 

10th  magu.  star  micr.  comp. 
Willi  Slur  6 

Gen.  Arg.  Cat.     26316 

'.i'  naag.  star  micr, tp. 

with  Star6 

XOTKS 


Jan.  28.     ^/  llth magnitude, diameter  aboul  '■'>'.  Diffuse. 
Slight  condensation,  extrusion  awaj  from  the  Sun. 

1  1.     0>  aboul  3'  in  diameter,  very  diffuse,  very 
little  condensation.     Very  difficult  to  measure.     Seeing  3. 
All  the  obsei       i         ire  dired  measures. 


Feb.  15.     £/  very  difficult  object,  about  12th  magnitude. 
Seeing  3,  sky  good. 

Feb.  16.     ^  very  faint  ami  difficult,  3'  or  4'  in  diameter 
and  scarcely  a  trace  of  any  condensation. 

Observations  reduced  by  Senor  Chaudet. 


OBSERVATIONS  OF   COMET   1911  /  (Quemsset), 

MADE    WITH    THE    12-INCH    REFRACTOR    OF   THE    ARGENTINE    NATIONAL    OBSERVATORY,  CORDOBJ 


Greenwich  M.T. 

* 

Comp.              Ja 

"J                               App.    '/ 

App.  8 

log  p  A 

a               '1 

Red.  to  App.  PL 
a              8 

1911               (1         li 

Dec.  30   L9  36  59 

1 

1       1 

-0  L9.2] 

4-13    17.  ;i 

L5   19    14.60 

-28  42     7.2 

0.7.">7// 

0.504// 

+  L80 

- 10.2* 

1      9    is    11 

2 

.'    2 

HO   15.05 

-    0  55. S 

15   P.)  30.90 

-32  41    lis 

'.177  1// 

0.5627! 

-1.77 

+    1.1* 

ii  19  58  58 

:; 

5     7 

0    9.64 

+  3  33.1 

15  4!)   21.20 

-33  21  56.9 

9.766n 

D.152// 

-L.7li 

+    1.1* 

Hi  in  :il   58 

1 

7    3 

II  27.(13 

-    '_'  23.7 

15    IS   47.37 

-36     4  20.1 

9.784n 

0.453ri 

-1.68 

+    1.6* 

16   19  56  36 

5 

:;    5 

|  n  36.83 

+  3  23.:; 

L5    17     0.69 

-40  10   18.2 

9.780?! 

0.186?! 

-1.54 

+   2.7* 

17  L'n  20  37 

6 

1     2 

4-0   13.20 

+   3    17,4 

15   it;  35.32 

-41     0  22.6 

9.753?! 

0.037// 

-1.52 

+  3.0* 

L6   1!)    in   is 

7 

10    4 

'i   51.01 

+  6  43.1 

14  55  22.77 

-63  26  30.0 

9.707// 

0.506 

-0.21 

+  7.7+ 

:  ■'        I  ).    I   EHH1NK 
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Mean    Places  of  Comparison 

Stars  for  1911.0  and  191: 

10. 

* 

a 

8                                 Authority 

* 

a 

S 

Authority 

1 

2 
3 

4 

15  50     2.01 
15  49  17.62 
15  49  35.60 
15  49  16.68 

-28  55  44.9 
-32  4ii  50.1 
-33  25  31.1 
-36     2     7.0 

Arg.  Gen.  Cat.     21562 
Cor.  merid.  obs.  1912.0 
Cor.  merid.  obs.  1912.0 
Cor.  merid.  obs.  1912.0 

5 
6 

7 

L5  46  25.40 

15  413  23.64 
1  1   56   14.(12 

-40°  20  14. "2 
-41     3  43.0 
-63  33  20.8 

Cor.  Zone  Cat.  15h  3095 
Cor.  Zone  Cat.  15h  3092 

Cor.  meridian  circle  obs.  L012.0 

N(  >TES. 


Dec.  30.  Magnitude  of  £/  about  9th,  weak  nuclear  con- 
densation.    Sky  uood. 

1912 

Jan.  5.  Approximate  measures  only.  Comet  wasseen 
only  a  few  minutes.  Comet  abou!  9th  magnitude.  Very 
hazy.     Moonlight. 

Jan.  6.  Sky  bad,  hazy.  <  tomel  about  9th  magnitude. 
All  the  observations  are  direct  measures. 


Jan.  10.     Measures  very  difficult  and  uncertain.  Moon- 
light interferes.     Sky  bad. 

Jan.  16.     Some  measures  uncertain.     ( !omet  very  faint, 
probably  9%  magnitude.     Sk; 

IT.     Approximate  measures  only,  atmosphere  bad. 
Feb.   16.     $>■  about    11th  magnitude,  very  diffu 
nuclear  condensation. 

All  of  the  reductions  by  Senor  '  'u  \i hf.t. 


OBSERVATIONS  OF   COMET   1911c    {brooks), 

made  with  the  12-inch  refractor  of  the  argentine  national  observatory,  cordoba. 
I;y  E.  CHAUDET. 


Greenwich  M.T. 


if.      Comp. 


App.  a 


App.  S 


log  p  A 

a                S 

9.720n 

0.607r? 

9.719m 

0.604?? 

9.721?? 

0.598?? 

9.717/? 

0.582?? 

0.489?? 

0.627?? 

9.827?? 

0.416?? 

9.788?? 

9.826?? 

0.443?? 

9.833n 

0.460// 

0.211?? 

9.809/1 

0.150/! 

9.832?? 

0.244?? 

9.848/? 

0.389/( 

9.852?? 

0.263?? 

9.866n 

0.369?? 

0.045n 

9.829?? 

9.873n 

0.359?? 

9.789?i 

9.444 

9.800?? 

9.497 

9.817*) 

9.053 

9.851?? 

9.570/). 

9.870/? 

9.687?? 

9.685 

9.754?? 

0.151 

0.258 

9.744?? 

9.788?? 

0.287 

9.849?? 

0.109 

9.894/1 

9.739 

9.732?? 

0.423 

9.348?? 

0.566 

0.599 

9.812?? 

0.368 

Red.  to  App.  PI. 


1911  <1 

Nov.  16 
16 
17 
17 
29 

Dec.  27 
27 
27 
27 
28 
30 

1912  3 1 

Jan.      1 
5 

6 
11 
13 
13 
13 
16 
17 
20 
21 
24 
28 
28 
29 
Feb.  13 
13 
14 
15 
1(1 
20 
21 
26 
27 


20 

20  8 
20  7 
20  20 
20  16 

17  46 

18  16 

19  1 

20  1 
IS  50 

18  38 

19  32 
19  39 
19  8 
18  34 

18  43 
IS  15 

19  7 
19  21 

18  7 
10  56 

19  45 

19  31 
is  56 
is  35 
10  is 

20  0 
19  5 
19  29 
19  6 

18  29 

17  51 

19  13 

20  36 
20  46 

18  14 


4  3 


5  3 

2  5 

6  8 
11  4 
.  .  8 
.  .  12 
10 

30 
20 

7  6 

8  8 
3 

6  7 

4  6 

3  7 

5  s 

7  12 

4 

:; 

4  8 
3  7 

3  4 

16  12 

6  8 
11  10 


2  .  . 
6  7 

12  10 

10  s 

:,  5 

4  8 

■2 

3  6 


-0  14.98 
-0  14.65 
+  0  33.95 
+0  35.12 


+0  16.73 

+0  24.67 

+  2  31.33 

+0  14.40 

-0  3.31 

+0  38.56 

+0  2.42 

+  0  25.57 

+0  24.49 

+  0  4.25 

+  0  0.98 

+0  46.02 

-0  8.41 

-0  17.82 

-0  22.99 

+0  34.16 

-0  10.54 

-0  25.44 

+0  37.61 

+0  35.96 

-0  L3.96 

4-0  3.53 

0  is.i 1 

-0  3.20 


+   2   1S.9 

+  2    8.5 

+  2  43.2 

+  2  13.4 

-  4  18.4 

+  2    8.2 

+   0  57.4 

-   2  16.3 

+  3     5.2 

-  9  29.2 

+  5  11.9 

-   7   12.0 

+  0  57.3 

+   1  52.4 

+  8  15.5 

+  11   18.1 

+  7  42.4 

+   9     8.3 

-   8  45.9 

-   6  23.4 

+  1  47.4 

-  8  10.1 

-11     2.8 

-  5  18.8 

-  3     0.2 

4    6  58.2 

-   6   16.0 

+  0  36.6 

-  7  44.8 

-  4  49.4 

-  3  37.7 

4     1   54.4 

1  27.85 
1  28.18 
3  44. SO 
3  45.97 


14  30  9.60 

14  30  1.7.54 

14  31  59.21 

14  35  28.28 

U  38  55.84 

14  45  22.53 

14  46  52.83 

11  .VI  12.63 

14  56  54.10 

14  56  58.22 

15  0  44.05 
2  2.0S 

5  27.86 

6  31.73 
9  30.43 

12  58.75 


26  9.9 

26  20.3 

19  43.1 

20  L2.9 
18  41.5 
44  1.6 


-41  45  12.4 


7  6.1 

50  7.8 

12  8.5 

33  4.7 

53  30.2 

12  37.8 

47  23.2 

23  33.6 

24  16.7 


15  13  47,17 

15  19  58.74 

15  19  59.64 

15  19  58.04 

15  19  52.66 

15  IS  oS.22 

15  18  34.35 

15  15     9.91 


16  53.7 

35  41.1 
26  54.3 
43  34.4 

32  45.5 

36  11.  ii 

37  10.2 
53  24.7 

33  47.5 


17  21.:: 

13  44.4 

6  33.2 

20  2.6 

20  21.6 

30  25.:? 


+  0.95 

+0.'.):, 
+0.96 
+  0.9G 
+  1.12 

+  1.S5 

+  1.85 
+  1.86 
+  1.93 
+  1.97 
-1.87 
-1.77 
-1.76 
-1.64 
-1.59 
-1.59 
-1.59 
-1.50 
-1.47 
-1.38 
-1.35 
-1.28 
-1.11 
-1.10 
-1.07 
-0.44 
-0.44 
-0.38 
-0.33 
-0.28 
-0.10 
-0.04 
+  0.20 
+  0.31 


6.7 
6.7 
6.6 
6.6 
6.9 
7.2 


-  7.2 

-  7.0 

-  6.9 

-  6.9 

+  8.5 

+  8.1 

+  7.9 

+  7.6 

+  7.6 

+  7.6 

+  7.6 

+  7.4 

+  7.3 

+  6.9 

+  6.9 

+  6.8 

+  6.7 

+  6.7 

+  6.6 

+  5.7 

+  5.7 

+  5.7 

+  5.5 

+  5.4 

+  5.1 

+  5.0 

4  4.7 

I-  l.o 


All  the  observations  are  direct  measures  except  that  of  December  28th. 
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Mxtn   Places  for  1911.0  and  1912.0  of  the  Comparison   Stars. 


* 

a 

8 

Authority 

* 

a 

S 

Authority 

1 

IS     L™ 41.88 

3  22J     v.G.Cat.  Wa         1990 

17 

i 
15 

5m378.65 

-49  is   15.3 

Cord.  met.  <>i>s.  CD.  —49°  9387 

•' 

13     3 

-19  22   L9.7    Bordeaux,  1890.0  3866 

IS 

15 

ti  50.90 

t9  37   17.'.) 

Arg.  Gen.  1  Jat.     20588 

3 

13  32   1H.47 

16.2   Gen.  Arg.  Cat. 

19 

15 

')  :.1.70 

50  34  39.7 

10)  mag.  Btar  mic.  comp. 
with  Sta 

l 

11  29  51.02 

r  Jnhrbuch  l 

20 

15 

in  31.18 

13  20.2 

Arg.  Gen.  Cat.     20675 

5 

1  1  -J;)  26.02 

to          1       1 ■>  V 

1_         1      1_> 

21 

15 

12  27. .  70 

-51   28   U.2 

Arg.  Gen.  Cat.     20711 

6 

1  1  35   L1.95 

i.)    -■>       a    |      L0I 1]  mngn.  Star 

22 

15 

13     9.49 

-51  26   L3.9 

Arg.  Gen.  Cat.     20726 

7 

11  :;:»  20.60 

-43     2  32.4    1  ten.  \.rg.  Cat.      L9862 

23 

15 

13  59.08 

-51    is   12.5 

<\.r.  Zone  Cat.l5h  700 

B 

11  39     L.02 

IQ     \>v     O-    t       C"i 

24 

15 

20  57.75 

-:<3  29   17.1 

Arg.  Gen.  Cat.     20887 

9 

1141    15.74 

—  1  1    46    26.3     Cordoba  Zo 

25 

15 

20  24.62 

55  30  53.0 

Loth  "i  '  :n.  stai  oiicr.  comp.  Star  84 

ID 

52.17 

15     13     t3.0     I  or*  ba  Zom   1   il    L4rj  ! 

26 

15 

19  22.41 

-55  54  2S.2 

Merid.  obs.  C.P.D. 

11 

14  53    18.70 

iti    iq  9" 

27 

15 

20     6.90 

-56  14  26.4 

Gen.  Arg.  Cat.     20803 

[2 

1  l  56  31.20 

-    17   31    -Mi. 7     C,,r    j 

28 

15 

18  54.79 

-56  58  :^.:> 

I      :    irg.  Cat.     20834 

1  |  56  55.56 

-  17  35   I'-'.l    Arg.  Gen.  <  . 

29 

15 

19  22.7,3 

-7,7   15  18.2 

Cor.  Zone  Cat.  17,'' 1116 

1  1 

15     0  38.57 

—  t8  2 1    13.5                                :  si  u  i 

30 

15 

1  1  58.10 

-58   16    18.6 

Cordoba  inuiilKiii  ■  L    i  . 
C.P  D 

15 

1  1  59  56.]  l 

-  18  32  27.1    Arg.  Gen.  '  !at.     20450 

31 

15 

15   12. SO 

-58  32  24.2 

Arg.  Gen.  Cat.     20754 

15     1   18.13 

56.7    Arg.  Gen.  Cat.    20478 

NOTES. 


Nov.  16.     Sky  go  i  omet  visible  in  the  dawn  more 

than  ]2  hour.  Nucleus  about  5th  magnitude.  Comet 
is  much  brighter  than  magnitude  given  in  the  ephemeris 
(probably  3d  magnitude).  Tail  could  be  traced  in  the 
finder  for  about  2  degrees.  Coma  very  much  developed, 
ai  i  very  faint  owing  to  the  proximity  of 
the  bright  (2m.5)  comparison  star,  especially  the  first  hour; 
star  at  the  beginning  like  a  disk,  blurred,  (15— 18  seconds 
of  arc  in  diami 

Dec.  31.     Observations  in  ible.     Observation 

intinually  interrupted  by  clouds,  measures  uncertain. 

1912 

Jan.    1.     Comet    about    8th   magnitude   (fainter   than 

Ephem.    magnitude.)     Observation    was    possible    after 

many  interruptions  by  clouds.     A  very  diffuse  but  con- 

ile  tail  could  be  traced  in  the  finder  only. 

Jan.  5.     <  'omet  exceedingly  faint  owing  to  the  very  bad 

condition    of    the    sky    (very    hazi  .     moonlight. 

Count   disi  impletely  tit   times.     Bisections    un- 

".  but  seem  to  agree  pretty  closely  with  the  d 

bad,   too    hazj .     Moonlight    inti  i 
rwisible,  it   disappears  with  illumination 
of  wires.     Nuclear  condensation  very  irregular.     < 'omet 
rs  alternately  as  an  object  of  ll-12th  magnitude. 
Jan.  11.     Measures  very  irregular,  clouds  passing.     Ob- 
ted  after  firsl  se1  in  declination.     I 
lint  owing  to  bad  condition  of  atmosphere. 
•I  \\.  13.     Some  measures  both  in  o  and  a  are  uncertain. 


Magnitude  of  the  comet  cannot  be  estimated  owing  to  the 
moonlight  and  bad  atmosphere. 

Jan.  13.  Second  observation.  Comet  too  close  to  a 
101  •_>  magnitude  star  and  appears  to  be  fainter  than  this 
star. 

Jan.  16.  Sky  not  very  good.  Comet  seemed  to  be  of 
9th  magnitude. 

Jan.  17.  Cloudy  till  night,  clear  in  the  morning  only 
aboul  '  2  hour  before  observ. 

Jan.  21.     Images  not  very  good,  sometimes  blurred. 

Jan.  24.  Nucleus  generally  well  defined.  Brightness 
about  9y2. 

Jan.  28.  Comet  about  10th  magnitude,  nucleus  11th 
magnitude  or  fainter.     Sky  good. 

Jan.  29.  Sky  generally  good,  but  observation  often 
interrupted  by  clouds  and  haze.  Comet  10th  magnitude, 
nucleus  1  lth  magnitude. 

Feb.  13.  ('omet  of  about  10th  magnitude,  (nucleus 
visible).  Owing  to  haze  and  clouds  it  was  not  possible  to 
make  a  second  set  in  5. 

i  i  b    L5,       I  una-      lr>;,-ll    magnitude,    nucleus    12th 
itude.     3ky  hazy,  comet   disappears  sometimes. 

Feb.  10.     ('omet   11th  magnitude,  with  nucleus, 
good,     ('omet  generally  invisible  with  illumination  of  the 
field. 

Feb.  21.    Comet  about  10J^  magnitude,  nucleus  visible. 

Feb.  26.     Sky  bad,  other  measures  impossible. 

Feb.  27.  Comet  about  I  lib  magnitude,  with  nucleus, 
sky  hazy,  tir  damp. 
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OBSERVATIONS   OF   COMET  a  1912    (gale) 

MADE   WITH    THE    11-INCH    EQUATORIAL    AT    SMITH    COLLEGE    OBSERVATORY,  NORTHAMPTON,   MASS. 

By  HARRIET  W.  BIGELOW. 


1912  Greenwich  M.T. 

* 

Comp. 

Aa 

Jd 

-MM 

.  a 

App.  o 

log  p  A 
a                 S 

Red.  to  App. 
Place 

Oct      4 

1? 

19 

4 

1 

7 

0 

-0  20.04 

" 

15  26 

57.05 

' 

9.620 

+  1.11 

-  8.2 

5 

L2 

6 

31 

2 

IGt 

7 

-3    IS. ill 

4-6   19.7 

15  29 

9.76 

-   0  29  33.1 

9.614 

0.772 

+  1.12 

-    7.9 

8  15 

58 

R 

0 

o 

+  4     7.s 

4-  3     3  10.2 

0.762 

+  1.07 

-   7.3 

14 

11 

52 

24 

5 

7 

7 

+  0  2(1.11 

-2     2.0 

15    11 

50.39 

+  9  29  39.9 

9.623 

0.739 

+  1.00 

-   (U 

15 

11 

42 

23 

7 

8 

S 

-0     2.59 

+  1    19.1 

15  46 

10.15 

+  10  29     1.7 

9.620 

0.732 

+  0.98 

-  6.2 

16 

11 

47 

0 

9 

7 

7 

-0     (1.(13 

-4  25.3 

15  47 

27.7(1 

+  11  27  27.2 

9.626 

0.731 

+  0.95 

-   6.3 

21 

11 

40 

36 

11 

8 

in 

+  0  20.19 

+  2  50.8 

15  53 

8.32 

+  16     1    15.0 

9.639 

0.714 

+  0.90 

-    7.2 

28 

11 

14 

46 

13 

9 

8 

+  0   15.77 

+  1  25.2 

15  59 

37.67 

+  21  41  47.4 

9.651 

0.679 

+0.76 

-   (i.O 

29 

11 

18 

1 

15 

20* 

8 

-0  59.07 

+  2     5.7 

16     0 

28.08 

+22  27  18.7 

9.656 

0.680 

+0.73 

-   6.2 

30 

11 

15 

8 

16 

20/ 

0 

-1  27.68 

+  4  56.3 

16     1 

18.34 

+  23  11  50.7 

9.659 

0.676 

+0.72 

-   6.4 

Nov.    2 

11 

25 

11 

17 

10/ 

7 

+  1  51.38 

-8  43.5 

16     3 

16.52 

+  25  22  29.1 

9.675 

0.683 

+  0.65 

-   7.1 

5 

11 

28 

9 

18 

9 

S 

+  0  29.54 

-7  50.6 

16     6 

12.97 

+  27  28  25.4 

0.OS0 

0.685 

+  0.60 

-   7.5 

6 

11 

31 

54 

19 

10/ 

8 

+  1  22.18 

-7  22.0 

16     7 

1.18 

+  28     9  37.4 

9.691 

0.690 

+0.58 

-   7.7 

11 

11 

L5 

24 

20 

15/ 

8 

+  1   11.49 

+  3  40.2 

16  11 

8.37 

+31  30  40.2 

9.705 

0.670 

+0.47 

-   8.5 

18 

11 

23 

48 

21 

1(1 

s 

-0  47.57 

+0  46.2 

16  17 

20.49 

+36     6  56.2 

9.730 

0.688 

+  0.30 

-10.0 

L9 

11 

43 

40 

22 

8 

7 

-0     5.90 

4-4     5.3 

16  18 

IS.  (15 

+36  46  57.6 

9.731 

0.717 

+  0.27 

-10.0 

20 

11 

40 

15 

24 

16/ 

7 

+0  51.10 

+0     5.9 

16  19 

15.S7 

+37  26  18.1 

(1.735 

0.714 

+0.25 

L0.6 

21 

11 

24 

28 

25 

15/ 

5 

-2     5.35 

-1     1.1 

Hi  20 

13.97 

+38     5  27.5 

9.741 

0.692 

+  0.21 

-10.5 

30 

11 

30 

16 

26 

12/ 

6 

+  1     0.48 

-1  42.3 

If.  20 

58.09 

+  44  10     3.3 

9.773 

0.713 

-0.09 

-  13.4 

Dec.   L2 

12 

-1 

40 

28 

13/ 

7 

-0  53.33 

+  6   17.9 

16  46 

36.65 

+  52  54   13.6 

9.803 

0.779 

-0.76 

- 15.5 

Right-asc(  nsion  observations  marked  /  were  taken  by  transits;  the  others  by  micrometer  measures. 


Mean   Places 

of  the    Comparison- 

Stars  for  the  beginning  of 

the  year. 

* 

a 

5 

Authority 

* 

a 

5 

Authority 

1 

h 
15 

m         s 

27  15.98 

-    1  45 

59.1 

A.< }.  Nicolajew 

3942 

15 

h 

16 

1  26.42 

+  22  25    19.2 

A.G.  Berlin  B        5510 

2 

15 

32  57. 2S 

-  0  35 

1  1.0 

A.G.  Nicolajew 

3901 

16 

16 

2  45.30 

+  23     7     0.8 

A.G.  Merlin  B         5510 

3 

15 

35     1.64 

+   2  59 

9.7 

s  Comp.  with  4 
JA.-Oni    '»  "   A 

17 

16 

1    51.10 

+  25  31    19.7 

A.G.  Cambr.Eng.  7480 

4 

15 

35  59.10 

+  2  53 

15.9 

A.G.  Albany 

5260 

18 

L6 

5   12.83 

+  27  30  23.5 

A.G.  Cambr.Eng.  7501 

5 

15 

44  29.2S 

9  31 

IS. II 

s  Comp.  with  6 

/  ^  '  -jiii  HS8.58  A       1 

19 

16 

5  38.42 

+  2S   17     7.1 

A.G.  Cambi 

6 

15 

17   15.86 

5.0 

A.G.  Leipzig  II 

7000 

20 

L6 

9  56.41 

+  31    27     S.5 

A.G.  Lei. lei.              5721 

7 

15 

46  11.76 

+  10  27 

IS.S 

1  illi  8 

,  \         1,11                      V 

21 

L6 

is     7.7(1 

+36     0  20.0 

A.G.  Lund             6718 

s 

15 

45     2.46 

+  10  25 

28.9 

A.( '..  Leipzig  I 

5507 

22 

Hi 

IS  24.28 

+36  43     2.3 

s  Comp.  ffl 

(  A^     301    08.99  A      0    r.  "  0 

9 

15 

47  26.78 

+  11  31 

5s.s 

■  mi  in 

1  A."    ■    !M  .•    J    10    J, 

23 

16 

21   25.27 

+  30   13  47.3 

A.G.  Lund             6737 

10 

15 

42  29.3S 

+  11  36 

1 4.5 

A.G.  Leipzig  1 

5494 

21 

16 

IS  21.52 

+37  20  22.S 

A.G.Lund             6710 

11 

15 

52  47.23 

+  15  59 

1.1 

s  Comp.  witii  lc 

25 

16 

22  19.11 

+38    6  39.1 

A.C.Lund              0743 

12 

15 

52  23.19 

+  15  56 

53.3 

A.G.  Berlin  A. 

5702 

26 

Hi 

28  57.70 

+  4  1    11    50.0 

s  i  !omp  with  ■-' 
j A   Mm  818.52  _\ 

13 

15 

59  21.14 

+  21  40 

28.2 

i, '  tomp,  with  14 

27 

L6 

20  2(1.  IS 

+  11    IS  49.7 

A.G.Bonn            10557 

14 

16 

2  51.43 

+  21  38 

29.9 

A.G.  Berlin  B 

5520 

28 

16 

17  30.71 

+52  48  11.2 

A.G.  Cambr.TJ.S.  5089 

II) 
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OBSEEVATIONS   OF   THE   SATELLITE   OF    NEPTUJSTE, 

MADE    is    1911    WITH  THE  26-INCH    EQUATORIAL  Ol     in  l     U.  S.  ST  AVAL  OBSERVATORY,  WI1 RRECTIONS    I"    Mil     ELEMENTS  01 

l  ll  l     -  \  l  I   ill  ll.'-    ORBI  I. 

By  ASAPH   HALL,  Professor  ok  Mathematics,  U.  S.  Navy,  ami  II.  E.  BURTON,  Assistani   in    che  Observatory. 
[Communicated  in  Captain  J.  I..  Jayne,  U.S.  Navy,  Superintendent]. 


\-  stated  in  the  report  of  (he  Superintendenl  for  I'M  1 
it  was  not  possible  to  begin  observations  of  Neptune's 
satellite  at  the  opposition  of  1910-11  until  January  28, 
I'.M  1.  because  an  investigation  ami  correction  of  the  peri- 
odic errors  <<(  the  'hiving  clock  was  being  made,  ami 
because,  also,  of  certain  repairs  which  were  necessary  to 
Clark  micrometer  II.  However,  it  was  considered  ad- 
visable that  Messrs.  Hall  and  Burton  should  each  make 
a  series  of  measures,  partly  with  a  view  of  obtaining  some 
bo  systematic  differences  between  them. 

For  observations  of  Neptune's  satellite  and  determina- 
tions of  the  elements  of  the  orbit  reference  may  he  made 
to  the  following: 

N.i.   I.  Tome  XI. 11.   Wemoires  dt  VAcademie  Imperiale 

ilis  Sciences  de  St.  Petersbourg,  \\V  Serie;  the  Astronom- 

Vachrichten;    the    Astronomical  Journal;    Monthly 

Notices  of  tin    Royal  Astronomical  Society;  and  Bulletins 

of  tin  Lick  Observatory. 

Referring  to  tin'  often  mentioned  fact  that  many  of  the 
distance  observations  of  Neptune's  satellite  are  evidently 
affected  with  systematic  errors,  it  may  lie  stated  that  the 
Naval  Observatory  has  recently  purchased  a  Repsold 
filar  micrometer  for  the  26-inch  equatorial  on  which  special 


attention  is  paid  to  symmetry  of  illumination  of  the  wires, 
and  to  the  elimination  of  systematic  errors  of  observation. 
This  micrometer  will  soon  he  fitted  to  the  instrument. 

The  observations  printed  herewith  were  taken  with  red 
wires,  the  satellite  being  placed  between  a  pair  of  moA  .'hie 
threads  about  0"  apart.  The  normal  observation  con- 
sisted of  four  position  angles,  four  distances,  four  distances 
and  four  position  angles.  After  the  first  set  of  distances 
the  position  circle  was  turned  180°.  It  was  intended  to 
use  a  reversing  prism  eye-piece  for  all  measures,  but  this 
was  possible  only  when  the  seeing  was  (inc. 

The  value  of  the  micrometer  screw  employed  is 
R  =  9."9337  +  0."00006  (t°  -  50°F).  The  times  of  ob- 
servation as  printed  are  Paris  times  corrected  fur  aberra- 
tion. The  observation  equations  are  taken  in  the  sense 
computed  minus  observed.  The  residuals  are  obtained  by 
substituting  in  the  weighted  equations.  The  computa- 
tions were  made  by  Messrs.  EPPES,  Burton,  and  WATTS, 
assistants  in  the  observatory.  The  assumed  circular 
elements  including  the  mean  motion,  are  taken  from  the 
Connaissance  des  Temps.  The  assumed  value  of  the 
semi-major  axis  of  the  satellite's  orbit  is  for  log  (p) 
=  1.47814. 


Satellite  of  Neptum    1011,  Hall. 


Date 

Paris  M.T. 

Obs.  p 

dp 

s  sin  d  p     j 

Wt. 

(' 

Paris  M.T. 

Obs.  s 

ds 

Wt. 

V 

.Ian.    28 

h       m       8 

11   27  19 

286  20.2 

+0  23.4 

+  0.115 

1 

-0.226 

h 

11 

:,o 

2 

16.78 

+  0.07 

1 

+  0.140 

2 

L3     8  ■".! 

322  55.8 

+  1  55.3 

|  0.456 

1 

+  0.238 

13 

15 

59 

13.51 

+  0.13 

1 

+  0.234 

2] 

13   Hi    L5 

261      1.0 

f  i     5.8 

|  0.293 

0.5 

-0.007 

13 

34 

43 

1 5. 1  1 

+  0.15 

0.5 

+  0.137 

'J:', 

9     7   .".1 

128  58  8 

+  1    15.0 

.  0  328 

o.:. 

+0.109 

23 

L2  34     7 

i  ■_'_'  33.2 

4-0  50.0 

+  0.229 

o.s 

+  0.053 

12 

51 

4 

10. OS 

-0.32 

O.S 

-0.112 

24 

11  '_»n  25 

s-_>  ;,.-,.(i 

+  0  13.9 

|  0.062 

1 

0.092 

11 

38 

40 

15.00 

-0.31 

1 

-0.174 

Mar.     1 

it)  :,i   i" 

12(1  30.0 

+  ()  26.0 

4-0.120 

l 

-0.048 

11 

11 

34 

10.10 

-0.20 

1 

-0.070 

3 

ll   in    6 

359  36.1 

+  1   lo.o 

4,  0.227 

i 

+  0.073 

11 

20 

0 

11.22 

-  0.03 

1 

|  0.055 

1 

l'J  '_'!   in 

29.')     0.1 

•  0  27.0 

+  0.12S 

1 

-0.181 

12 

38 

51 

16.35 

-0.05 

1 

j  0.043 

8 

11     9  30 

69  20.3 

'  1  20.:; 

+  0.353 

0.5 

+  0.145 

in 

in  30     1 

2!  il   50.9 

■  l   50.2 

0.524 

1 

+  0.211 

10 

19 

7 

16.36 

+  0.01 

1 

•  0.101 

10 

9  58  26 

288  25.0 

1        10 

•  0.310 

1 

-0.015 

10 

IS 

34 

10.  Is 

I  0.01 

1 

•  0.094 

21 

9  44  27 

333  33.9 

+  1   :,7.3 

•  0.121 

1 

+  0.229 

10 

2 

41 

12.17 

-0.00 

1 

+  0.034 

24 

in  19  12 

150   h  i.2 

-1    13.7 

0.275 

1 

0.476 

10 

12 

is 

13.35 

-0.45 

1 

-   0.230 

'_>;> 

11  22  ll 

99  37.0 

+  0      1.2 

+0.006 

1 

1 1  1 5  l 

11 

12 

45 

10.00 

0.3] 

1 

0.154 

28 

9  23 

279  50.3 

•  0  39.0 

+0.186 

1 

0.101 

9 

41 

32 

10.15 

-0.06 

1 

+0.007 

30 

11   13  32 

L39     b  2 

+  0  27.1 

+  0.10S 

0.5 

-0.051 

:;i 

o  22   15 

'.Mi    111..' 

+  1  49.1 

r-0.517 

1 

1-0.358 

9 

15 

7 

10.  Hi 

-0.20 

1 

-0.049 

:;i 

in  58  57 

94     9.1 

+  1     4.5 

+  0.303 

1 

o.l  13 

11 

20 

10 

10.20 

-0.18 

1 

-0.031 
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Normal  Equations. 


sin  du 
sin  dX 
sin  ill 
2e  sin  Q 
2,  cos  Q 
da 


sin  <Ju 

+  2714.:?1 


4-213.57 
+614.68 


sin  r/7 

1-692.69 
4-171.48 

+  924.51 


2e  sin  Q 

-  227.60 
+  18.32 
+  193.13 
+  1527.51 


2e  cos  Q 

+  517.61 

-  201.18 

-  20.23 
+  L67.36 
+  2083.52 


da 

(i 
+  234.17 

-  149.76 

-  588.67 

-  106.66 
+  85.90 
+3587.14 


-4S.143 

-  9.287 
L0.163 

-  8.574 

-  3.424 
-28.425 


[nn]  =  +  2.192 


Results. 


sin  du  =  +  0.01816  ±0.00293 

sindiV  =  +0.00982  ±0.00537 

Mn  ,11  =  -  0.00186  ±0.0(i:.  17 

•_>,  sin  Q  =  +  0.00927  ±0.00332 

■_-,  Cos  Q  =  -  0.00298  ±0.00289 

=  +  0.00719  ±0.00226 


du  =  +  1°.041  ±0°.168 

dN=  +  0°.562  =  0°.308 

dl  =  -  0°.107  ±0°.296 

Q    =  107°.  s;; 

e     =  O.OII4S7 

da  =  +0".117  ±0".O37 


ds 


Sum  of  Squares  of 
of  Residuals 
0.722 
(I.24S 


Number  of 

Equations 

19 
16 


Weighted  Equation 

±0".159 

±0   .l()(i 


sdp  and  ds  0.970  35  ±0".123 

1911  March  9.5  Paris  M.  I'.,  corrected  for  aberration  time. 


Assumed  Elements 

u  =  93°. 775 
A"  =  ISSvJM 
/  =  115°.853 
a    =    16".272 


Corrected  Elements 

u    =    94°.816 
A"  =   lss:.s|:; 
/    =  115°.74ti 
Q  =  107°.83 
e    =        0.00487 
a         16".389 


Satellite  of  X<i>itn,i    mil,  Burton. 


Date 

Paris  M.T. 

Obs.  p 

dp 

5  sin  dp 

Wt. 

V 

Paris  M.T. 

Obs.  s 

ds 

Wt. 

i 

inn 
Jan.   30 

h     in       s 

12     0  50 

147  45.4 

+  4     7.7 

0.8 

+0.701 

h       m        s 

Feb.     2 

14  59  35 

318  52.6 

-1  2:;. 5 

0.342 

1 

-0.166 

1 5     4     5 

14.03 

+0.07 

1        +0.163 

21 

11  35  39 

264  35.9 

+  0  57.1 

+0.260 

0.8 

-0.086 

12  26  18 

15.47 

+0.03 

o.s    ,  +0.072 

23 

11  4:;    13 

12:,  22.1 

-0  22.3 

-0.101 

o.s 

-0.200 

12  13  36 

16.05 

-0.40 

0.8 

-0.312 

24 

12  50  59 

79  39.2 

4-0  2ti.li 

+0.118 

1 

+0.031 

13   18    9 

It. si 

+0.18 

+0.127 

27 

11   10  59 

259     8.0 

+  1   20.7 

1 

+0.019 

11  47    11 

15.10 

-0.11 

-0.069 

Mar.     1 

12     9  .VI 

117  4S.1 

+  0  49.5 

+0.231 

1 

+  0.114 

12  32  41 

16.24 

-0.11 

1         -0.060 

2 

10  27  51 

77  45.4 

+4     8J 

-1.077 

0.5 

f  0.702 

10  56  5r. 

14.87 

-0.04       0.."i 

-O.Otis 

4 

11     2  54 

20.-,  50.8 

+  2     ti.n 

+0.594 

1 

+  0.111 

11  25  53 

lti.12 

+0.03        1 

-0.105 

8 

11   .V,    I.", 

69  48.7 

-0  51.4 

-0.207 

(1.5 

-0.220 

12  21   55 

13.20 

+  0.54       0.5 

10 

11  58   is 

289  59.8 

+ 1     8.2 

-1 1.327 

1 

-0.135 

12  20  50 

16.52 

-0.03        1 

;  0.000 

11 

10   15     2 

217  56.4 

-  !   28.5 

+0.357 

1 

+0.063 

10  33  56 

13.93 

-0.13        1         -0.103 

16 

11  33  41 

285  27.5 

+  1   21.0 

+0.390 

1 

-0.056 

11   :.7    is 

16.75 

-  0.20 

1         -0.084 

20 

10  43     1 

56  18.6 

+  0   11.3 

+  0.041 

1 

0.102 

11  22    ;; 

12.01 

+0.45 

1         +0.311 

21 

11     S   17 

329     9.5 

+  2   L5.8 

1-0.500 

1 

+0.013 

11   2s  20 

L2.68 

+0.07 

1         +0.11.". 

23 

9  53  30 

234   10.7 

+  0  25.0 

•  0.090 

1 

0.162 

10  17  47 

12.70 

-0.3(1 

1         -0.310 

24 

11   51    19 

146  is. i 

- 1     2.6 

-0.240 

1 

0.377 

12   13    12 

13.34 

-0.06 

1        -0.012 

25 

9  44     0 

102  35.5 

-0  11.4 

-11.055 

1 

-0.149 

10     7  30 

16.59 

-0.14 

1        -0.111 

28 

11     s   15 

27V  25.:; 

+  2     4.4 

+0.590 

1 

+  0.187 

11  32  24 

Hi. 44 

-0.17 

1          -0.OS1 

30 

10    6     1 

l  12  l  l.:. 

+0    4.9 

+  0.019 

1 

-0.117 

10  26  46 

13.61 

(MIS 

1             0.032 

II 


T  111!     ASTRONOMIC  A  I.    .It)  U  R  X  A  1. 


V    654 


Norm  u.  Eqi  \  i  ions. 


sin  ill 


J,    COS   Q 


1-3246.75  13.57        '     185.38       +  213.45  -   250.03  Hi. 77 

sindiV  +830.12              53.91       +   L35.02  +    121.2!)  +  258.60 

sindl  +1073.21               35.05  -    L00.77  823.12 

2, -in  V  +1727.52  -    163.71  -     67.01 

_'.  cos  Q  +2486.25  +  255.56 

<lu  +3862.55 


64.510 
7.524 
L4.035 
26.624 
-15.176 
■  10.961 


[nn]  =  +  3.871 


Results. 

sin  dii 

=  +0.01830  ±0.00303 

<{,<    = 

+  1°.048  ±0°.174 

sin  il.X 

=  +0.0057S  ±0.00584 

,IS  = 

+0°.331  ±0°.334 

sin  (II 

=  +0.00974  ±0.007.73 

,11  = 

+0°.558  ±0°.328 

2(  -ui  (J 

=  +0.01388  ±0.00403 

Q 

58°.46 

2e  cosQ 

=  +0.00852  ±0.00334 

e      = 

0.00814 

da 

a 

=  +0.00442  ±0.00295 

,l„    = 

+0".072  ±0".048 

Sum  of  Squares 

No.  of 

p.e.  of  One 

of  Residuals 

Ec 

nations 

Weighted  Equation 

sdp                        1.407 

20 

±0".214 

,1s                        0.557 

19 

±0  .140 

sdp  and  ds 


1.964 


39 


±0.165 


1011.  March  '.».."»  Paris  M.  T.,  corrected  For  aberration  time. 


Assumed  Elements 

//  93c.775 

1SS:'.2S1 
1  I.V.s.V, 
Hi". 272 


( lorrected  Elements 


N 
I   = 


II 

=    94°.823 

N 

=  188°.612 

I 

=  116°.411 

Q 

=    58°  .46 

i 

0.00814 

n 

=     Hi". 34 1 

OBSERVATIONS   OF   THE    SATELLITE   OF   NEPTUNE, 


M  \m     ei  kim.    1911-'12   wiru    nn 


II    EQUATORIAL   01      I  111      U.    S.    NAVAL   OBSERVATORY, 

-  \  I  Ki.i.i  1 1:'~   ORBIT. 


Willi     \  i  \\     III   mk\  is    OF    THE 


H\    II.   E.  BURTON,    Usistan-j   in    iim    Observatory. 
amunicated  by  Captain  .1.   L.   Jayjje,   I".  S.   Navy,  Superintendent]. 


The  following  observations  of  the  position  angle  .-mil 
distance  of  the  satellite  of  Neptune,  relative  In  the  planet, 
wore  made  with  the  micrometer  Clark  II.  The  adopted 
value  of  one  revolution  of  the  screw  was  9."9337  I 
o. "minor,  (tc       50  !'  . 

An  -  ni  the  satellite  consisted  of  Four  meas- 

ures of  the  position  angle  anil  usuall}  four  measures  of 
the  distance,  t lie  chronometer  time  of  each  measure  being 
recorded.  The  measures  were  made  in  the  following 
order:  two  of  the  position  angle,  four  of  the  distance, 
and  two  of  the  position  angle;  in  two  instances,  however, 
an  extra   measure  of  the  distance  was  made,  viz.:   on  .Ian. 


13  and  Mar.  10.  Thus  the  means  of  the  times  for  position 
angle  and  distance  were  aearlj  th  same;  the  greatest 
difference  was  6"1  36  ,  on  I  )ec.   18. 

I  he  position  angle  was  measured  by  placing  a  single 
long  wire  over  t  he  center  of  t  he  planet  and  over  the  satel- 
lite. The  mean  of  the  first  two  measure-  of  the  position 
angle  gave  the  position-circle  setting  for  the  measure  of 
the  distance.  The  difference  between  this  mean  and  the 
final  nn  an  ot  lour  measures  was  not  enough  to  affeel  the 
measured  distance.  Single  short  wires  (perpendicular  to 
the  long  wire)  were  used  for  I  he  distance  measures,  one 
being  placed  over  the  center  of  the  planet  and  another 
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over  the  satellite.  Coincidence  was  eliminated  by  chang- 
ing the  movable  wire  over  from  one  object  to  the  other  after 

two  measures  were  made.  The  wires  when  in  use  wen' 
illuminated  with  red  light,  hut  when  the  long  wire  was 
used  the  light  was  turned  off  of  the  short  wires,  and  vice 
versa.  The  observed  distances  were  corrected  to  cor- 
respond to  the  time  of  position  angle  and  in  sixty-two  cases 
out  of  eighty-live  the  correction  was  zero,  the  largesl 
being  0."03. 

The  magnifying  power  used  was  generally  388.  A 
power  of  495  was  used  for  the  first  two  observations  on 
Jan.  22,  and  a  power  of  367  was  used  on  Dec.  18,  19,  Jan. 
10,  Mar.  29,  31,  Apr.  6,  9.     On  Dec.  18  a  reversing  prism 


was  used.  On  some  nights  the  satellite  was  very  faint. 
especially  on  Jan.  13,  Feb.  14.  Feb.  28,  Mar.  2,  and  Mar.  13. 
The  Paris  Mean  Times  as  published  have  been  corrected 
for  aberration-time.  Corresponding  to  these  time-,  the  posi- 
tion angle,  /).  and  distance,  s,  were  computed  from  data 
given  in  the  Connaissance  des  Temps,  having  assumed 
e  =  0,  and  comparisons  made  with  the  observed  values. 
The  differences  dp  and  ds  were  taken  equal  to  the  com- 
puted values  minus  the  observed.  The  residuals  are 
given  under  v.  Under  Seeing,  the  scale  adopted  is  as 
follows:  2  =  good,  3  =  fair,  4  =  poor.  The  observa- 
tions of  both  /)  and  *  were  all  given  the  weight  unity.  Log 
(p)  was  taken  equal  to  1.47814.  The  computations  were 
made  by  C.  B.  Watts  and  checked  by  the  observer. 


Date 

Paris  M.T. 

Obs.  p 

dp 

s  sin  dp 

r 

Obs.  s 

ds 

V 

Seeing 

1911 

Dee.  18 

13  34  18 

245°  47.7 

+  0  32.4 

+0.124 

-0.235 

13/23 

-0.08 

+  0.008 

3 

18 

14     7  35 

243  58.8 

+0  49.8 

+0.188 

-0.166 

13.16 

-0.15 

-0.061 

3 

19 

14   12     8 

160  23.7 

-0     8.0 

-0.029 

-0.263 

12.41 

+0.11 

+  0.219 

3 

1912      1" 

14  37  30 

157  24.1 

+  1  35.8 

+  0.352 

+  0.118 

12.66 

-0.04 

+  0.067 

3 

Jan.    10 

12  42  47 

273     4.0 

+  1  33.5 

+  0.441 

+0.006 

16.42 

-0.19 

-0.117 

3 

10 

13  12  13 

27 1     9.4 

+  2  34.9 

+0.728 

+0.295 

16.11 

+  0.95 

+  0.123 

3 

10 

14  19    5 

269  25.4 

+  2  15.6 

+0.630 

+0.201 

16.03 

-0.06 

+0.014 

3 

10 

14  43  10 

268  24.1 

+2  31.8 

+0.702 

+0.273 

15.93 

-0.03 

+  0.045 

3 

13 

11  21     6 

93  35.4 

+0  47.7 

+0.225 

+  0.038 

15.93 

+0.29 

+  0.491 

4 

13 

11  47  58 

91   43.0 

+  1  51.4 

+0.523 

+0.340 

16.81 

-0.66 

-9.157 

4 

19 

11  23     2 

88  35.5 

+  0  10.0 

+0.046 

-0.113 

15.97 

-0.29 

--9.957 

2 

19 

11  50  25 

88  12.4 

-0  19.9 

-0.090 

-0.244 

15. SI 

-0.19 

+  0.915 

2 

19 

12  39  21 

86  23.S 

-0     7.9 

-0.036 

-0.182 

15.93 

-0.17 

+  0.935 

2 

19 

13  31  26 

84  10.0 

+0  21.0 

+0.093 

-0.044 

15.42 

-0.15 

+  0.05:1 

2 

20 

12    5  22 

15  24.1 

+0  18.7 

+0.060 

+  0.038 

11.06 

-0.01 

-0.015 

2 

20 

12  43  35 

13     8.0 

+  0     6.2 

+0.020 

-0.097 

11.09 

-0.02 

-0.033 

2 

20 

14      1   45 

7  34  4 

+0  38.5 

+0.125 

+0.084 

11.04 

+  0.11 

+  0.0S5 

2 

20 

14  31    28 

5   17.6 

+  1     1.9 

+0.291 

+0.153 

11.28 

-0.09 

-0.118 

2 

21 

11  54  33 

306     2.9 

+  1  11.2 

+0.328 

-0.039 

15.97 

-0.15 

-0.1  is 

3 

21 

12  23     '.i 

305  39.1 

+0  41.0 

+0.190 

-0.182 

15.94 

-9.03 

-0.921 

3 

22 

11     9     2 

266     l  .8 

+0  16.0 

+0.072 

-0.319 

15.60 

-0.13 

-0.951 

3 

22 

11  37   19 

2i.l    15.5 

+  0  35.  S 

+0.160 

-0.259 

15.19 

+  0.1S 

+  0.25S 

3 

22 

12  19     5 

262     9.7 

+  1  46.5 

+0.471 

+  0.060 

15.20 

+0.01 

+0.090 

3 

22 

12  41  31 

260  39.1 

+  2  24.6 

+0.636 

+0.226 

15.05 

+  0.07 

+0.150 

3 

24 

11  39     6 

123   ll.s 

+  1   14.0 

+0.315 

+0.0S6 

15.87 

+0.16 

+0.288 

3 

24 

12    3  35 

122  51.9 

+  1  18.8 

+  0.369 

+  0.111 

16.09 

0.00 

+  0.131 

3 

24 

13  13   17 

121      1.4 

+  1     2.7 

+0.297 

+0.040 

16.73 

-0.46 

-0.324 

3 

24 

13  43  47 

L20    18.8 

+0  20.7 

+0.098 

-0.159 

16.37 

-0.03 

+0.197 

3 

27 

13  28  33 

297     2.7 

+  1  55.8 

+  0.555 

+0.1  is 

16.79 

-0.30 

-0.279 

:.    1 

27 

14     7  37 

297     7.2 

+0  43.3 

+  0.299 

-0.202 

.   16.75 

-0.19 

-0.199 

3   l 

Feb.     2 

12  36  52 

293    11. 1 

+  1  37.0 

+0.470 

+  0.059 

L6.59 

+0.08 

+0.117 

3 

2 

13  14  50 

292  51.8 

+  1  22.0 

+0.399 

-0.023 

16.90 

-0.18 

-0.149 

3 

5 

12  32  26 

112     0.1 

+  0  53.7 

+0.262 

+0.014 

L6.83 

-0.08 

+0.077 

4 

6 

10  53   is 

69  46.6 

+0  37.4 

+0.150 

+  0.078 

13.88 

-0.11 

+0.071 

3-4 

6 

11  20     6 

69     5.9 

+0  10.6 

+0.042 

-0.926 

L3.78 

-0.12 

+  0.090 

3    1 

6 

12  59   19 

64  38.5 

+0  16.5 

+0.064 

+0.014 

13.41 

-0.18 

-0.012 

3-4 

6 

13  38  56 

63     7.s 

-0    0.3 

-0.001 

-0.046 

12.99 

+0.10 

+  0.262 

3^1 

8 

12  11  50 

2S9  30.7 

+  1  26.9 

+0.424 

-0.006 

16.77 

+0.02 

+  0.099 

:;   1 

8 

12  47     6 

288  35.1 

+  1   23.2 

+0.407 

-0.025 

17.92 

-9.22 

-0.171 

3-4 

9 

12  31   49 

239  59.3 

+2     8.6 

+0.485 

+0.140 

L3.43 

-0.46 

-0.372 

4 

9 

13  21  36 

237    11.3 

+  2     4.3 

+0.462 

+0.121 

12.93 

-0.16 

-0.071 

4 

13 

11   53     7 

333  54.2 

+  1  43.4 

+0.384 

+0.190 

12.70 

+0.07 

+0.011 

3 

m 


Ml  E    AST  R0N0M1  CAL    JOT  K  X  A  I. 


N°   654 


Date 

Paris  M.T. 

Obs  p 

dp 

s  sin  ,/  /, 

c 

Obs.  x 

d.s 

c 

Seeing 

1012 

Feb.   L3 

L2  26     8 

332  59.2 

+  1     3.9 

+  0.240 

+0.o:;7 

12.07 

+0.24 

+  0.IS2 

3 

L3 

L3  34  33 

329  22.1 

+  1  31.4 

+0.351 

+0.120 

Hi. ill, 

ii  1  1 

+0.086 

3 

11 

Id  29   18 

287    L8.0 

+  1  30.9 

+0,1 1 1 

+  0.011 

16.80 

-0.01 

+0.041 

3 

1  1 

in  57  '-'i) 

287     6.8 

+0  55.1 

+0.269 

-0.105 

I0.S2 

-0.03 

+  0.022 

3 

l  1 

12     1  21 

284  52.1 

+  1    17.5 

+0.378 

0.  O.V.I 

Hi.7:; 

+  0.05 

+  0.100 

2  :; 

11 

12  :;i    ID 

283  .".7.1 

+  1  21.7 

+0.398 

-0.039 

16.38 

+0.39 

+0.410 

2-3 

17 

in   11  30 

105  59.0 

+  0  44.6 

+0.218 

-0.016 

17.01 

-0.24 

0.069 

3 

17 

10  39  38 

10.'.    5.2 

+0  50.:; 

+0.275 

+0.043 

10.00 

-0.14 

+0.033 

3 

17 

11  32  35 

103  26.5 

+  1     0.1 

+0.322 

+  0.005 

io. os 

-0.24 

-0.001 

3 

17 

11  58  Hi 

103   I'.u 

+0    0.3 

+0.001 

-0.224 

10. so 

-0.17 

+0.008 

3 

23 

9      ■ 

102   16.8 

+  0  55.:! 

+0.268 

+0.044 

17.07 

-0.38 

-0.203 

3 

23 

■  i  34 

101  48.4 

1.5 

+0.20S 

+  0.077 

10.S0 

-0.14 

+0.040 

3 

23 

11  .VI  32 

07  55.4 

+  0  55.6 

+  0.207 

+  0.001 

16.63 

-0.14 

+0.048 

3 

23 

12  2.".   Hi 

07   17.0 

+0  39.9 

+0.101 

-0.012 

10.00 

-0.25 

-0.060 

3 

27 

12     7   Hi 

21  1  29.3 

+  0     o.c, 

+0.022 

-0.253 

11.18 

+  0.07 

+  0.100 

2 

27 

12    11    Hi 

211   55.4 

+  0  34.4 

+0.112 

-0.100 

11.21 

-0.02 

+  0.070 

2 

28 

11  58     3 

135  25.6 

+  1  21.0 

+0.345 

+  0.008 

14.50 

+0.05 

+  0.157 

3 

Mar.    ■_' 

11   11    Hi 

313   111 

+  1  31.0 

+0.389 

+0.07:; 

14.63 

■   11.00 

+  0.(  ):;5 

3 

2 

11    Hi  39 

312  17.0 

+  1  42.S 

+0.443 

+0.120 

l  1.86 

-0.04 

-0.001 

3 

7 

11    12     1 

21     i.e. 

+  0  18.9 

+  0.000 

+  0.010 

10.76 

+0.19 

+  0.201 

2 

7 

11    is   10 

is   16.7 

+0  11.8 

+0.038 

+0.02:; 

10.78 

+0.15 

+  0.154 

2 

in 

11   24  40 

Hi::  25.8 

+  1  23.1 

+  0.20,4 

+0.021 

11.31 

-0.30 

-0.294 

3-4 

HI 

12     2   H.) 

191  30  8 

+  0  52.2 

+0.100 

-0.073 

11.14 

-0.20 

-0.103 

3-4 

13 

10  42     s 

11   50.8 

+  0     0.7 

+  0.002 

-0.031 

10.86 

+0.07 

+  0.052 

3-4 

13 

LI  15     s 

9  18.3 

+  0  26.0 

+0.083 

+0.045 

10.93 

+  0.02 

-0.004 

3-4 

16 

11    14   L6 

182  20.2 

+  1  50.3 

+0.354 

+  0.122 

11.08 

-0.04 

+0.056 

2 

in 

11  4s  56 

L80  52.3 

+  1     8.0 

+  0.220 

-0.011 

11.22 

-0.12 

-0.025 

2 

17 

11     s  ;,1 

no  38.8 

+  1   10.0 

+0.329 

+  0.O7S 

10.00 

-0.12 

+0.011 

2 

17 

1  i   39     9 

lis  40.7 

+  1    14.7 

+().:;  io 

+0.098 

10.22 

-0.18 

-0.047 

2 

is 

in  58  28 

t~     7.5 

+0  44.7 

+0.188 

+0.082 

14.01 

-0.17 

+  0.021 

2 

18 

11   27  35 

76  20.S 

+  0  26.7 

+  0.111 

+  0.012 

14.36 

-0.04 

+0.150 

2 

20 

10  21  :>() 

110  48.8 

+  1       1.0 

+  0.309 

+  0.069 

16.52 

-0.15 

+0.001 

3-4 

29 

Hi  53  34 

110  13.9 

+  0  40.2 

+0.220 

-0.019 

10.52 

-0.-12 

+  0.034 

3-4 

:;i 

0   13  55 

345     9.4 

-0     0.0 

-0.002 

-0.140 

11.80 

-0.09 

-0.152 

3-4 

:il 

9  :.i   12 

342  32.5 

+  0  35.6 

+  0.123 

-0.021 

11.00 

0.00 

-0.062 

3-4 

Apr.     li 

H  i.;  22 

334     3.5 

+  0  20.7 

+0.108 

-0.087 

12.44 

+0.06 

0.000 

3 

(i 

10  15  33 

332  58.9 

+  0     2.7 

+0.010 

-0.194 

12.35 

+  0.2S 

+  0.222 

3 

9 

s  57  53 

151   28.4 

+  1     2.1 

+0.229 

+  0.001 

13.34 

-0.69 

-0.505 

4 

'.i 

o   13   !■"■ 

1  is  .-,0.2 

+  1  33.8 

+0.350 

+  0.121 

13.11 

-0.27 

-0.175 

4 

10 

9  59  23 

102   13.3 

+  0  22.0 

+0.104 

-0.112 

16.49 

-0.22 

-0.040 

3 

Id 

10  :;2  53 

101      7.4 

+  0  31.2 

+0.1  17 

-0.065 

10.40 

-0.22 

-0.043 

3 

11 

0  30  58 

:.()  44.8 

-0  36.2 

-0.124 

-0.135 

12.35 

-0.58 

-0.107 

3-4 

11 

10     6  3 

48   10.:, 

-0     7.0 

-0.024 

-0.031 

12.05 

-0.40 

-0.295 

3-4 

\<  .km  \i.  Equations. 


2e  -in  Q 


COS  (,. 


sin  '/// 

r- 15945.63 

-1022.88 

+  1941.82 

-1112.01 

+   1758.86 

-     288.02 

-230.2:i2 

sin  dN 

+  1230.25 

111.01 

287.86 

son. 77 

+   1749.92 

75.830 

sin  ill 

■  5747.51 

+  389.53 

+     200.S2 

-  462:;.  Hi 

11.007 

2«  sin  Q 

+  80S0.01 

-    1885.31 

-     130.12 

71.634 

+  12370.03 

-     688.88 

+   57.012 

tin 

+18058.30 

-114,157 

\nn]  =  +  11.694 
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IT 


Results. 


sin  du  =  +0.01659 
sin  dN  =  +0.01998 
sin  dl  =  +0.00793 
2e  sin  Q  =  +0.01071 
2ecosQ  =  -0.0037] 

+0.00663 


a 


=  0.00089 
=  0.00171 

=  0.00163 
=  0.00123 
=  0.00099 

=  0.00092 


du 
dN 
dl 
Q 

e 

da 


=  +0°.951  ±0°.051 
=  +1°.145  ±0°.098 
=  +0°.454  ===0°.093 
=  109°.  11 
=  0.00567 

=  +0".108  ±0".015 


s  sin  dp 


Sum  of  Squares 
of  Residuals 

+  1.504 

+  2.641 


No.  of 
Equations 


S5 


Probable  Error 
of  One  Equation 

±0".093 
±0  .123 


s  sin  dp  and  ds 


+4.145 


170 


=0".107 


1912.  February  15.5  Paris  Mean  Time,  corrected  for  aberration-time. 

Assumed  Elements  Corrected  Elements 

it  =  225°.090 
N  =  188°.423 
/  =  115°.698 
a   =     16".272 


II 

=  226°.041 

N 

=  189°.568 

I 

=  116°.152 

Q 

=  109°.ll 

i 

=  0.0056T 

n 

=  16".380 

COMET  b   1913   {metcalf). 


A  new  comet  was  discovered  at  South  Hero,  Vermont, 
by  Metcalf  on  Sept.  1.56  G.M.T.  at  R.A.  =6h  50m; 
Decl.  =  +57°. 

The  elements  as  computed  by  Professor  Crawford 
and  Miss  Levy  at  Berkeley,  Cal.,  from  observations 
taken  on  Sept.  2.  19.  and  16  are: 


T  =  1913,  Sept.  13.97     G.M.T. 
oi  =  117°  26' 
fi  =  157  16 
i  =  143  24 
q  =  1.358 


Greenwich 
Midnight 


METCALF'S   COMET, 

F.  E.  SEAGRAVE. 


Log  r 


Log  A 


1918 

h   m   s 

O     /     It 

Oct.  1 

23  4  34 

+  71  32  11 

0.12554 

9.77924 

5 

21  51  25 

+  59  36  6 

0.12960 

9.75285 

9 

21  17  56 

+  45  31  32 

0.13442 

9.75411 

13 

21  0  25 

+  32  (i  38 

0. 13994 

9.78292 

17 

20  50  20 

+  20  34  55 

0.14608 

9.83020 

21 

20  44  18 

+  11  34  27 

0.152TS 

9.88555 

This  ephemeris  of  Metcalf's  Cornel  is  based  upon 
elements  of  Crawford  and  Levy  mHarvard  Bulletin,  524. 
If  these  elements  arc  right,  Metcalf's  comet  will  be 
nearest  the  Earth  October  T.  distance  52.500,000  miles. 


COMET    d  1913   (delay an). 


Announcement  lias  been  made  of  the  discovery  of  a 
comet  by  Delayax  at  La  Plata,  Argentina,  on  Sept. 
26.5978  at  R.A.  =  21h  55m  18\4,  Decl.  =  -2°  34'  27". 
It  is  visible  in  a  small  telescope.  He  states  it  may  pos- 
sibly be  Westphai.'s  comet. 

An   observation   obtained   by    Burton   at   the  U.  S. 


Naval  Observatory  gives  its  position  on  Sept.  27.7204   as 
R.A.  =  21h  50m  37s.6,  3=  -1°  37'  33". 

Leuschner  telegraphs  that  Nicholson  and  Miss  Levy 
find  Dki.avan  comet  identical  with  Westphal's,  by 
interpolation  applied  to  ephemeris  in  Astronomische 
Nachrichten  No.  4619.     The  period  is  61.121  years. 
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COMET   <■    L913   (neujmin). 


(i,  L913,  the  discoverj  of  a  new  asteroid  by 
Ni.i.imix  was  announced.     On  Sept.  7,  Backlund  tele- 
graphed from  Pulkowa  that  the  supposed  asteroid  was  a 
comet,  and  Graff  telegraphed  From  Bergedorf  that  the 
-  a  cornel  with  a  short  tail. 
At  [kin  saw  no  trace  of  nebulosity  in  the  moonlight, 
lmi  Barnard  describes  the  objecl  as  being  of  1  L.5  magni- 
tude, with  a  stellar   nucleus  followed  by   a   Taint    coma, 
ibjed   is  tentatively  given  a  place  among  the   1913 
comets. 
The  following  are  the  elements  and  ephemeris  by  S. 

ElNARSSON   and   S.    B.   NICHOLSON   Computed   at    Berkeley. 

Cal.  from  observations  made  on  Sept.  ti.  9,  and  13. 
Elements. 

T  =  L913,  Aug.  15.95  G.M.T. 
oi=  346     V 
il  =  348    3 

i  =    1 5  28 
q  =  1 .552 
i  =  0.8211 
/'  =  25.55 


Constants  for  the  Equator   1913.0. 

x  =  r  [9.999337]  sin  I  64°  31'  57"  +») 
y  =  r  [9.893357]  sin  (332  00  29  +v) 
z  =  r  [9.796146]  sin  (338    29    23     +v) 


Ephemeris  for  Greenwich   Mean  Midnight. 


Oct, 


2.5 

23  34  58. 1 

+  9  32  50 

log  A 

Mag. 

4.5 

34  15.6 

10  06  56 

9.8382 

I  L.98 

6.5 

33  39.7 

10  39  IS 

8.5 

33  11.1 

11  10  00 

9.8560 

12.09 

10.5 

32  50.0 

11  39  06 

L2.5 

32  36.5 

12  06  40 

9.8748 

12.21 

14.:, 

32  30.5 

12  32  45 

16.5 

32  32.4 

12  57  20 

9.8945 

12.32 

is.:. 

32  42.0 

13  20  50 

0.04 


0.58 


0.52 


0.47 


20.5 


32  59.6     + 13  43  05     9.9148     12.44     0.42 


NOTICE. 

It  has  been  suggested  thai  the  Astronomical  Journal  compile  a  general  index  of  its  first  25  volumes.  Such  a 
publication  would  involve  considerable  expense,  and  though  such  expense  would  be  partially  defrayed  by  the  sale  of 
the  index,  we  would  hesitate  to  take  an  lining  how  far  the  desire  for  such  a  publication  extends. 

We  would  therefore  gratefully  receive  any  comments  or  suggestions. 
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PROPER   MOTIONS   OF   TELESCOPIC   STARS, 


By  GEORGE    C.  COMSTOCK. 


Vol.  XII,  Publications  of  the  Washburn  Observatory, 
contains  an  investigation  of  the  proper  motions  of  two 
hundred  and  twenty-two  faint  stars,  which  is  based  upon 
a  discussion  of  micrometer  measures  covering  an  average 
interval  of  about  half  a  century.  During  the  five  years 
that  have  elapsed  since  the  publication  of  that  volume, 
its  material  has  been  revised  and  extended  so  that  there 
is  now  available  for  a  study  of  the  motions  of  the  fainter 
stars  a  body  of  data  considerably  greater  than  was  then 
extant,  viz.:  I  have  measured  with  the  micrometer  and 
have  discussed  the  motions  of  five  hundred  and  thirteen 
stars  fainter  than  the  eighth  magnitude.  Of  these  stars, 
three  hundred  and  ninety  are  believed  to  show  proper 
motion  in  the  stricl  sense  of  that  term.  The  motions  of 
the  remaining  one  hundred  and  twenty-three  stars  are 
either  demonstrably  orbital  or  are  of  uncertain  character. 
The  later  determined  proper  motions  are  naturally  some- 
what inferior  in  precision  to  those  of  Vol.  XII,  since  the 
most  promising  material  was  first  taken  in  hand.  An 
examination  of  the  precision  to  be  attributed  to  the  data 
as  a  whole  is  given  hereinafter. 

The  large  proportion  of  sensible  proper  motions  thus 
found  among  telescopic  stars  has  produced  some  surprise 
and  incredulity.  It  has  indeed  been  denied  by  certain 
astronomers  that  any  of  these  motions  are  other  than 
orbital  or  the  result  of  error  in,  or  misinterpretation  of, 
the  data  employed;  e.g.  Burnham,  Measures  of  Proper 
Motion  Stars,  Carnegie  Institution,  1913.  "There  is  at 
this  time  no  relative  evidence  of  any  character  that  any 
really  faint  star,  not  associated  and  moving  with  a  larger 
star,  has  any  sensible  proper  motion  at  all;"  and  Inxf.s, 
Circular  Xo.  6  of  the  Union  Observatory,  "The  series  of 
measures  connecting  bright  and  faint  stars  .  .  .  may 
be  adverted  to  because  they  prove  in  the  main  the  almost 
absolute  fixity  of  very  faint  stars."  To  a  similar  effect, 
see  Aitkix,  Publications  .1.  S.  /'..  August,  1913,  p.  220. 
In  the  conviction  that  such  opinions  are  erroneous  and 
that  a.  large  part,  probably  a  major  part,  of  the  stars 
brighter  than  the  thirteenth  magnitude  possess  proper 


motions  that  are  readily  measurable,  it  is  the  purpo 
this  paper  to  set  forth  some  of  the  results  obtained  from 
a  discussion  of  the  measures  of  the  stars  above  named  and 
certain  others  supposed  to  be  comparable  with  them  in 
respect  of  proper  motions. 

It  is  here  premised  that  the  methods  of  observation  and 
discussion  employed  with  this  material  have  been  sub- 
stantially unaltered  from  those  set  forth  in  the  Intro- 
duction to  Volume  XII,  cited  above,  but  in  two  respects 
important   changes  have  been  introduced,  viz.: 

-1.  Magnitudes.  The  magnitudes  assigned  to  the 
stars  in  Vol.  XII  were  based  upon  eye  estimates  made  in 
connection  with  the  micrometer  observations,  chiefly  by 
\Y.  Struve,  Otto  Strtjve,  Dembowski,  and  myself. 
Through  the  kindness  of  Professor  E.  C.  Pickering,  a 
considerable  number  of  these  stars  have  been  photo- 
metrically observed  at  the  Harvard  Observatory  while 
others  are  found  to  have  been  included  in  the  routine  work 
of  that  institution.  In  so  far  as  they  are  available,  these 
Harvard  magnitudes  are  now  substituted  in  place  of  those 
hitherto  employed  and  a  systematic  correction  of  +  0.4  m. 
has  been  applied  to  the  remaining  estimated  magni- 
tudes in  order  to  reduce  all  to  a  uniform  system.  From 
one  hundred  and  thirty-three  stars  observed  at  Harvard, 
I  find 

Harvard  —  Estimated  =  +0.41  ±0.037, 

and  this  difference  is  practically  constant  over  the  range 
of  magnitudes  here  in  question,  i.e.  8m  to  12m. 

B.  Proper  Motions.  In  the  volume  above  cited, 
the  proper  motions  of  the  comparison  stars  were  either 
taken  directly  from  Newcomb's  Fundamental  Catalogue 
or  were  reduced  to  that  standard  by  the  use  of  systematic 
corrections.  I  now  adopt  the  proper  motions  of  Boss, 
taken  from  the  Preliminary  General  Catalogue,  whenever 
that  i-  available.  In  many  cases,  however,  I  have  found 
it  necessary  to  derive  these  proper  motions  from  original 
sources,  using  Boss's  weights  and  systematic  corrections. 
A  large  influence  has  been  exerted  upon  these  determina- 
tions by  observations  especially  made  for  this  purpo 
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Mr.  A.  s.  Flint,  using  the  Madison  meridian  circle.  In 
a  few  cases,  1  have  adopted  Newcomb's  proper  motions 
reduced  to  the  Boss  system  by  application  of  the  cor- 
rections given  in  The  Astronomical  Journal,  No.  531. 

Prei  ision  of  the  Propi  b   Mm  ion-. 

Since  tin'  motions  of  the  brighter  comparison  stars  and 
those  of  the  fainter  stars  dependenl  upon  them,  have  in 
every  case  been  derived  through  least  square  solution-. 
the  material  is  available  for  determining  the  probable 
error  of  each  concluded  proper  motion.  This  probable 
error  has  been  derived  for  each  co-ordinate  of  every  star 
employed,  and,  through  a  comparison  of  these  probable 
errors  with  those  given  in  the  /'.  G.  <'.,  a  relative  measure 
is  established  for  the  precision  attained  in  the  concluded 
motions  of  the  faint  stars,  at  least  in  so  far  as  that  pre- 
cision relates  to  accidental  error.  This  comparison  with 
BOSS  has  been  made  as  follows: 

From  the  lir-t  two  -tars  fainter  than  magnitude  7.0 
contained  in  each  hour  of  right  ascension  of  the  P.O.  V. 
I  find  as  the  average  probable  error  of  a  centennial  proper 
motion  of  these  stats  in  each  co-ordinate,  the  numbers 
under  the  heading  r  (n)  in  the  first  line  of  the  fol- 
lowing Table  1.  By  an  entirely  similar  process,  I  find 
the  corresponding  probable  errors  of  the  centennial  proper 
ins  of  the  faint  -tars  micrometrically  observed.  These 
stars,  about  four  hundred  in  number,  will  hereinafter  be 
represented  collectively  by  the  symbol  C.  For  mosl  of 
the  following  purposes,  there  will  also  be  included  within 
the  designation  C  the  proper  motions  of  one  hundred  and 
twenty-eight  comparison  stars  fainter  than  the  seventh 
magnitude,  but  these  are  not  included  in  the  discussions 
of  probable  error  or  systematic  error.  The  probable  errors 
of  the  adopted  proper  motions  of  the  comparison  stars 
are  in  every  case  included  in  the  probable  errors  of  the 
concluded  proper  motions  of  the  C  stars. 


Table  1. 

Average  Probable  Erroe  of  \  Centennial  Proper 
Motion. 


Limits  of 
Mag. 

Mean 
Mag. 

rM                 No.  of 

R.A. 

Dec.         s,''"'s 

P.  G.  C. 
C. 

( 

7.0- 

7.(1™  10.0 
10.0-13. 

7.3 

8.6 

11.1 

-  0.62 

n.71 
0.73 

±0.54        18 

0.57         IS 
0.62       48 

It  may  be  noted  as  a  matter  of  passing  interest  that  in 
each  of  the  six  cases  given  in  this  table  a  larger  value  of 
r(fj)  results  from  discussion  of  the  stars  between  0h  and 
I2h  of  right  ascension  than  is  found  between  I2h  and  2  I1'. 
A  more  important  consequence  is,  that  in  the  extension 
of  Boss's  system  of  proper  motions  to  much  fainter  stars 
a  measure  of  precision  has  been  attained  that  is  fairly 
comparable  with  that  of  the  best  determined  stars  of  the 
seventh  magnitude,  in  so  far.  at  least,  as  accidental  error 
is  concerned. 

It  is  of  course  possible  that  in  the  results  of  a  method 
not  largely  tried  and  not  subject  to  any  independent  con- 
trol, there  may  lie  systematic  errors  present  of  sufficient 
magnitude  seriously  to  affect  the  conclusions  to  be  drawn 
from  the  data.  The  presence  of  such  systematic  error  in 
the  results  here  considered  has  indeed  been  affirmed  on 
the  ground  that  the  stars  display  a  marked  southerly  drifl 
in  declination.  This  drift  is  assumed,  by  Lau,  to  arise 
from  some  systematic  error  in  the  micrometer  observa- 
tions. While  the  existence  of  such  an  error  of  appreci- 
able magnitude,  e.g.  0".l  and  of  the  form  assumed  by 
Lau,  seems  to  me  intrinsically  improbable,  I  have  never- 
theless sought  to  control  the  character  of  these  proper 
motions  by  comparing  them  with  others  derived  in  the 
conventional  manner  from  meridian  circle  observations, 


Table  II. 
Difference  of  Centennial  Proper  Motions.    C.-B. 


Stars 

In  R.  \. 

t 

l' 

R.  A. 

Uec. 

Mag. 

c 

B 

C-B 

p.  e. 

i/.-.s'" 

+  20° 

8 

-11.2 

-10.9 

-0.3 

±0.69 

9  22 

+46 

8 

-   0.9 

-   1.2 

+0.3 

±0.75 

l:;    in 

-11 

8 

1   +  2.0 

+  0.9 

+  1.1 

±1.08 

17   11 

+25 

8 

-10.4 

-10.4 

0.0 

±0.3 

20     6 

+21 

7 

+  0.1 

-   0.4 

+0.5 

±0.61 

21  40 

+28 

7 

-    1.1 

-    1.1 

0.0 

±0.66 

22  32 

+  40 

7 

-    1.1 

-   0.7 

-0.4 

±0.96 

23   13 

+  16 

8-8 

I  +  8.0 

+  7.5 

+0.5 

±1.40 

In    Oct. 


B 


+2.8 
-4.8 
-2.4 
-0.1 
-0.7 
-5.5 
-1.3 
-7.3 


C 


+  4.3 
-5.3 
-0.7 
-0.3 
-1.0 
-6.0 
-1.1 
-6.4 


C-B 


-1.5 
+  0.5 
-1.7 
+  0.2 
+  0.3 
+0.5 
-0.2 
-0.9 


p.  e. 


±0.88 

±1.07 

±0.89 

±0.3 

±0.62 

±0.56 

±0.76 

±1.05 


and   therefore   presumably   free   from   the   alleged   error 
peculiar  to  observations  with  a  filar  micrometer. 
The  accompanying  Table  II,  presents  such  a  comparison 


of  all  cases  in  which  Boss's  P.G.C.,  contains  the  proper 
motion  of  a  C  star.  It  is  of  course  limited  to  the  brighter 
stars,  since  the  P.G.C.  scarcely  reaches  beyond  the  eighth 
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magnitude.  The  probable  errors  of  the  several  deter- 
minations being  known,  I  have  formed  from  them  the  prol  >- 
able  error  of  each  difference  Comstock— Boss. 

The  last  line  of  this  table  represents  a  star  not  in  the 
P.  G.  C.  It  is  one  of  the  comparison  stars  whose  proper 
motion  I  have  derived  from  the  star  catalogues  using 
Boss's  systematic  corrections  and  weights  and  for  which 
a  proper  motion  has  also  been  found  micrometrically. 
The  comparison  is  between  the  two  proper  motions  thus 
obtained. 

While  the  data  here  furnished  are  very  limited,  they 
suffice  to  show  that  in  thirteen  out  of  sixteen  cases  the 
actual  difference,  C-B,  is  less  than  the  probable  error  of 
its  determination.     The  mean  values  of  this  difference; 

In  R.A.,  C-B  —  +  0".  17  ±0".32.     In  Dec.  C-B  =  -0".35±0   28 

lend  little  support  to  the  claim  of  an  appreciable  sys- 
tematic difference  between  the  proper  motions  C  and  B. 
They  admit,  however,  the  supposition  of  a  small  southerly 
drift  in  C  not  shown  by  B  and  to  test  further  this  possi- 
bility, I  have  divided  that  part  of  the  sky  within  which 
my  observations  are  comprised,  into  seven  regions  of 
approximately  equal  area  and  within  each  region,  I  have 
formed  the  mean  value  and  the  median  value  of  the  cen- 
tennial proper  motion  in  declination  for  all  stars  included 
between  the  magnitudes  7.0  and  9.0.  From  Boss'  P.G.C., 
I  have  formed  similar  quantities  based  upon  all  stars  there 
designated  as  fainter  than  the  magnitude  7.0  and  a  com- 
parison of  these  quantities  is  contained  in  the  following 
Table  III.  The  individual  areas  P,  2,  4,  etc.,  are  herein- 
after defined  in  connection  with  the  discussion  of  the  sys- 
tematic motions  of  the  faint  stars. 


Table  III. 

Centennial  Motion  i\  Declination. 


Comstock 

Region 

Stars      Mean 

Median  |    Q 

Stars 

Mean    |  Median  |    Q 

P 

13 

+  0.3 

4-0.4 

2.2 

:;:. 

-    0.8 

-0.7 

0.7 

2 

10 

-1.4 

-0.4 

0.8 

34 

-    7.3 

-3.8 

0.3 

6 

14 

-1.7 

2.  I 

o.:; 

13 

-    3. <i 

-1.2    0.4 

10 

S 

-2.5 

-'2.3 

!).:; 

11 

-  10.2 

-3.1     0.1 

14 

i 

-1.6 

-1.4 

0.4 

10 

-   4.4 

-3.0    0.4 

is 

9 

-0.6 

-0.1 

0.8 

13 

-0.3     0.5 

22 

15 

70 

-1.0 

-0.7 

(i.l 

17 
133 

-   0.1 

-1.3 

0.5 

An  inspection  of  this  table  suffices  to  show  that  there 
is  in  fact  a  marked  southerly  drift  shown  by  the  stars  of 
both  categories  and  numerically  it  is  of  greater  amount 
in   the  B  stars  than  in  ('.     A  partial  explanation  of  this 


numerical  excess  lies  in  the  fact  that  on  the  average  the 
B  stars  are  about  a  magnitude  brighter  than  the  C's. 
They  are  also  in  considerable  part,  stars  to  which 
attention  has  been  attracted  by  the  tact  of  large  proper 
motion  while  the  C  stars  are  more  nearly  typical  of  all 
stars  of  like  magnitude. 

The  quantities  designated  in  the  table  by  the  symbol 
Q  are  the  quotients  obtained  by  dividing,  in  each  area, 
the  number  of  stars  moving  north  by  the  number  moving 
south  and  the  generally  smaller  values  of  Q  associated 
with  the  Boss  stars  indicate  that  the  percentage  of  south- 
erly moving  stars  is  certainly  not  greater  in  C  than  in  B. 
Combining  these  results  with  those  above  derived  from 
the  comparison  C-B,  I  conclude  that  any  systematic 
difference  that  may  here  exist  is  so  small  as  to  he,  for  the 
present,  of  negligible  consequence. 

Disregarding,  now,  all  questions  of  probable  error  or 
precision  in  the  motions  attributed  to  the  C  stars,  let  it 
he  assumed  that  these  motions  are  largely  or  wholly 
fictitious,  e.g.,  due  to  erroneously  assumed  proper  motions 
of  the  comparison  stars.  We  should  expect  to  find  in  this 
case  a  chaotic  body  of  small  apparent  motions.  Any  trace 
of  law  or  order  manifested  by  these  motions  when  taken 
collectively  is  in  some  measure  opposed  to  the  assumption 
above  made,  and,  if  these  motions  be  found  to  show  in 
large  measure  those  systematic  features  that  are  known 
to  exist  among  the  brighter  stars,  there  will  be  created  at 
least  a  iirniiii  facie  case  against  the  unfavorable  supposi- 
tion above  made.  I  proceed  to  consider  some  of  these 
features. 

The  well  marked  southerly  streaming  tendency  of  the 
faint  stars,  above  attested  by  both  B  and  C,  is  easily  sur- 
mised to  be  a  consequence  of  the  solar  motion  through 
space,  since  that  motion  has  a  large  component  directed 
toward  the  north.  Since  determinations  of  that  motion 
have  been  based,  hitherto,  almost  wholly  upon  stars 
brighter  than  the  eighth  magnitude,  it  is  a  matter  of  in- 
trinsic interest  to  seek  such  a  determination  from  fainter 
stars,  e.g.,  those  here  in  question.  The  problem  is  con- 
siderably complicated  by  the  recognized  tendency  of  the 
brighter  stars  to  How  in  certain  determinate  directions 
and  there  is  no  evidence  extant  to  show  in  what  measure 
this  tendency  is  shared  by  the  fainter  stars.  Doe-  the 
two  stream  hypothesis  of  Kapteyn,  or  the  alternative 
unitary  theory  of  Scuwarzschild,  represent  :i  small  eddy 
localized  in  one  part  of  celestial  space  or  does  it  extend 
more  widely,  e.g.,  to  the  region  of  the  twelfth  magnitude 
stars?  Seeking  a  test  of  the  genuineness  of  the  proper 
motion  attributed  to  the  C  stars.  1  have  applied  them  to 
the  above  problems, using  I  hi  second  method  of  Soiiwarzs- 
child,  Gottingen  Nachrichten,  L908,  p.  191,  and  Astr. 
Nachr.No.  1291.  This  method  is  especially  advantageous 
in  the  present  case,  because  of  the  facility  of  its  applica- 
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tion  to  scanty  data  ami  the  comparatively  small  scope 
that  it  affords  to  the  computer's  prepossessions.  Its  ap- 
plication has  been  as  follows: 

Within  a  given  area  of  the  sky  there  is  determined  by 
enumeration  the  relative  number  of  proper  motions, 
pointing  in  determinate  directions,  e.g.,  between  0  and 
10°  of  position  angle;  10° -20°;  20°  -80°:  etc.  From 
these  numbers,  there  are  determined  by  summation  certain 
other-.  /.  which  give  rise  to  two  functions  represented  in 
Schwabzschild's  notation,  bj  the  second  members  of 
the  following  equations: 


L  =  h+k- 


K  =  lth-hl4 


which  contain  the  solution  of  the  problem.  Of  these  /. 
is  a  single  period  ami  K  a  double  period  function  of  the 
position  angle  /'.  reckoned  from  0°  to  360°,  such  that  the 
value  of  j>  for  which  /.  =  0,  p  =  dx,  denotes  the  direction 
of  the  apex  of  solar  motion,  and  the  values  of  />  for  which 
A"  =  0.  ]>  =   0...  tix  the  direction-  of  -tar  drift. 

It  will  appear  from  the  above  that  the  positions  of  apex 
and  vertex  are  to  be  determined  by  means  of  their  direc- 
tions from  certain  areas  within  which  proper  motions 
are  grouped  and  enumerated.  It  is  therefore  a  matter  of 
importance  to  define  the  exact  point  within  each  area  to 
which  the  proper  motion  and  the  resulting  0O,  0i,  shall  be 
a— umed  to  relate.  Further,  it  is  desirable,  if  possible, 
to  reduce  each  observed  proper  motion  to  tins  assumed 
origin.  That  pari  of  the  sky  within  which  my  data  lie 
ha-  been  divided  into  seven  regions  of  approximately  equal 
area,  which  are  designated  by  the  following  symbols, 
viz.:  P  represents  that  part  of  the  sky  lying  north  of  the 
parallel  of  declination  4~>  .  The  assumed  origin  for  this 
area  is  the  pole.  2  represents  that  part  of  the  sky  south 
of  declination  45°  lying  between  0h  and  4h  of  right  ascen- 
sion. The  a— ume. 1  origin  has  the  co-ordinates  a  =  2h, 
5  =  0°.  6  represents  the  similar  area  included  between 
ttsion,  with  origin  at  a  =  0'\  5  =  0°. 
The  remaining  areas,  10,  14.  IS,  22.  are  similarly  denned. 
In  place  of  each  observed  proper  motion,  1  have  sought 
to  substitute  the  motion  of  a  star  situated  at  the  origin, 
and  moving  along  a  right  line  parallel  to  the  path  of  the 
real  -tar.  To  determine  the  apparent  direction  (position 
of  motion  along  the  line  thus  defined,  there  i-  re- 
quired, in  general,  a  knowledge  of  the  proper  motion 
velocity  and  parallax  of  the  observed  star,  and  since  the 
last  tv  wholly  unknown,  recourse  must  be  had 

to  hypothesis,  viz:  that  the  mean  radial  velocity  of  the 
-  zero,  and  that  this  mean  value  may  hi'  substituted 
for  the  actual  value  in  each  case  without  causing  serious 
matic  error  in  the  final  result.  1  shall  not  here  dis- 
cuss  the  legitimacy  of  this  assumption,  but  adopt  it  pro- 
visionally as  the  best  available  approximation  to  the  truth. 
When   the  radial   velocity   is  zero,   the  effect    of  parallax 


disappears  from  the  problem  and  we  have  the  following 
formula'    by    which   to    pass   from    the    observed    proper 

motion  to  the  equivalent  motion  of  a  -tar  situated  at  the 
origin  of  the  given  area.  bit  .1'  and  //  denote  the  ob- 
served centennial  proper  motions  expressed  in  seconds 
of  arc  of  a  great  circle;  a  and  5  the  equatorial  co-ordinates 
of  the  star;  a,  the  right  ascension  of  the  assumed  origin; 
p  the  position  angle  of  the  reduced  proper  motion: 
Then 

For  the  area  P, 

tan   6  =  A.'/jy  sin  8  p  =  180°  +  a  -  8 

For  the  other  areas 

A'  cos  (a0  —  a)  .      . 

tan  p  =   =-, h  tan  8  sin  (au  —  a) 

l>   cos  <5 

By  means  of  these  formulae,  and  auxiliary  tables  based 
upon  them,  I  have  obtained  tiie  value  of  /;  corresponding 
to  each  proper  motion  employed  and  these  values  con- 
stitute the  basis  of  the  following  resirlts.      I  have  rejected 

from  the  data  to  lie  employed  for  the  present  purpose 
even'  star  for  which  the  probable  error  of  the  direction  of 
the  observed  proper  motion  exceeds  45°.  This  criterion 
excludes  principally  those  stars  whose  proper  motion  is 
exceptionally  small  and  to  some  extent  constitutes  a  pre- 
which  impairs  the  representative  character  of  the 
data.  Quantitatively,  however,  this  effect  is  small  since 
only  5  per  cent,  of  the  data  otherwise  available,  has  been 
thus  rejei 

My  original  purpose  was  to  divide  the  data  into  two 
parts,  stars  brighter  than,  and  stars'  fainter  than  the 
magnitude  10.0,  and  to  seek  from  each  of  these  parts  an 
independent  determination  of  the  apex  and  vertex  of 
stellar  motions.  This  has  been  done,  but  it  appears  in 
the  solution  that  the  preferential  stellar  motion  that  de- 
termines the  vertex  is  much  less  pronounced  in  its  effect 
than  is  the  solar  motion  and  I  therefore  present  here  two 
determinations  of  the  apex,  made  as  above  indicated,  but 
only  a  single  solution  for  the  vertex.  These  solutions  are 
based  upon  the  total  data  available,  viz.  three  hundred 
and  fifty-three  stars  whose  proper  motions  depend  upon 
micrometer  measures  and  one  hundred  and  twenty-six 
-tars  fainter  than  the  seventh  magnitude,  which  have  been 
used  as  comparison  stars  and  whose  proper  motions  are 
in  a  ie\\  eases  taken  from  the  P.  G.  C.  (Boss)  but  have 
for  the  most  part  been  derived  by  myself. 

The  values  of  L  and  K,  upon  which  the  solutions  de- 
pend, are  pre-,  nted  graphically  (without  any  adjustment 
OOthing)  in  the  accompanying  plate  in  which  ab- 
represenl  position  angles  and  ordinates  the  cor- 
responding values  of  /.  and  K.  Only  that  part  of  the 
curve  lying  between  position  angles  270°  and  90°  is  here 
shown,  since  from  the  nature  of  the  data,  the  part  lying 
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between  90°  and  270°  is  a  mere  repetition  of  the  first  half; 
with  altered  sign  in  the  case  of  L.  The  symbols  printed 
at  the  left  of  the  plate,  represent  the  regions  to  which  the 
several  curves  relate.  The  numbers  printed  at  the  right 
of  each  region  represent  respectively  the  number  of  5i  irs 
brighter  than  and  fainter  than  the  tenth  magnitude,  whose 
proper  motions  enter  into  the  determination  of  the  L 
curves.  Their  sum  gives  the  corresponding  number  upon 
which  the  K  curve  is  based.  All  of  the  L  curves  are  com- 
parable  one  with  another  in  respecl  of  amplitude,  since 
the  numbers  furnished  directly  by  the  data  have  been 
multiplied  by  a  factor  containing  thenumber  of  stars,  n, 
as  a  divisor.  Similarly  the  K  curves  have  been  made 
comparable  through  multiplication  by  a  factor  contain- 
ing the  inverse  square  of  n*.     A  smooth  curve,  not  hen1 

*  Through  an  error  of  draughting,  discovered  too  late  for  remedy, 
the  ordinates  of  the  A'  curve  for  the  area  10  are  given  in  the  plate 
only  one-half  of  their  true  value.  This  error  has  no  effect  upon 
the  value  of  dQ  furnished  by  the  curve. 


reproduced,  has  been  made  to  conform  as  nearly  as  may 
be  to  the  plotted  lines  of  the  figure  and  the  points  at  which 
this  curve  cuts  the  x-axis,  furnish  the  values  of  0i  (apex), 
and  ft,  (vertex)  given  in  the  following  Table  IV.  There 
are  included  in  this  table,  values  of  certain  other  functions 
P/h  ,  $/a,  for  which  see  Schwarzschild,  loc.  cit. 

Table  IV. 

Data  for  the  Determination  of  Apex  and  Vertex. 

Stars  7.0  -  10.0.     Magnitude. 


Region 

P 

2 

6 

10 

14 

18 

22 

** 

65 

1:1 

38 

26 

25 

32 

42 

Mean  Man. 

8.6 

8.4 

87 

8.8 

8.7 

8.6 

8.4 

0! 

277° 

330° 

339° 

25° 

38° 

4° 

325° 

PJM 

l.s 

1.7 

1.7 

1.1 

1.4 

1.6 

1.5 

Stars  10.0  —  13.     Magnitude. 


Mean  Mag. 
0, 


34 

33 

26 

26 

25 

35 

11.0 

10.9 

11.3 

11.0 

11.3 

11.2 

287° 

325° 

5° 

21° 

12° 

11° 

3.0 

1.8 

1.4 

1.3 

0.9 

1.0 

Stars  7.0  —  13.     Magnitude. 


** 

99 

82 

64 

52 

50 

131 

can  Mag. 

9.4 

9.4 

9.7 

9.9 

10.0 

9.8 

00 

272° 

250° 

124° 

112° 

153° 

fi/a 

0.66 

0.69 

0.73 

0.67 

0.73 

24 
11.0 
358° 

1.1 


66 

9.3 

236° 

0.59 


An  inspection  of  the  plate  will  show  that  in  the  region  P, 
both  curves  representing  the  function  L  are  very  flat 
(small  amplitudes),  and  that  their  intersections  with  the 
.r-axis  and  the  values  of  0i  dependent  upon  this  inter- 
section are  ill  determined.  The  value  of  f)/h  is  also  ab- 
normally great.  Corresponding  to  this  condition,  we  find 
from  all  the  data  that  the  position  of  the  apex  furnished 
both  by  the  brighter  and  by  the  fainter  stars  taken  sepa- 
rately, falls  within  the  area  P  and  accounts  for  the  small 
effect  of  the  solar  motion  there  manifest.  A  similar  con- 
dition with  respect  to  K  obtains  in  the  areas  6  and 
IS  (position  of  the  vertex),  where  it  has  been  necessary 
to  unite  the  two  areas  in  order  to  obtain  any  adequate 
representation  of  the  curve.  The  resultant  curve  is 
plotted  for  the  area  is.  The  curve  for  the  area  6,  although 
shown  in  the  plate  is  omitted  from  the  following  dis- 
cission. Since  the  origins  of  these  areas,  6  and  18, 
are  at  diametrically  opposite  points  of  the  sky,  it  is 
evii hait  that  they  must  present  a  similiar  distribution 
of  proper  motions  if  the  actual  motions  of  the  stars  in  the 
two  anas  are  not  essentially  unlike,  viz.:  we  should  ex- 
pect to  find  satified  for  both  0O  and  0i  the  purely  geo- 
metrical   relation, 

ft  +  01S  =  360° 
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with  similar  relations  for  every  pair  of  opposite  ureas. 
The  extent  to  which  this  a  priori  condition  is  satisfied  by 
the  data  in  hand,  is  shown  in  rable  \  .  which  contains  the 
sums  of  corresponding  0's  as  given  in  Table  IV.  The  value 
of  0]  for  all  stars  is  a  weighted  mean  of  the  separate  results 
furnished  by  the  stars  brighter  and  fainter  than  the  tenth 
magnitude,  the  weights  being  made  proportional  to  the 
number  of  stars  entering  into  each  determination. 

Table  V. 

Similarity  of  Stellar  Motions  on  Opposite  Sides  of 
thk  Earth. 


Regions 

"i 

0, 

Bright 

Faint 

All 

All 

24   11 

(i+lS 

10  +  22 

368 
343 
350 

337° 
376 
379 

358°    I 
358 

302 

362° 
360 

The  discordances  from  the  theoretical  value  of  360°  are 

here  so  small  that  I  regard  it  as  legitimate  to  assume  a 
similar  distribution  of  proper  motions  upon  opposite  sides 
i  Earth,  and  to  unite  in  a  single  result  for  the  K 
curve  the  data  furnished  by  the  regain-  is  and  6,  the 
position  angles  in  the  latter  case  being  subtracted  from 
360°. 

By  the  methods  of  Schwarzschild,  I  have  derived  from 
the  data  of  Table  IV.  c. i-ordinates  of  the  apex  of  solar 
motion  and  of  the  vertex  of  stellar  motion-  a-  i-  shown  in 
Tables  VI  and  VII.  Unit  weight  was  assigned  to  each 
value  of  0  employed.  These  tables  also  contain  the  re- 
sults of  all  other  investigations  of  these  motions  that  are 
known  to  me  as  having  been  made  by  like  methods. 

Table  VI. 
Determinations  ok  the  Apex. 


Rel    \- 

** 

Mag. 

A 

l) 

;, 

/, 

V2£ 

1 

2375 

5. 

268° 

+  26° 

19° 

22° 

1.24 

2 

3934 

7. 

200 

+  33 

25 

27 

0.99 

3 

L327 

8. 

281 

+  30 

33 

15 

1.92 

1 

270 

s.o 

280 

+  58 

55 

23 

1 .00 

5 

203 

11.1 

288 

+  71 

09 

23 

1.22 

Table  VII. 

1  >l    I  ERMIN  \  1'liiNs    OF    THE    \  I 


Ref.  No. 

** 

Mag. 

.1 

D 

/ 

■ 

B/A 

1 

2375 

0. 

276' 

-  7° 

352 

+   2° 

0.56 

2 

3934 

7. 

27:; 

-  6 

:;:,! 

+   3 

0.07 

:; 

L327 

s. 

266 

-24 

332 

(1 

0.17 

1  &  5 

179 

0.7 

277 

2S 

334 

-10 

0.02 

The  reference  numbers  in  Tables  VI  and  VII  have  the 
following  meanings: 

1.  lit  dolph's  discussion  of  the  Bradley  stars.  Ast. 
Nach.  Xo.  4369. 

2.  Schwarzschild's  application  of  his  first  method  to 
the  Groombridge  catalogue.  Gottingen  Nachrichten,  1907, 
p.  til  I. 

3.  Beljawski's  treatment  of  the  Porter  Catalogue  of 
Proper  Motion  Stars,  Astr.  Nach.  No.  4291. 

!-•">.  The  brighter  and  fainter  stars,  (',  discussed  in 
this  paper. 

The  stellar  magnitudes  assigned  to  Nos.  1,  2,  and  3,  as 
mean  values  are  (inly  crude  estimates,  but,  presumably, 
they  will  suffice  to  arrange  the  several  determinations  in 
the  order  of  the  average  brightness  of  the  stars  upon  which 
they  depend. 

The  precision  with  which  apex  and  vertex  are  here  de- 
termined from  the  C  stars,  Nos.  4  and  5,  may  be  inferred 
in  some  incisure  from  Table  VIII.  Bach  observed  value 
of  di  or  #„  represents  a  great  circle  drawn  from  the  origin 
in  question  toward  apex  and  vertex  respectively,  and  in  the 
ideally  perfect  case  these  several  great  circles  should  meet 
in  a  common  point.  I  have  computed  the  angular  dis- 
t  nice  of  the  adopted  apex  and  vertex  from  each  great 
circle  used  in  its  determination  and  these  distances  are 
shown  as  residual  errors  in  Table  VIII. 

Table  VIII. 
Residual  Errors. 


Ill-I'lll 

Apex  from  Stars 

Vertex 

7.0-10.0  Mag. 

10.0-13.  Mag, 

7  -Mag.-  13  Mag. 

p 

3° 

1° 

5° 

2 

1 

10 

9 

0 

12 

11 

10 

0 

8 

0 

14 

7 

6 

7 

18 

2 

4 

0 

22 

9 

11 

0 

If  the  twenty-five  or  fifty  or  one  hundred  proper  motions 
included  within  each  area  were  in  any  large  measure 
illusory  or  fictitious,  they  might  through  accident  indicate 
a  point  of  convergence  that  could  be  recognized  as  the 
apex  or  vertex  of  stellar  motions.  It  seems  hardly  within 
the  limits  of  credibility  that  the  several  areas  should  by 
chance  agree  upon  the  position  of  apex  and  vertex  in  any 
thing  like  the  measure  shown  in  Table  VIII.  It  is  even 
less  credible  that  their  fictitious  determination  of  apex 
and  vertex  should  be  in  even  an  approximate  agreement 
with  the  results  of  other  determinations. 

To  bring  out  more  clearly  the  nature  of  the  discordances 
among  the  results  shown  in  Table  VI,  there  are  given  in 
tli.it  table  under  the  headings  \,/3,  the  galactic  co-ordinates 
of  the  several   positions  assigned  to  the  apex.      It    is  ap- 
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parent  here  that  the  discordance  is  wholly  in  galactic 
longitude,  the  latitudes  being  in  good  agreement.  The 
progressive  increase  in  the  value  of  X  with  diminishing 
brightness  of  the  stars  from  which  it  is  determined  was 
pointed  out  by  me  seven  years  ago  as  indicated  by  the 
material  then  available,  viz..  before  any  of  the  discussions 
here  utilized  had  appeared.  (Publications  of  the  Astrono- 
mical and  Astro-physical  Society  of  America,  Vol.  I,  p.  270). 
See  also  B.  Boss,  Astr.  Jour..  649-650,  p.  15,  where  a 
like  result  is  reached  from  other  data.  A  somewhat  similar 
case  is  presented  by  the  determinations  of  the  vertex  where 
stars  of  diminishing  brightness  seem  to  furnish  approxi- 
mately the  same  galactic  latitude,  associated  with  a  pro- 
gressively diminishing  longitude  of  the  direction  of  prefer- 
ential motion.  While  it  is  possible  to  regard  these  vary- 
ing longitudes  as  the  result  of  accidental  error,  it  seems  at 
least  equally  plausible  to  consider  them  as  a  real  effed  of 
systematic  differences  between  the  motions  of  the  nearer 
and  the  remoter  stars,  e.g.,  the  influence  of  a  group  of  stars 
relatively  near  the  Earth  and  possessing  a  common  motion 
in  the  plane  of  the  galaxy. 

The  last  column  in  Table  VI  represents  under  the  rubric 

V2-^  the  concluded  ratio  of  the  Sun's  linear  velocity  to 

the  mean  component  of  stellar  velocity,  perpendicular  to 
the  line  of  preferential  motion.  The  quantity  B\ A  in  the 
last  column  of  Table  VII  gives  the  concluded  ratio  of  the 
components  of  stellar  velocity  perpendicular  to,  and 
parallel  to,  the  line  of  preferential  motion,  i.e.,  it  is  a  num- 
erical measure  of  the  amount  of  preference  for  motion 
along  the  line  of  vertices.  The  general  agreement  of  these 
quantities  among  themselves,  with  possible  exception  of 
No.  3,  Table  VI.  is  eminently  satisfactory.  It  apparently 
indicates  that  the  preferential  motion  is  about  equally 
manifest  in  all  stars  down  to  the  twelfth  or  thirteenth 
magnitude  and  that  the  linear  velocities  of  the  telescopic 
stars  are  not  markedly  different  from  those  of  the  lucid 
stars.  This  conclusion  is  distinctly  an  unexpected  one, 
since,  a  priori,  it  would  seem  probable  that  the  fainter 
stars  are  on  the  whole  of  smaller  mass  and  greater  velocity 
than  the  larger  ones.  The  observed  fact  is,  however,  in 
agreement  with  Campbell's  latest  conclusion  drawn  from 
radial  velocities.     L.  0.  Bulletin,  No.  L96-. 

The  investigations  summarized  in  Tallies  VI  and  VII 
are  the  only  ones  known  to  me  as  having  been  executed 
by  the  method  here  adopted.  Their  inter-comparison 
seems  more  legitimate  than  the  comparison  of  any  of  them 
with  results  otherwise  obtained,  although  they  are  not 
entirely  homogeneous  in  character  among  themselves;  i.  e. 
it  is  not  apparent  that  they  depend  upon  identical  values 
of  the  precession  constant.  I  have  used  the -precession 
constant  adopted  by  Ross  for  the  /'.  G.  C .,  without  at- 
tempting to  correct  it.      It  appears  indeed  from  the  data 


that  do  sensible  correction  is  required  since,  of  the  stars 
lying  outside  the  polar  zone,  P,  203  give  negative  values 
of  the  proper  motion  in  right  ascension,  207  give  positive 
values,  and  3  values  are  zero. 

The  foregoing  discussion  of  the  apex  and  vertex  of 
stellar  motions  has  been  based  wholly  upon  the  directions 
in  which  the  observed  proper  motions  point,  and  all  con- 
sideration of  the  amount  of  the  proper  motions  has  been 
omitted.  We  may  therefore  appeal  to  the  average  amount 
of  the  observed  proper  motions  as  a  further  criterion  of 
their  genuineness.  Although  the  opinion  seems  to  be 
widely  held  that  for  stars  fainter  than  the  ninth  magni- 
tude, the  proper  motions  are  generally  inappreciable, 
evidence  to  the  contrary  has  long  been  available.  A 
cogent  presentation  of  this  evidence  was  made  twenty 
years  ago  by  Auwers,  who  showed  in  the  Introduction 
to  the  Berlin  volume  of  the  A.  G.  Zones,  +15°  to  +20° 
Declination,  p.  (141),  that  from  the  second  to  the  seventh 
or  eighth  magnitude,  the  mean  value  of  the  product, 
stellar  magnitude  X  proper  motion  is  nearly  constant, 
i.  e.,  m/j.  =  C.  Extrapolating  this  relation,  Auwers  there 
estimates  the  mean  proper  motion  of  the  tenth  magni- 
tude stars  at  4"  per  century.  Surely  an  appreciable 
quantity.  I  have  employed  the  material  here  available 
as  a  control  upon  Auwers'  extrapolation  and  I  give  below 
the  values  of  inn  furnished  by  the  C  stars,  when  classified 
by  magnitudes.  There  is  also  given,  in  somewhat  con- 
densed form,  the  data  upon  which  Auwers'  conclusions 
were  based.  Minute  precision  seems  to  be  unnecessary 
here,  since  neither  the  proper  motions  nor  the  magnitudes 
used  by  Auwers  can  be  assumed  exactly  to  conform  to 
the  Boss-Harvard  system  here  employed. 

Table  IX. 
Relation  of  Proper  Motion  to  Magnitude. 


Mag. 

Xo.  of  Stars 

Mean  in  ft 

1  ,    1!  ejected 

Authority 

2.3 

74 

26" 

6 

Auwers 

:i.  1 

175 

31 

11 

4.0 

111 

32 

11 

4.3 

106 

33 

8 

1.7 

166 

30 

8 

5.1 

450 

32 

7 

5.6 

1S7 

31 

8 

5.8 

242 

37 

8 

0.0 

531 

33 

6 

6.3 

152 

35 

(i 

6.8 

H0O 

37 

6 

7.4 

172 

37 

9 

7.:. 

43 

40 

14 

(    OMSTOCK 

8.5 

99 

42 

12 

9.5 

111 

32 

3 

10..", 

108 

32 

5 

1 1 .5 

71 

34 

4 

12.:. 

41 

37 

0 

56 


THE     VSTHONOM 1C AL    JOURNAL 


V  655 


The  firsl  column  of  the  above  table  gives  the  mean 
stellar  magnitude;  the  second,  the  number  of  stars  in- 
cluded in  this  mean;  the  third  the  value  of  the  product  of 
mean  magnitude  and  mean  centennial  proper  motion 
found  l>\  \i\\i.i;>  and  the  mean  value  of  magnitude 
multiplied  by  proper  motion  For  Comstock.  In  forming 
mean  values,  a  certain  number  of  stars  with  abnormally 
large  proper  motions  were  rejected  and  the  number  of 
such  rejections  for  each  group  of  stars  is  shown  in  the 
fourth  column  as  a  percentage  of  the  total  data  available. 
The  criterion  by  which  proper  motions  are  to  be  rejected 
as  "abnormally  large"  is  somewhat  arbitrary  and  for  the 
sake  of  uniformity,  1  have  followed  that  adopted  by 
Ai  \\  i  bs,  viz.  a  value  of  hill  exceeding  120".  While  the 
individual  line-  of  the  table  present  considerable  irregu- 
larity in  the  number  of  stars  rejected,  in  the  mean  the  lucid 
and  telescopic  stars  agree  in  showing  aboul  seven  percent- 
of  proper  motions  designated  as  abnormal  bythe  criterion 
here  adopted. 

Auwehs  interprets  his  data  as  indicating  a  progressive 
increase  in  the  values  of  mp.  with  diminishing  brightness 
of  the  stai's  and  this  view  is  not  inconsistent  with  the  sup- 
plementary data  presented  above,  provided  this  product 
be  assumed  to  reach  a  maximum  at  about  the  eighth  magni- 
tude. It  is  perhaps  equally  proper  to  regard  the  product 
in ll  as  constant,  at  least  from  the  fifth  to  the  twelfth 
magnitude,  and  to  assign  it  a  mean  value  of  35"  ±1". 
The  larger  values  of  rn.fi  associated  with  stars  of  the  eighth 
magnitude  may  be  due  to  the  fact  that  a  considerable  part 
of  these  proper  motions  have  been  taken  from  Boss's 
/'.  G.  ('..  and  have  heen  there  included  because  a  proper 
motion  greater  than  the  average  has  attracted  attention 
to  the  stars  and  caused  them  to  lie  observed;  i.e.  Boss's 
faint  star-  possess  proper  motions  that  are  not  typical. 
A  similar  influence  may  well  be  present  in  the  Atjwers 
of  the  seventh  magnitude,  while  it  is  certainly  absenl 
in  the  stars  brighter  than  the  fifth  and  fainter  than  the 
ninth  magnitude.  It  should  perhaps  lie  here  emphasized 
that  the  stars  to  l>e  included  in  my  observing  programme 
were  selected  solely  upon  the  ba  is  of  available  early  ob- 
servations, usually  those  of  \Y.  Strtjve  and  <  >.  Strtjve, 
who  cannot  l.e  supposed  to  have  been  influenced  in  their 
choice  by  considerations  of  proper  motions  of  the  faint 
ore  no  initial  Mas  here  toward  stars 
of  large  proper  motion.  In  fact  the  rejection  of  the  ab- 
normally large  motions,  noted  above,  may  have  produced 
a  slight  uncompensated  tendency  in  the  opposi 
Whatever  view  may  he  adopted  with  respect  to  minor 
variations  in  hill  it  can  hardly  he  doubted  that  over  a  wide 
range  of  magnitudes  there  is  approximate  constancy  in 
this  product.  If  the  proper  motions  of  the  <  stars  are 
regarded  as  in  the  main  fallacious,  it  seems  remarkable  that 
in  poi:  rritude  they  i  and  num- 


ericallj  reproduce  the  law  exhibited  by  proper  motions 
whose  genuineness  has  not  been  questioned.     Assuming 

the  relation  in /x  =  ('  to  he  established  and  assuming 
further  that,  on  the  whole,  faint  and  bright  stars  possess 
equal  linear  velocities,  as  seems  to  lie  indicated  in  the  last 
column  of  Table  VI,  we  are  brought  to  the  conclusion  I  hat 
these  faint  stars  are  much  less  remote  than  has  hitherto 
been  supposed;  i.e.  stellar  distance  is  upon  the  average 
approximately  proportional  to  stellar  magnitude!  This 
resull  seems  so  improbable  that  it  may  well  be  held  under 
advisement  until  additional  evidence  is  available. 

I  have  further  employed  the  relation  mix  =  C  in  ex- 
amining the  frequency  law  of  distribution  of  proper 
motions  among  the  approximately  five  hundred  faint 
stars  available.  The  frequency  curve  is,  of  necessity,  ill 
determined  at  the  ends,  i.e.  for  very  large  and  very  small 
values  of  mix  but  with  due  allowance  for  this  uncertainty 
it  may  be  inferred  from  the  plotted  curve,  not  here  re- 
produced, that  the  value  of  hill  most  frequently  occuring 
(the  mode)  is  not  far  from  15"  and  that  approximately  one- 
half  of  the  stars  show  values  of  mix  greater  than  35";  e.  g., 
for  stars  of  the  tenth  magnitude,  the  mode  for  proper 
motion  is  1".5  per  century,  and  approximately  one-half 
of  the  tenth  magnitude  stars  possess  proper  motions 
greater  than  3". 5  per  century. 

Eight  years  ago,  I  based  upon  the  evidence  furnished 
by  only  sixty-seven  stars,  the  statement  that  the  proper 
motions  of  the  faint  stars  are  of  smaller  amount  in  the 
galaxy  than  in  extra-galactic  regions,  Astron.  Jour.,  No. 
558.  Boss  subsequently  announced  a  similar  result  from 
his  study  of  the  proper  motions  of  the  brighter  stars, 
Astron.  Jour.,  No.  014,  and  Seeliger  has  shown  that  this 
dependence  of  proper  motion  upon  galactic  latitude  stands 
in  close  relationship  with  the  relative  numbers  of  stars 
in  those  regions,  Astr.  Nadir.,  No.  4017.  It  is  indeed 
self  evident  that  if  the  finite  stellar  system  is  of  greater 
extent  in  the  galaxy  than  outside  it,  the  average  distance 
of  galactic  stars  of  a  given  magnitude  should  be  greater 
and  their  average  proper  motion  less,  than  the  corres- 
ponding quantities  for  extra-galactic  stars.  Accepting 
such  a  relationship  as  real,  I  have  applied  it  as  a  further 
test  of  the  genuineness  of  the  proper  motions  of  the  C 
stars  here  under  consideration. 

For  each  of  Seeliger's  /one-  1  1\  defined  by  the 
parallels  of  galactic  latitude   +00°    -  +  70°  -  +  50°  - 

+  30°     ....      -70° 90°,  I  have  found  the  mean 

value  of  m  ii  for  all  C  stars  within  the  zone,  and  these 
means  together  with  the  number  of  stars  upon  which  they 
depend,  n,  are  shown  in  the  firsl  two  lines  of  Table  X. 
The  proper  motions  above  designated  as  abnormally  great, 
are  here  included,  and  to  eliminate  any  undue  effect  that 
they  ma\  exert,  1  have  rejected  from  each  zone  all  values 
of  m n  greater  than  lour  times  the  mean  value  for  the  zone 
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in  question  and  the  zone  similarly  situated  on  the  opposite 
side  of  the  galaxy,  repeating  the  criterion  (never  more 
than  twice),  until  no  further  stars  were  rejected  by  it. 
The  mean  values  of  in  n  obtained  after  this  expurgation, 
are  designated  by  the  symbol  (\  in  Table  X  and  the  num- 
ber of  stars  included  in  each  mean  is  designated  »i-  As 
an  indication  of  the  magnitude  of  the  larger  proper  mo- 
tions, there  is  also  given  at  the  bottom  of  the  table  the 
values  of  my.  rejected  as  abnormally  great. 

Table  X. 
Relation  of  Proper  Motion  to  the  Galaxy. 


Zone 

I        II 

III 

IV 

V        VI 

VII 

Mil 

IX 

Mean 

97" 

73" 

58" 

59" 

36" 

50" 

47"    6 

109" 

n 

14 

13 

82 

99 

IOC 

7s 

57 

26 

3 

c, 

45 

42 

4.-) 

39 

:;i 

37 

41 

49 

109 

>h 

13 

41 

78 

97 

103 

72 

56 

25 

3 

Reject  a 

780" 

908" 
512 

300" 
563 
189 
304 

220"|255" 

is!.",     12] 
...     193 

19(1" 
216 
31 '.7 
192 
207 

397" 

371" 

156 

In  view  of  the  foregoing  exhibit,  there  can  be  little  di  ml  >t 
that  the  product  mjt,  and  the  proper  motions  upon  which 
it  depends,  show  minimum  values  in  the  galaxy,  Zone  V, 
with  an  approximately  symmetrical  increase  upon  either 
side  of  it.  I  have  therefore  united  into  a  single  result  the 
values  of  Ci  furnished  by  pairs  of  zones  symmetrically 
placed  with  respect  to  the  Milky  Way  and  include  these, 
under  the  rubric  &,  in  Table  XI. 

In  order  to  compare  these  results  for  the  dependence 
of  proper  motion  upon  galactic  latitude  with  those  ob- 
tained by  Boss  from  the  stars  of  the  P.  G.  C,  I  have 
plotted  the  data  given  in  Astron.  Jour.,  Vol.  XXVI,  p.  122, 
using  as  abscissae  the  galactic  latitude,  b,  that  bisects  each 
of  Boss's  zones,  and  as  a  corresponding  ordinate,  the  pro- 
duct Mag.  X  mo  as  there  given.  From  the  resulting 
curve,  I  have  read  the  values  of  m/j,  shown  in  Table  XI, 
under  the  rubric  Boss.  These  quantities  are  not  com- 
parable with  the  numbers  C\  of  that  table  since  the  two 
series  involve  and  depend  upon  very  different  definitions 
of  the  abnormally  great  proper  motion.  Boss  has  em- 
ployed a  rather  complicated  criterion  for  the  rejection  of 
large  proper  motions,  which  is  explained  and  illustrated 
at  page  98  of  the  volume  cited.  Assuming  that  his  eight 
illustrative  numbers,  there  given,  are  fairly  typical  of  his 
criterion,  I  have  multiplied  their  mean  value  by  the  mean 
magnitude  assigned  to  his  stars  (16". 6  X  5.7  =  94.62), 
and  obtain  95"  as  the  limiting  value  of  nin  required  in 
order  to  render  C\  comparable  with  Hoss.     Rejecting  from 


the  C  stars  all  those  that  furnish  values  of  in n  equal  to.  or 
greater  than  95",  I  obtain  the  mean  values  shown  in  Table 
XI,  under  the  heading  Cu.  The  agreement  between  these 
numbers  and  those  of  Boss  is  far  too  striking  to  be  attri- 
buted to  chance.  Their  substantial  numerical  agreement, 
although  derived  from  stars  of  very  different  brightness, 
constitutes  further  confirmation  of  the  relation  in /j.  = 
(  'onstant ;  while  the  slight  excess  of  Cn  over  Boss  may  be 
regarded  either  as  confirming  Auwers'  view  that  the 
second  member  of  the  preceding  equation  increases  slowly 
with  diminishing  brightness,  or  as  indicating  that  the 
adopted  limit  of  rejection  for  abnormally  large  proper 
motions,  95",  should  lie  somewhat  reduced.  The  magni- 
tudes of  Boss  being  represented  upon  the  average  by 
larger  numbers  than  those  of  the  Harvard  Scale  would, 
of  themselves,  indicate  that  some  reduction  of  this  limit 
must  be  made  for  the  C  stars  in  order  to  render  comparable 
the  two  series  of  results.  But,  numerically,  the  cor- 
rection is  not  readily  obtainable  and  I  am  constrained  to 
omit  it. 

The  degree  to  which  proper  motions  are  affected  by 
galactic  latitude  is  but  little  dependent  upon  the  limit 
adopted  lor  the  rejection  of  abnormally  great  motions  and 
it  should  be  noted  that  &,  Cu  and  Boss  are  in  good  agree- 
ment in  showing  that  in  the  galaxy,  the  average  proper 
motion  is  but  little  more  than  half  as  great  as  in  high 
latitudes.  Compare  with  this  result  Seeliger's  con- 
clusion, derived  from  enumeration  of  the  B.D.  stars:  De- 
ment sprechened  wiirden  auch  die  mittleren  Eigenbewe- 
gungen,  fi",  wenn  sie,  in  Kilometern  gemessen,  uberall 
gleich  sein  oder  nicht  stark  varireren  wiirden,  nur  kaum 
die  Halfte  betragen  in  der  Milchstrasse,  wie  in  den  Polen. 
loc.  cit. 

Table  XL 
Relation  of  Galactic  Latitude  to  Proper  Motion. 


Zone 

r, 

Cu 

Boss   , 

1     &     IX 

* 

57 

38" 

39 

II         VIII 

44 

38 

38 

III       VII 

43 

37 

36 

IV        VI 

38 

33 

30 

V 

31 

26 

22 

In  form,  the  preceding  discussion  relates  largely  to  the 
character  that  should  be  attributed  to  the  observed 
motions  of  some  five  hundred  faint  stars.  Are  these 
motions  in  the  main  fictitious,  reproducing  only  outstand- 
ing errors  of  observation  and  discussion;  are  they  orbital 
in  character,  e.g.,  due  to  the  attraction  of  neighboring 
stars;  or  are  they  the  undisturbed  motions  of  independenl 
bodies,  such  as  are  connoted  by  the  term  proper  motion. 
It  is  not  improbable  that  the  first  two  alternatives  above 
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stated,  find  expression  among  the  motions  of  the  C  stars, 
but  thai  they  constitul  iderable  portion  of  these 

motions  seems  wholly  inconsistent  with  the  evidence 
adduced  above  and  recapitulated  in  the  following  summary  . 
At  least  this  evidence  should  place  upon  the  skeptic  the 
ome  proof  for  his  case  other  than  such  genera- 
lities as  have  alone  been  used  hitherto,  e.i/..  "When  as 
usually  happens,  the  measures  of  small  stars  in  the  field 
give  a  more  or  less  different  movement  from  that  taken 
from  the  star  catalogues,  i1  would  he  manifestly  absurd 
and  in  effect,  begging  the  whole  question;  to  ascribe  the 
difference  to  the  proper  motion  of  the  faint  star."  Is  it 
not  equally  begging  the  question  to  assume  that  the  faint 
stars  are  motionless?  Proof  is  equally  required  for  either 
alternative  and  the  nature  of  the  evidence  here  offered 
may  he  put  into  the  words:  If  these  proper  motions  were 
as  absurd  as  is  above  suggested,  any  systematic  discussion 
of  them  should  lead  to  absurd  and  chaotic  results.  Such 
is  not.  however,  the  fact,  and  I  am  unable  to  reconcile  with 
oregoing  discussions  any  doubt  as  to  the  substantial 
genuineness  of  these  motions  and  their  representative 
character  with  respect  to  stellar  motion  in  general.  ( ion- 
ceding  them  to  be  genuine  and  typical  they  lead,  in  part, 
to  the  following  conclusions: 

Summary. 

1.  (tut  of  live  hundred  stars  included  between  the 
seventh  and  thirteenth  magnitudes,  that  have  been  ob- 
served for  propel  motion,  approximately  seventy-five  per 
cent  yield  sensible  proper  motions. 

'_'.  These  proper  .motions  are  referred  to  the  system  of 
Boss'-  Catalogue  and  possess  a  pre- 

cision but  little  inferior  to  those  of  the  fainter  stars  of  that 
catalogue. 

3.  These  proper  motions  confirm  and  extend  from 
the  lucid  stars  at  least  to  the  twelfth  magnitude  the  rela- 
tion, that  in  the  mean,  the  amount  of  proper  motion  is 
inversely  proportional  to  stellar  magnitude.  When  seven 
per  cent  of  tin'  proper  motions  are  rejected  as  abnormally 
the  relation  assumes  the  form  m fj.  =  35",  where    n 


i-  the  mean  centennial  proper  motion  and  the  magnitudes, 

m,  for  the  fainter  stars  conform  to  the  Harvard  Scale. 

I.  The  frequency  law  of  distribution  of  the  product 
m  H  for  the  faint  stars  here  considered,  is  such  that  I  lie 
value  most  frequently  occurring  is  15"  and  one-half  of 
all  values  of  the  product  are  greater  than  35".     For  both 

lucid  and  telescopic  Stars  seven  per  cent   of  the  values  ex- 
ceed   L20". 

.">.  The  values  of  the  proper  motions  show  a  marked 
dependence  upon  galactic  latitude.  The  lucid  and  the 
telescopic  stars  agree  in  making  the  mean  proper  motion 
in  high  latitudes  about  twice  as  great  as  in  the  Milky  Way. 

6.  The  telescopic  star-  lien  discussed,  furnish  two 
determination-  of  the  apex  of  solar  motion,  one  from  stars 
fainter  than,  the  other  from  stars  brighter  than,  the  tenth 
magnitude.  These  determinations  are  in  substantial 
agreement  with  the  results  furnished  by  brighter  stars 
when  account  is  taken  of  a  progressive  shift  in  the  galactic 
longitude  of  the  apex,  indicated  by  the  bright  stars. 

7.  The  Sun's  linear  velocity  relative  to  the  telescopic 
stars  is  substantially  the  same  as  its  velocity  relative  to 
the  lucid  stars. 

8.  The  stars  between  the  seventh  and  thirteenth 
magnitudes  share  in  the  drift  or  preferential  direction  of 
motion  found  for  the  brighter  stars  and  have  approxi- 
mately the  same  line  of  motion  (vertex'. 

9.  The  numerical  amount  of  preference  for  this 
direction  of  motion  is  substantially  the  same  for  bright 
and   faint    stars. 

10.  The  lucid  and  telescopic  stars  have  approxi- 
mately equal  components  of  motion  perpendicular  to  the 
line  of  drift.  They  have  also  equal  components  of  motion 
parallel  to  the  line  of  drift. 

11.  The  linear  velocity  of  stellar  motions  is  substanti- 
ally independent  of  stellar  magnitude. 

12.  The  faint  stars  and  bright  stars  are  parts  of  one 
and  the  same  stellar  system  and  are  in  great  measure  inter- 
mingled, the  faint  stars  being  less  remote  than  has  been 
inferred  from  photometric  considerations. 

Washburn  Observatory,  September,  1913. 
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THE  SECULAR  PERTURBATIONS  OF  THE  FOUR  OUTER  PLANETS, 

By  G.  W.  HILL. 


The  formula'  arrived  at  by  Levekrier  and  Stockwell 
have  never  been  employed  in  the  construction  of  any 
planetary  tables.  This  results  from  their  large  deviation 
from  actuality.  The  question  then  arises  whether  they 
cannot  be  modified  in  such  a  way  as  to  remove,  in  great 
measure,  this  defect.  We  wish  to  escape  from  the  tem- 
porary makeshift  of  developments  in  powers  of  the  time. 
( hrLDEN  and  Poincare  devoted  themselves  to  the  con- 
sideration of  this  matter;  but  the  insistence  on  mathemat- 
ical rigor  leads  to  formula?  so  entangled  that  they  become 
unmanageable.  Large  concessions  must  therefore  be 
made  to  feasability,  although  the  result  may  be  we  shall 
be  accused  of  empiricism. 

Let  <p  be  the  angle  of  eccentricity,  u>  the  orbit  longitude 
of  perihelion,  i  the  inclination  and  6  the  longitude  of  the 
ascending  node.     We  adopt  then  the  variables 

h  =  2  sin  Yup  sin  to.  1  =  2  sin  } ->>p  cos  w,  p  =  2  sin  lo  i  sin  d  , 

q  =  2  sin  J  L.  i  cos  d. 

The  portion  of  the  potential  function  ii,  which  serves 
for  the  determination  of  secular  perturbations  arises  only 
from  the  periodic  developments  of  the  reciprocals  of  the 
distances  between  the  several  planets  considered,  multi- 
plied by  the  product  of  the  masses  at  the  end  of  the  line. 
This  very  limited  portion  is  yet,  in  all  rigor,  a  very  compli- 
cated function  of  the  variables  h,  I,  p,  q.     We,  however, 


make  the  assumption  that  fairly  useful  formula'  for  these 
variables  may  be  obtained  by  supposing  that  Q  consists 
of  two  portions,  one  involving  only  the  It  and  /,  the  other 
only  the  p  and  q;  and  that  each  portion  is  of  a  quadratic 
form  in  its  variables.  These  assumptions  are  not  justified 
unless  we  agree  to  modify  the  constants  involved  in  the 
expressions  in  such  a  way  as  to  bring  about  the  closesl 
agreement  with  actuality. 

Let  the  two  portions  of  H  be  fit  and  —  02,  the  first 
serving  for  the  eccentricities  and  longitudes  of  the  perihelia, 
the  second  for  the  inclination  and  longitudes  of  the  nodes. 
The  differential  equations  satisfied  by  the  variables  h,  I. 
/».  if  are 


dh  _     dOi      dl 
~dl~ C  rJI   '    dt 


dili      dq  _  .  JQ»     dp 

Wi'  di  ~    dp'  ~di 


aa2 


The  C  and  k  are  constants,  but  different  for  each  planet. 
In  the  ordinary  notation,  they  are  expressed  by  the  equa- 


tions 


na 

tup. 


k  = 


inVl 


where,  in  the  latter,  toe  is  attributed  its  mean  value. 

Since  12 1  is  a  symmetrical  function  of  the  //  and  /,  and  il2 
of  p  and  q,  it  is  necessary  to  write  in  Oi  only  the  terms 
involving  the  /.  and  in  il2  only  the  terms  involving  the  p. 
Thus  we  may  put 


<>:  =  1  .,|o  ,  (!]/-•+ 1  ,_,[i  ,  l ]/"-•  +1  ,[2  ,  2]/'"-'   +  1  2[:-]  ,  3]Z"'2 
-     [0,  1]//'  -     [0,2)11"    -      [0,3]ZZ"' 
-     [1  ,  2}l'l"  -     11  ,  3]/7'" 
-     [2  ,  3]l"V" 


"2=  H10  ,  0]p2+^[l  ,  l]p'2  +H12  ,  2]p"2    +V2[Z  ,  3]p'"2 
[0,  \]pp'  -     [0,2]pp"   -     [0,3]pp"' 

[1  ,  2\p'p"  -      [1  ,  Z]p'v'" 
-     [2,3]//'//" 


in  which  it  is  to  be  noted  that  the  constants  denoted  by 
the  integers  in  brackets  are  no1  necessarily  identical  in  Ui 

and  ^...  The  accents  attached  to  the  symbols  are  dis- 
tributed in  the  order  of  Jupiter,  Saturn,  Uranus  and 
Neptune.  The  constants  denoted  by  the  brackets  are  all 
positive. 


Thus  we  can  write  the  differential  equations 


dh 
di 

dh' 


=      c    [0,0]l-c    [0,l]l'-c    [0,2]/" -c    [0,3]Z" 

=  -c'  [0,l]l  +  c'  [l,l]l'-c'  [l,2]l"-c'  [1,3]Z" 

(59) 


till 
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di 

dW" 
di 


=  -c"[0,2]l-c"[l,2]l'  +  c"[2,2]l"      , 

=  -c'"[0.3]/  -r"'[l  ,3F-c'"[2,3  ;.3|/'" 


The  four  equations  giving  the  motions  of  the  /  are  ob- 
tained from  these  bj  interchanging  the  A  and  /  and  revers- 
ing the  sign  of  the  right  members. 

For  the  movement  of  the  q  we  have  the  similar  equations 


I:    [0,0]p  -  I:    [0,l]p'-k    [0,2]p"-  ft    [0,3]p'" 


d< 

(ft 
dfc" 

eft 
dA'" 


[0,011  -  [0,  11/'  -  10,21/"  -  [o.:;|/'" 

-  11.0)/  + [l.U/'-  [1.2]/"  -  |i  .:;]/"' 
=  -  [2.01/-  [2,  11/'  +  12,21/"  -  [2,3]/'" 

-  [3.01/-  [3,  IF  -  [3,2)1"  +  [Z,3]V" 


in  which  it  must  be  borne  in  mind  that  by  inverting  the 
integers  between  the  brackets  we  obtain  a  different 
constant. 

We  must  now  assemble  the  data  on  which  the  following 


dq' 

Tt 

>';■' 
dt 

,/,,"' 
dt 


-A-'   [0,l]p  +  fc'   |l,l)//-/.-'   11.2)//'-  V   H.31//" 


-  A"  |0.21/,  -  »:"  U,2]p'  +  A"  12,21//'  "  k"  |2,3|//" 
-fc'"[0,3]p  -  fc'"[l,3]p'  -   fc'"[2,3]p"  +  fc"'[3,3  p' 


The  equations  for  the  /<  arc  obtained  by  interchanging  the 
/)  and  q  and  reversing  the  sign  of  the  right  members. 

It  is  convenient  to  merge  the  constants  c  and  k  in  the 
constant-  denoted  by  the  integers  in  bracket:  we  shall 
employ  this  abbreviation  and  write  the  preceding  equation 
thus: 


dq 

dt 

<w 

dt 

<lq" 
dt 

,/,/"' 
dt 


[0,0]p  -  |0,  1|//  -  [0.2]//'  -  [0.3|//" 

=  -  [i,0]p  +  []  .Up'-  [1.2]//'-  [1.31//" 

-  [2  ,  0]p  -  [2  ,  1|//  +  [2  .  21//'  -  [2  ,  31//" 
[3,01p-  [3,  Up'  -  [3  ,  2b»"  +  [3  ,  31p'" 


investigation  is  founded.  Adopting,  as  the  epoch,  the 
mean  noon  of  December  31,  1899,  at  Greenwich,  we  have 
the  table  of  clement-  of  the  four  planets 


Recip  ol  l/''- 


Sid.  Mean  Mot. 


Mean  Long. 
at  Epoch 


Eccentricity 


Inclination 


Com.  Log.  a 


Long.  Node 


0 


Saturn 

22869 
.    L9700 


1047.355 
3501.6 


L09256".6152  0.71023320  238°  2'59".41  0.04833560  12°42'43".85  1018'31".89     99°26'32".87 

13996  .0875  0.97967814  266  33  56  .93  0.05588468  91    5  26  .88  2  29  32  .59   112  47  10  .82 

L5424   .8680  1.28312000  244  12  43  ,40  0.04632812  1713439  .9  0  40  20  .02     73  28  58  .3 

7865.6571  L.47811178  84  2931    .72  0.00896745  16  42  19.6  14044.841303923.3 


The  elements  of  I  rrai  ■    and   Veptune,  exclusive  of  the 
masses,  are  derived  from  the  tallies  of  Leverrier.     In 
Newcomb's  tables  of  these  planet-  the  great  inequality 
of  period  4,000  years  is  merged  in  the  secular  perturba- 
tions.    It  be;ng  difficult  to  estimate  the  corrections  to  be 
d,    I    have   had   recourse   to   Leverrier.     On   this 
l1    a    difference   will    be   noticed   in    the   n   and   a    of 
d  Veptunt  here  given  and  those  stated  in  a  pre- 


vious communication  [A. J.,  No.  0)40).  The  element-  of 
Jupiter  and  Saturn  are  derived  from  my  own  investigation. 
In  accordance  with  a  previous  suggestion  it  has  been 
decided  to  refer  the  planes  of  the  orbits  to  the  fixed  invari- 
able plane  of  the  four  planets,  whose  position  with  respect 
to  the  ecliptic  of  the  beginning  of  1900  is  given  by  the  data 


7=1°  35'   l".258  . 


106°  37'  50".48 


Cor.  to 

Oil  lit    1 

Log  _'  -m  '  -4> 

U! 

Log  (2  sin  !  ■ 

i 

e 

+  8".15 

8.6843941 

L2°42'52' 

.00 

7.7588322 

19'43' 

.75 

316  30'37' 

.87 

Saturn 

L3  .29 

8.7474625 

01     5  13 

.59 

8.2119339 

56    0 

.19 

123  15  41 

.14 

4-20  .95 

8.6659612 

171  35    0 

.85 

8.2537598 

01  39 

.01 

310  7)3  43 

.08 

36  .u7 

7.9526736 

lo  ll  13 

.53 

8.1024819 

13  31 

.62 

193  21  37 

.15 
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In  order  to  have  a  departure  point  for  the  measurement 
of  orbit  longitudes  the  mean  equinox  of  the  epoch  will  be 
turned  down  (rabatu)  from  the  ecliptic  onto  the  invariable 
plane.  In  this  way  the  orbit  longitudes  do  not  undergo 
a  large  change.  Its  amount  is  stated  in  the  foregoing 
table  of  elements  referred  to  the  invariable  plane 

For  the  sake  of  comparison  and  the  desired  adjustment 


of  constants  it  is  necessary  to  know  the  results  of  the 
application  of  Maclaurin's  theorem  to  the  integration 
of  the  differential  equations  by  series  arranged  according 
to  ascending  powers  of  the  time.  In  the  eases  of  Jupiter 
and  Saturn  my  own  investigations  have  led  to  the  formulae 
for  the  elements  in  the  planes  of  the  orbits: 


e  =  0.04825336  +  0.0001646948  T  -  i).(X)O()(K)4500T  +  0.00000000284 T • 

co  =  11°  54'  26".07  +  766".1793  T  +  2".63845T2  -  0".002894713 

e'  =  0.05605744  -  0.0003452494  T  -  0.0000005631  T2  -  0.00000000687  T3 

co'  =  90°  6'  3S".45  +  2029".676  T  +  2".05127  7"  +  0".069357  T:! . 

Here  7'  is  in  units  of  a  100  Julian  years  and  is  counted  from  I  instead  of  1850  and  50  years  of  precession 
the  beginning  of  1850.     When   T  is  counted  from   1000  |  longitudes,  these  formula?  are  changed  to 


Ided  to  the 


e     =  0.04833560  +  0.0001642469  T  -  0.0000004457  T-  +  0.00000000284  T 

co    =  12°  42'  43".85  +  768".8156  T  +  2".6341 1  T-  -  0".002894  T3 

e'    =  0.05588468  -  0.0003458177  T  -  0.0000005734  T-  -  0.00000000687  T 

co'   =  91°  5'  26".S8  +  2031".779  T  +  2".15531  T-  +  0".069357  T3 

They  afford  the  Following  values  for  the  variables  at  the  assigned  dates;    but   the  previously  mentioned    correction 
to  orbits  longitudes  has  been  applied  to  co  and  co': 


Dale 

e 

CO 

e' 

CO 

900 

0.0160  1572 

10°39T0' 

.15 

0.05929239 

85°29'   1' 

.97 

1100 

1750287 

11  30  51 

.14 

5760029 

ss  16  39 

.91 

1900 

1833560 

12  42  52 

.00 

5588468 

91     5  13 

.59 

24110 

4914605 

13  48    1 

.57 

5414040 

93  :<:<  35 

.04 

2900 

4993634 

14  55  20 

.67 

5236229 

00  48  36 

.27 

The  position  of  the  planes  of  the  orbits  of  Jupiter  and  Saturn  with  respect  to  the  ecliptic  and  equinox  of  1000  are 
given  by  the  formulae: 

sin  i   sin  e  =  sin  z'o  sin  0O  -  0". 50407'  +  0".080167:2  +    0".000244P 

sin/   cos  6  =  sin  i0  cos  So       -  13  .00437'  -  0  .06673T2  +   0  .000321T:t 

sin  /'sin  9'  =  sin  /',,'  sin  0/  +  24   .10877'  -  0  .21351T2  -    0   .000652T3 

sin/'  cos  0'  =  sin  V  cos  0O'  +  ;«  -253871  +  0  .1637471'-  -    0  .000851T3 


where  the  sines  of  the  inclinations  are  reckoned  in  sexagesimal  second 
at  the  assigned  dates: 


The  formulae  lead  to  the  following  values 


000 


1°  19' 55". 733 


1400  1  10   11  .012 

1900  1  18  31  .892 

2400  1  17   58  .667 

2900  1  17   31  .019 


97°47'21".18         2   27'  H".0i: 


98  35  27  .40 

99  26  32  .87 

100  20    19  .71 

101  16  27  .64 


2  28    11  .527 

2  29  32  .588 

2  30   15  .081 

2  30    is  .950 


115  L9'22".02 

114  3  33   .68 

112  47    10  .82 

111  30   17   .40 

110  12  50   .o:i 


These  values  were  reduced  from  the  ecliptic  and  mean 
equinox  of  1900  to  the  invariable  plane,  but  by  employing 
the  data    7=1°  35'  1".266,   II  =  106°  57'  56".75,   which 


resulted  from  using  NEWCOMB's  elements  of  Uranus  and 
Neptune  instead  of  those  previously  mentioned.  The 
difference  is  of  no  moment.     The  results  are 
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i 
20'  12' 

:;ss 

e 

324     4'51".63 

i' 
55'39".064 

130° 

0' 
16'    0' 

.87 

-14' 

.241 

::  L5'40".56 

+  11  ".029 

-3°30'1S".70 

1  100 

L9  58 

.147 

1  1 

.397 

320    10   11    .07 

3  48  23  .30 

55  50  .093 

10  .087 

126 

45  42 

.08 

3  30    0  .01 

L900 

10    13 

.750 

11 

.494 

316   30  37  .87 

3  51  45  .44 

56     0  .190 

9  .185 

123 

15  41 

.14 

3  29  40  .29 

2400 

10  29 

.256 

11 

.499 

312  38  52  .43 

3  55  17   .69 

56     9  .375 

8  .289 

110 

45  51 

.85 

3  20  45    .07 

2900 

1!)    l  1 

7.")  7 

308    13  34  .71 

56   17  .664 

116 

16     5 

.88 

The  secular  perturbations  of  V minis  and  Neptune  were 
derived  from  Leverrier's  discussion  (Annates  de  VObser- 
vatoiri  di  Paris,  Tom.  XI I  by  adapting  his  formulae  to  our 


values  of  the  planetary  masses.     Counting  T  from  1850, 
the  expressions  for  the  elements  in  the  planes  of  the  orbits 

are 


e"    =  <?„"    -  5". 5104  T  +  0".01576  T*  w"    =  w0"   +  309".269  T  -  0".3184  T' 

e'"  =  e„"'  +  1    .2455  T  +  0  .00015  T  «'"  =  co0'"  +    85  .169  T  +  0  .2678  T- 

Reduced  to  the  epoch  loon,  i dry  become 

e"   =  9555".86  -  5".49464  T  +  0".01576  T2  u"   =  171°  34'  39".9  +  308".9506  T  -  0".3184  T2 

e'"  =  1849   .(57  +  1    .24665  T  +  0  .00015  T-  a'"  =    46   42   19   .6  +    85   .4368  T  +  0  .2678  T" 

Referred  to  the  ecliptic  and  equinox  .of  1850,  the  elements  defining  the  position  of  the  planes  of  the  orbits  are 

i"    =  /„"    -  5".0744  T  +  0".0128()  T-  d"   =  60"   +  272".285  T  +  1".4860  T- 

i">  =  /„'"  +  0  .7967  T  +  0   .00005  T'  0'"  =  60'"  -    21   .728  T  -  0   .0070  T- 

Reduced  to  the  ecliptic  and  equinox  of  1900  and  T  being  counted  from  the  same  dale,  they  become 

i"    =  0°  46'  20".62  -  5".9923  T  +  0".()1203  T-  9"    =    73°  28'  58".3  +  269".762  T  +  1".4843  T- 

i">  =  i    46  44   .84  +  0  .7004  T  +  0  .00000  T-  6'"  =  130   39  23   .3  -     21   .729  T  -  0   .0070  T" 

These  formulae  produce  the  following  values  for  the  specified  dates: 


000 

47'21' 

.sin; 

72°46'29' 

.11 

1°46'36' 

.045 

130°42'59' 

.80 

1400 

46  50 

.897 

73    7    6 

.60 

40 

.868 

41  11 

.75 

1900 

16  20 

.620 

73  28  58 

.30 

40 

.840 

39  23 

.30 

2400 

45  50 

.075 

73  53     I 

.22 

48 

.862 

37   34 

.45 

2000 

15  21 

.060 

71   16  24 

.35 

52 

.933 

35  45 

.32 

Changed  to  the  invariable  plane  with  the  elements  y  =  1°  35' 1".258  ,    n  =  106°  37'  50". 48  ,   they  give 


! 

61  '37' 

.321 

311°59'   r 

.55 

43'33' 

.984 

L93 

:,:!4'5t' 

.08 

+  1' 

.531 

-32'44' 

.65 

-1 

".100 

6'36' 

.35 

1400 

38 

.852 

1 

.055 

311  26  10 

.00 

32  36 

.82 

32 

.701 

1 

.174 

28  17 

.73 

6  40 

.58 

1000 

39 

.007 

0 

.58 1 

310  53  43 

.08 

32  30 

.16 

31 

.620 

1 

.  1 57 

21  37 

.15 

6  44 

.82 

2400 

40 

.101 

0 

.170 

310  21  12 

.92 

32  24 

.66 

30 

.463 

.140 

14  52 

.33 

6  40 

.03 

2900 

10 

.661 

309  48  48 

.26 

29 

.323 

8    3 

.30 
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We  now  proceed  to  the  adjustment  of  the  coefficients  denoted  by  integers  enclosed  in  brackets.     The  formula? 

used  are  (putting  e  for  2  sin  Yup) 

dt 
dE' 

dt 


=  [0,1]  e'  sin  (co'  -  co)  +  [0  ,  2]  e"  sin  (w"  -  co)  +  [0 ,  3]  e'"  sin  (co'"  -  co) 
=  [1  ,  0]  e  sin  (co  —  co')  +  [1,2]  e"  sin  (co"  —  co')  +  [1.3]  e'"  sin  (co'"  —  co') 


ilv" 

j-      =  [2  ,  0]  e  sin  (co  -  co")  +  [2,1]  e'  sin  (co'  -  co")  +  [2  .  3]  e'"  sin  (co'"  -  co") 


d&'" 
dt 

r/co 
It 

tfco' 

~dT 

r/co" 
~dt 

(loo"' 

dt 

and  i  for  2  sin  %I' 

di 

dt 

*! 
dt 

di" 

dt 

di'" 
dt 

de 

dt 

dd' 
dt 

eld" 
dt 

de"' 

dt 


=  [3  ,  0]  e  sin  (co  -  co'")  +  [3  ,  1]  e'  sin  (co'  -  co'")  +  [3  ,  2]  e"  sin  (co"  -  co'") 
=  [0  ,  01  -  [0  ,  1]  -  cos  (co'  -  co)  -  [0  ,  2]-    cos  (co"  -  co)  -  [0  ,  3]  -    cos  (co'"  -  co) 
=  [1  ,  1]  -  [1  ,  0]-,cos  (co  -  co')  -  [1  ,  2]-,  COS  (co"  -  co')  -  [1  .  3]  -,     COS  (co'"  -  co') 
=  [2  ,  2]  -  [2  ,  0]  -„  cos  (co  -  co")  -[2,1]  -„  cos  (co'  -  co")  -  [2  ,  3]  -„  cos  (co'"  -  co") 
=  [3  ,  3]  -  [3  .  0]  -„,cos  (co  -  co'")  -  [3  ,  1]  -„,cos  (co'  -  co"')  -  [3  ,  2]-,„cos  (co"  -  o 


=  —[0,1]  i'  sin  (0'  -  0)  -  [0  ,  21  i"  sin  (0"  -  0)  -  [0  ,  3]  i'"  sin  (0'"  -  0) 

=  -  [1  ,  0]  i  sin  (0  -  0')  -  [1  .  2]  i"  sin  I  ft"  -  6')  -  [1  ,  3]  i'"  sin  (0'"  -  6') 

=  -  [2  ,  0]  i  sin  (6  -  8")  -[2,1]  i'  sin  (8'  -  8")  -  [2  ,  3]  i'"  sin  {8'"  -  8") 

=  -  [3  ,  0]  i  sin  {8  -  8'")  -  [3  ,  1]  i'  sin  (8'  -  8'")  -  [3  ,  2]  i"  sin  (<?"  -  8"') 

=  -[0,0]  +  [0  ,  11  -    cos  {8'  -  8)  +  [0  ,  2]  -    cos  (8"  -  8)  +  [0  .  3]  -      cos  (6'"  -  8) 

=  -  [1  ,  1]  +  [1  ,  0]  -,  cos  (0  -  0')  +[1,2]  -,    cos  (0"  -  0')  +  [1  ,  3]  -    cos  (0'"  -  8') 

=  -  [2  .  2]  +  [2  ,  0]  -„  cos  (0  -  0")  +  [2,1]  -„  cos  (0'  -  8")  +  [2  .  3]  -„    cos  (0'"  -  8") 

=  -[3,3]+  [3  .  0]  -1-,,,  cos  (0  -  0'")  +  [3,1]  -„,  cos  (0'  -  0'")  +  [3  ,  2]  -„,  cos  (0"  -  0' 


The  variables  in  all  these  equations,  as  well  as  their 
differentials  in  the  left  members,  must  receive  the  values 
they  have  at  the  epoch  1900. 

Since  the  action  of  Uranus  and  Neptune  on  Jupiter  and 
Saturn  is  only  about  one  per  cent,  of  the  action  of  these 
planets  on  each  other,  in  favor  of  having  the  simplest 
possible  expressions  for  the  elements  of  the  latter  planets, 
we  shall  assume  that  the  following  coefficients  vanish,  viz., 
that  in  both  sets  of  equations  [0  ,  2]  =  [0  ,  3]  =  [1  ,  2]  = 
[1,3]  =  0.  Tlii-  assumption  approximately  merge-  the 
action  of  Uranus  and  Neptune  in  the  mutual  action  of 


Jupiter  and  Saturn.  As  the  number  of  equations  is 
insufficient  to  determine  corrections  to  all  the  constants 
we  assume  that  [2 , 0]  ,  [2  ,  3]  ,  [3  ,  0]  and  [3  ,  1]  need  no 
correction  in  either  case.  It  is  convenient  to  express  the 
coefficients  in  sexagesimal  seconds,  as  lias  been  done  by 
previous  investigators.  The  coefficients  of  the  linear 
equations  are  denoted  by  their  common  logarithms  en- 
closed in  brackets  and  10  has  been  added  to  avoid 
negative  characteristics.  Considering  Qrs1  tin1  elements 
in  the  planes  of  the  orbits,  the  equations  of  adjustment 
are 
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[9.5303033]  [8.7384577]  [0  ,  1| 

7".688156  -  [0  .  0]       [9.3674410]  [0  ,  1] 

I  8537818]  [8.6753893]  |l  ,  0] 

20".317790  |1  .  I|       [9.2413041]  [1  , 0] 

-  0.0549907  [8.2412986]  [2,0]  -   [8.7414608]  [2,  1|  -  [7.8666306]  [2,3] 

3.089506  [2  .  2]   )   [9.9882025]  [2  .  0]  -  [9.2992709]  [2  .  1|  +  [9.0440904] 

0".01246688  -  [8.4317418]  [3,0]   I   [8.5922873]  [3,  L]  +  [8.5799182]  [3,2] 

ii  .854368  -  [3,3]       [0.6503919]  [3,0]  -  [0.6488364]  [3,  1]  -  [0.4706656] 


3  ,  21 


The  values  of  the  constants  were  computed  by  the  usual 
formulae  such  as  Leverrier  and  Stockwell  used,  with 
the  exception  thai  in  th<  second  set  the  factor  (1  —  e2)-* 
was  i  .'ii  into  account.  These  values  for  [2  ,  0]  .  [2  ,  3]  , 
[3  .  0]  .  3,1]  were  substituted  in  the  preceding  equations, 


with  the  result  thai  we  have  eighl  equations  for  the  dis- 
covery of  as  many  unknowns.  The  solution  leads  to  the 
following  exhibit,  where  the  unadjusted  values  are  added 
by  waj   "I  comparison: 


Unadjusted 

Adjusted 

Unadjusted 

Adjusted 

log  [0 

0] 

0.8739058 

0.9605290 

log  [2 

0] 

9.4969786 

9.4969786 

Log[0 

I] 

0.6830050 

0.7918456 

log  [2 

u 

9.9227509 

9.9329198 

log  [0 

2] 

8.4411727 

0 

log  [2 

•-'i 

0.4377243 

0.4654383 

log[0 

3] 

7.961  L608 

0 

log  [2 

3] 

9.4892608 

9.4892608 

log  [J 

0] 

L.0753215 

1.1783926 

log  [3 

0] 

8.5844895 

8.5844895 

log[l 

1] 

L.2687665 

L.3607112 

log  [3 

1] 

8.9084825 

8.9084825 

log[l 

2] 

9.2594615 

l) 

log  [3 

2] 

9.3269836 

9.4344793 

log[l 

3] 

8.4074703 

ii 

log  [3 

3] 

9.8246875 

9.7657884 

he  sec 

mil  | 

laee,  1  he  eleiiii 

nis  defining 

he  planes 

of  th 

■  orbits,  the 

squations  of  adjustment  are 

8.4611364]  =  -  [7.5721201]  [0  ,  1] 

27".612040     =  -  [0,  0]  -  [0.4413854]  [0 ,  1] 

8.2850025]  =  [7.1190184]  [1  ,  0] 

25".187810      =  -  [1,1]  -  [9.5351820]  |1  ,  0] 

[7.2]  19825]  -  [6.7493809]  [2  ,  0]  -  [7.3352705]  [2  .  1]  +  [8.050272'.)]  [2  ,  3] 

-  3".9]  1209  -  [2  .  •-'!  4   [9.5029834]  [1,0]-  [9.9543079]  [2  ,  1]  -  [9.5136359] 

7.36743  7  6816823]  [3  .  0]  +  [8.1851919]  [3  ,  1]  -  [8.2015508]  [3  ,  2] 

0".80540  -  [3,3]       [9.3942067]  [3  ,  0]  +  [9.6414377]  [3  ,  1]  -  [9.8161917] 


[2,3] 
[3,2] 


Following  the  same  course  as  in  the  preceding  group  of  equations  we  have  the  values 


Unadjusted 

Adjusted 

Unadjusted 

Adjusted 

0] 

0.8743647 

0.7932759 

log  [2 

0] 

9.9716900 

9.9716900 

log[0 

H 

0.8682192 

0.8890163 

log  [2 

11 

0.1447394 

0.0542872 

log  0 

2 

8.9159119 

() 

log  [2 

'-'1 

0.4383554 

0.4854788 

log[0 

3] 

>82320 

0 

log  [2 

3] 

9.61  12587 

9.6142587 

0] 

L.260839] 

L.  1659841 

log  [3 

0] 

9.2511242 

0.25 11242 

log[l 

1] 

L.2695288 

L.3045424 

log  [3 

11 

9.3157130 

9.3157130 

log[l 

2] 

9.4815812 

0 

log  [3 

21 

9.4513728 

9.4652105 

log[l 

3] 

8.8154407 

0 

log  [3 

3] 

9.8247094 

9.8199727 
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Attending  now  to  the  integration  of  our  two  systems  of 
linear  differential  equations,  we  take  up  that  which  is 
concerned  with  the  eccentricities  and  longitudes  of  peri- 
helia. The  equation  of  the  fourth  degree  in  g,  which 
furnishes  the  rates  of  motion  of  the  four  arguments  in  the 
expression  of  the  variables,  separates  into  two  quadratics 
on  account  of  the  vanishing  of  the  four  coefficients  [0  ,  2], 
[0  ,  3]  ,  [1  ,  2]  ,  [1  ,  3].     These  quadratics  are,  first 


[0,01} 


[1,1]}  -  [0,1]  [1,0]  =  0 


which   is  more  especially  concerned  with  the   interaction 
of  Jupiter  and  Saturn.     It-  roots  are 

g  =  27".916861  ,         g,  =  4".160584. 
The  second  quadratic  is 

iff -[2,2]}  \g-  [3,3]}  -  [2,3]  [3.2]  =  0. 

Its   roots  are 

g2  =  2".955734  ,         g,  =  0". 547800 

Supposing  that  a  particular  solution  of  the  system  of 
differential  equations  is  represented  by 


h  =  .1/  sin  (gt  +  /3)  ,     I  =  M  cos  (gt  +  0)  ,    h'  =  M'  sin  (gt  +  /3)  .     I'  =  M'  cos  (gt  +  0)  ,     etc., 
where  M,  M'.  .  .   /3  are  constants,  it  is  obvious  that  the  M  and  g  satisfy  the  conditions 


\g  -  |0,0[}  -1/  +  [0,  1]M' 

|1  ,1)1.1/  +  Ul  -  [1  •  1]}  M' 

[2  ,  0]  .1/  +  |2  ,  1]  .1/'  +  \g  -  [2  ,  2]}  M"  +  [2 

[3  ,0]M  +  [3,  1]M'  +  [3,2].!/"  +  \g  -  [3 


=  0 

=  0 

,  31  .1/'" 

=  0 

3]}  M'" 

=  0 

By  attaching  the  subscripts  1,  2.  3  in  succession  to  g,  the 
M  and  the  /3,  we  gel  three  more  groups  of  four  equations 
each,  which  must  be  satisfied  by  the  g  and  the  .1/  having 


severally  these  subscripts.     These  sixteen  equations 
the  present  case  are 


for 


[1.2738259]  M 
[1.1783926]  .1/ 
[9.4969786]  .1/ 
[8.5844895]  M 

-[0.6964122]  .1/, 
[1.1783926]  .1/, 
[0.49(19786]  Mi 
[8.5844895]  .1/, 
[0.7906713]  M2 
[1.1783926]  Mi 
[9.4969786]  M2 
[8.5844895]  M2 

■[0.9475785]  M3 
[1.1783926]  M : 
[9.4969786]  M3 
[8.58448951  .1/;; 


+  [0.7918456]  M' 
+  [0.6964122]  M' 
+  [9.9329198]  M' 
+  [8.908482.-)!  .1/' 
+  [0.79184501  Mi' 

-  [1.27382591  M,' 
+  [9.9329198]  M/ 
+  [8.9084825]  Mi' 
+  [0.7918456]  Ms' 

-  [1.3008234]  Ms' 
+  [9.9329198]  1/,' 
+  [8.9084825]  .1/,' 
+  |0.7918456]  Ms' 

-  [1.3555690]  Ms' 
+  [9.93291981  .1/,' 
+  [8.9084825]  M3' 


+  [1.3978790]  M" 
+  [9.4344793]  M" 


+  [0.0934955]  .1/,' 
+  [9.43447931  .1/,' 


+  [8.5485206]  Ms'' 

+  [9.4344793]  .1/,' 


-  [0.3752 195 1  Ms' 
+  [9.4344793]  M,' 


=  0 

=  0 

+  [9.4892608]  .1/'" 

=  0 

+  [1.4366984]  .1/'" 

=  0 

=  0 

=  0 

+  [9.4892608]  .1//" 

=  0 

+  [0.5535703]  Mi'" 

=  0 

=  o 

=  0 

+  [9.4892608]  Ms'" 

=  0 

+  [0.3752195]  Ms'" 

=  0 

=  0 

=  0 

+  [9.4892608]  M3'" 

=  0 

-  [8.5485206]  Ms'" 

=  0 

This  system  of  equations  cannot  be  satisfied  unless  M2  = 
Ms'  =  -1/;!  =  Ms'  =  0.  Moreover,  the  first  and  second 
are  identical,  as  also  are  the  fifth  and  sixth,  the  ninth  and 


tenth,  the  fifteenth  and  sixteenth.     The  eight  remaining 
independent  equations  can  be  put  in  the  form 


M' 

=  -[0.48198031  .1/ 

Mi'    = 

=       [9.9045000]  .1/, 

Ms'" 

=  -[9.05925981  Ms" 

M" 

=       [8.9607150!  .1/ 

.1/,"   = 

=  -[9.9117245]  .1/, 

\1  "> 

=       [0.8859587]  .1/7' 

M" 

=      [7.8245075]  .1/ 

.1/,'"  = 

=       [8.5201094]  .1/, 

These  eight  equations  with  the  eight  furnished  by  the  initial  conditions  determine  the  twelve  .1/  ami  the  four  0. 
The  latter  are,  by  making  /  =  0  in  the  general  formulas: 
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M  sin  i3+                    1/,  sin  0,                                                                                   =  [8.0269986] 

[0.4819803]  M  sin  0   j  [9.9045666]  M,  sin  ft                                                                                       =  [8.7473843] 

tfcos0  +                     tficosft                                                                                   =  [8.6736120] 

[0.4819803    U  cos  |8  +-[9.9045666]  .1/,  cos  ft                                                                                        =  -[7.0255867] 

[8.9607156]  M  sin  0      [9.9117245]  Afi  sin  ft  +                     If 2"  sin  ft  +                    M3"  sin  ft  =  [7.8314035] 

8  9607156    W  co     I       9.9117245]  .1/,  cos  ft  +                     .1/./'  cos  ft  +                     M3"  cos  ft  =  -[8.6612587| 

[7.8245075]  1/  sin  0  +[8.5201094]  .1/,  sin  ft  -[9.0592598]  .1/,"  sin  ft  +-[0.8859587]  M3"  sin  ft  =  [7.8146367] 

[7.8245075]  M  cos  P"  J  [8.5201094]  M,  cos  ft  -  [9.0592508]  .1/,"  cos  ft   f  |().NS5H587|  M,"  cos  ft  =  [7.7889196] 


From  these  equations  axe  derived  the  following: 


M  sin  0  8.0914279] 

Mcos  0  =      [8.0062458] 


M,  sin  ft  =[8.3614369] 

.1/,  cos  ft  =[8.5684282] 


.U,"  sin  ft  =      [8.4069908]       M,"  sin  ft  =  [7.0571792] 
Mi"  cos  ft  =  -[8.2288412]       M3"  cos  ft  =  [6.5787442] 


whence 


M  =  [8.2035022] 
0    =  309°25'0".19 


.1/,  =  [8.6392305] 
ft  =  31°50'7".37 


Then  if,  For  brevity,  we  adopt  the  notation 

x    =  309°  25'    0".19  +  27".916861i  . 
X-.  =  123   33  53  .47  +    2  .955734*  , 

we  -hall  have 


M2"  =  [8.4862100] 
ft      =  123°  33'  53".47 


.W  =  [7.0799269] 
ft      =71°37'1".14 


Xl  =  31°50'7".37  +  4".160584( 

X3  =  71    37    1    .14  +  0  .547800/ 


E  sin  10 
E  cos  co 
]•:'  sin  co 
1/  cos  co 
k"  sin  co 
\"  cos  w 
v.'"  sin  co 
\'"  cos  CO 


0.0 15! (7726  sin  x  +  0.04357431  sin  xi 
0.01597726  cos  x  +  0.04357431  cos  \, 

-  0.04847106  sin  x  +  0.03497817  sin  x 

-  0.04847106  cos  x  +  0.03497817  cos  Xi 
0.00145955  sin  x  -  0.03555045  sin  Xi 
0.00145955  cos  x  —  0.03555945  cos  Xi 
0.000 10(',t ill  sili  x  +  0.00144324  sin  Xi 
0.00010666  cos  x  +  0.00144324  cos  Xi 


+  0.03063444  sin  x-i  +  0.00120206  sin  X3 
+  0.03063444  cos  X2  +  0.00120206  cos  X;. 

-  0.00351132  sin  x*  +  0.00924455  sin  Xs 

-  0.00351132  cos  X2  +  0.00924455  cos  Xs 


The  treatment  of  the  equations  concerned  with  the 
inclinations  and  longitudes  of  nodes  U  quite  similar  to 
regoing;  the  only  difference  worth  mention  is  thai 
hen-  the  '"in-  ;/'-  have  negative  values.  A<  before,  the 
biquadratic  in  g  separates  into  two  quadratics,  of  which 
the  hrst 

\g  +  [0,0]\  \g  +  [l,  l]|  -[0,1]  [1,0]  =  0 

peciallj    concerned    with    the    interaction   of 
Jupiter  and  Saturn.     It-  root-  are 


g  =  -  25".921343 


'.h 


0".453700. 


The  second  is 

jjf +  [2,2]}  {ff +  [3,3]}  -  [2,  31  [3,  2]  =  0 
Its  roots  are 

(h  =  -  3". 107369  ,  ff,  =  -  0".611574. 

Making  a  like  substitution  in  the  differential  equations 
as  before,  we  omit  to  write  the  equations  which  only 
establish  thai  M2  ,  Mi  ,  M3 ,  M.%  vanish.  The  twelve 
remaining  are 


[1.2946582]  1/  I   [0.8890163]  M'  =  0 

[1.1659841]  .1/  !   [0.7603422]  M'  =  0 

[9.9716900]  M  \-  [0.0502872]  M'  I   [1.3591342]  M"  +  [9.6142587]  M'"   =0 

[9.2511242]  .1/  +  [9.3157130]  M'  +  [9.4652105]  M"   +  [1.4024452]  M'"   =  0 
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-[0.7603422]  Af,  +  [0.8890163]  Af/  =  0 

[1.1659841]  .1/!  -  [1.2946582]  .1//  =  0 

[9.9716900]  Af,  +  [0.0542872]  Af/  -  [0.4157395]  .1/!"  +  [9.6142587]  Af/"  =  0 
[9.251 1242]  Af,  +  [9.3157130]  Af/  +  [9.4652105]  Af/'  -  [9.3158696]  Mi'"  =  0 

[8.6908855]  Af2"  +  [9.6142587]  Af*"'  =  0 

[9.4652105]  M2"  +  [0.3885837]  Af/"  =  0 

-  [0.3885837]  .If,"  +  [9.6142587]  Af,'"  =  0 

[9.4652105]  Af,"  -  [8.6908855]  Af,'"  =  0 

As  before,  only  eight  independent  relations  are  afforded  by  these  equations.     They  may  be  put  in  the  form 


.1/'   = 

=  -  [0.4056419]  .1/ 

Af/ 

=  [9.8713259]  .1/, 

M"    = 

[8.9288474]  .1/ 

Af/' 

=  [0.081045S]  Mi 

W"  = 

[8.1539175]  .1/ 

-1/," 

'  =  [0.5191141]  .1/, 

Af/"   = 


M3 


[9.0766268]  Af*' 
[0.7743250]  Af,' 


The  equations  furnished  by  the  initial  conditions  are 

M  sin  0  +                       .1/,  sin  0,  =  -  [7.5965608] 

-[0.4056419]  .1/  sin  0  +  [9.8713259]  .1/,  sin  0,  =  [8.1342320] 

1/  cos  0  +                       .1/,  eos  ft  =  [7.6194702] 

•[0.4056419]  .1/  cos  0  +  [9.8713259]  Af,  cos  ft  =  -  [7.9510788] 

[8.9288474]  M  sin  0  +  [0.0810458]  .1/,  sin  ft  +                      Af2"  sin  ft  +                      Af,"  sin  ft  =  -  [8.1322283] 

[8.1539175]  M  sin  0  +  [0.5191 141]  Af,  sin  ft  -  [9.0766268]  .17,"  sin  ft  4-  [0.7743250]  Af,"  sin  ft  =  -  [7.4662348] 

[8.9288474]  M  cos  0  +  [0.081U458]  Af,  cos  7ft  +                      Af2"  cos  ft  +                      Af,"  cos  ft  =  18.0697881] 

[8.1539175]  Af  cos  0  +  [0.5191141]  Af,  cos  ft  -  [9.0766268]  .17,"  cos  ft  +  [0.7743250]  Af,"  cos  ft  =  -  [8.0905661] 

From  these  are  derived  the  following: 


.1/  sin  0  = 
M  cos  0  = 


[7.7020513] 
7.5633163] 


.1/,  sin  ft  =  [7.0358017] 
.17,  ros  ft  =  [6.7032913] 


Af2"  sin  ft  = 
Af*"  cos  ft  = 


-  [8.1170848] 
[8.1114455] 


Af,"sin  ft  =  -[7.1290140] 
Af,"  cos  ft  =  -  [7.3225056] 


whence  we  derive 


M  =  [7.7940950] 
0  =  306°0'0".91 


.1/,  =  [7.0783152] 
0,  =  65°3'35".00 


Af2" 

02 


[8.2647984] 
314°37'40".85 


Af,"  =  [7.3971490] 
03     =  212°38'20".ll 


Then  if,  for  brevity,  we  adopt  the  notation 


x    =  306°  0'  0".91  -  25".921343«, 
X2  =  314  37  40  .85  -    3  .107369* , 


xi  =    65°  3'35".00  -  0".453700<  , 
X3  =  212  38  20  .11  -  0  .611574* , 


we  shall  have 

i 

sin  d 

i 

cos  6 

i' 

sin  9' 

[' 

cos  6' 

i" 

sin  6" 

i" 

cos  9" 

l'" 

'  sin  9'" 

i'" 

cos  9'" 

0.00622436  sin  x  +  0.00119761  sin  Xi 
0.00622436  cos  x  +  0.00119761  cos  Xi 

=  -  0.01583933  sin  x  +  0.00089051  sin  Xi 

=  -  0.01583933  cos  x  +  0.00089051  cos  Xi 

0.00052838  sin  x  +  0.00144231  sin  Xi  +  0.01839917  sin  X2  +  0.00246054  sin  X3 
0.00052838  cos  x  +  0.00144231  cos  Xi  +  0.01839917  cos  X2  +  0.00246054  cos  X3 
0.00008872  sin  x  +  0.00395758  sin  Xi  -  0.00219495  sin  X2  +  0.01463372  sin  Xs 
0.00008872  cos  x  +  0.00395758  cos  Xi  -  0.00219495  cos  X2  +  0.01463372  cos  X3 
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With  the  sixteen  equations  the  values  of  the  several 
variables  have  been  computed  and  inserted  in  the  accom- 
panying table  a1   intervals  of  a  century  of  Julian  years. 


Comparison  of  the  numbers  of  the  table  lias  been  made 
with  the  values  from  the  series  in  powers  of  the  time 


900  -919-31.9  -f-0.82  -   9  +3283  -99.7  -1.19  -38.9  +68  +1.9  -0.15  +  4.2  +  4  +0.9  +0.20  +6.1 

1400  163       6.6  0.20  -    I  +  697  -18.5  -0.29       10.4  +22  +0.4  +0.07  -    1.2  0  +0.2  +0.10  +3.2 

L900  0         0  0  0  6           0           0  -   0.1  0  0  +0.15  -   0.1  0  +0.3           0  -0.2 

2400  -   36    -3.7  -0.20  -11  +  459  -   6.3  -0.27  -12.4  -   7          0  +0.07  +   5.7  +4  +0.4    -0.10   -3.8 

2900  102       9.5  d.79  -53  +1380  -   2.2  -1.04  -54.2  -29    -0.6  -0.12  +13.9  +10  +1.4    -0.21    -7.4 


Jupiter. 


lati 

r 

w 

i 

li 

! 

0.04665491 

I0°39'42".l 

20'13".21 

324°  5'  1" 

+  17i:f2 

+  711".0 

-2605' 

1000 

1682623 

17063 

Hi  51  33  .1 

717  .5 

20  10  .22 

323  20  6 

2702 

1100 

1699686 

16995 

11  3  30  .0 

723  .8 

20  7  .24 

322  35  1 

2709 

1200 

4716681 

16921 

11  15  34  .4 

730  .1 

20  4  .27 

321  49  55 

2716 

1300 

1733602 

16848 

1 1  27  44  .5 

736  .2 

20  1  .31 

321  4  39 

2723 

1400 

1751)  151) 

16778 

11  40  0  .7 

742  .4 

19  58  .35 

320  19  16 

2730 

L500 

1767228 

1670] 

11  52  23  .1 

748  .4 

19  55  .41 

319  33  46 

2736 

1600 

1783929 

16623 

12  4  51  .5 

754  .3 

19  52  .48 

318  48  10 

2744 

1701) 

1800552 

16544 

12  17  25  .8 

760  .2 

10  49  .55 

318  2  26 

2751 

1800 

1817096 

16464 

12  30  6  .0 

766  .0 

19  46  .64 

317  16  35 

2757 

1900 

1833560 

inns:; 

1 2  12  52  .0 

771  .6 

19  43  .75 

316  30  38 

2705 

2000 

4849943 

L6301 

12  55  43  .6 

777  .3 

10  40  .SO 

3 1 5  44  33 

2772 

2100 

1866244 

1(1217 

13  s  in  .9 

7S2  .7 

19  37  .99 

314  58  21 

2779 

2200 

ISS21C1 

16133 

13  21  13  .<; 

788  .2 

10  35  .13 

314  12  2 

27  so 

2300 

1898594 

16047 

L3  :;i  51  .8 

793  .5 

19  32  .27 

313  25  36 

2793 

Jinn 

191  1641 

15959 

L3  18  5  .3 

798  .8 

10  20  .46 

312  39  3 

2800 

251  ii ' 

L930600 

1 587 1 

14  1  24  .1 

803  .9 

10  26  .64 

311  52  23 

2807 

2600 

1946471 

15778 

14  14  48  .0 

si  io  .1 

10  23  .85 

311  5  36 

2815 

2700 

1962249 

15690 

14  28  17  .1 

S 1  1  .1 

10  21  .07 

310  is  11 

2822 

2800 

1977939 

14  11  51  .2 

10  is  .30 

309  31  39 

+  155'.):; 

h819  .o 

-2831 

2900 

0.04993532 

14  55  30  .2 

10  15  .55 

308  44  28 
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Saturn. 

Date 

e' 

0)' 

%•                                      0' 

900 

0.05925956 

85°30'41".5 

55'40".25 

130°16'39".8 

-32981 

+  1986".5 

-2532".4 

1000 

5802075 

33152 

86  3  48  .0 

1990  .9 

55  42  .30 

129  34  27  .4 

2530  .9 

1 100 

5859823 

33324 

SO  36  58  .9 

1995  .3 

55  44  .34 

128  52  16  .5 

2529  .5 

1200 

5826499 

33496 

87  10  14  .2 

1999  .8 

55  46  .36 

128  10  7  .0 

2528  .0 

1300 

5703003 

33671 

87  43  34  .0 

2004  .4 

55  48  .38 

127  27  59  .0 

2526  .5 

1400 

5759332 

33840 

88  16  58  .4 

2009  .1 

55  50  .38 

120  45  52  .5 

2525  .2 

1500 

5725492 

31000 

88  50  27  .5 

2014  .1 

55  52  .38 

120  3  47  .3 

2523  .6 

1600 

5691486 

34172 

89  24  1  .6 

2018  .9 

55  54  .34 

125  21  43  .7 

2522  .2 

1700 

5057314 

34339 

89  57  40  .5 

2024  .0 

55  56  .31 

121  39  41  .5 

2520  .9 

1800 

5622975 

34501 

90  31  24  .5 

2029  .1 

55  58  .25 

123  57  40  .6 

2519  .4 

1000 

5588474 

34002 

91  5  13  .0 

2034  A 

56  0  .19 

123  15  41  .2 

2518  .2 

2000 

5553812 

34821 

91  39  8  .0 

2039  .9 

50  2  .11 

122  33  43  .0 

2510  .7 

2100 

5518991 

34981 

92  13  7  .9 

2045  .4 

50  4  .01 

121  51  46  .3 

2515  .3 

.2200 

5484010 

35138 

92  47  13  .3 

2051  .1 

50  5  .91 

121  9  51  .0 

2513  .9 

2300 

5448872 

35291 

93  21  24  .4 

2056  .9 

50  7  .78 

120  27  57  .1 

2512  .9 

2400 

5413581 

35445 

93  55  41  .3 

2002  .9 

56  9  .64 

119  40  4  .2 

2511  .4 

2500 

5378136 

35599 

94  30  4  .2 

2069  .0 

56  1 1  .49 

119  4  12  .8 

2510  .1 

2600 

53425:17 

35749 

95  4  33  .2 

2075  .3 

56  13  .31 

1  LS  22  22  .7 

2508  .8 

2700 

5:106788 

35896 

95  39  8  5 

2081  .6 

50  15  .12 

117  40  33  .9 

2507  .6 

2800 

5270892 

36043 

96  13  50  .1 

2088  .2 

50  10  .91 

110  58  46  .3 

-2506  .2 

2900 

0.05234849 

96  48  38  .3 

50  IS  .70 

110  17  0  .1 

r, 

anus. 

Date 

e" 

0>" 

i"                                    0" 

000 

0.04660145 

170°42'57".6 

i 

61'37".47 

311°59'  0".3 

-2797 

+315". 5 

-391  ".9 

1000 

4657348 

2780 

170  48  13  .1 

314  .7 

01  37  .76 

311  52  28  .4 

391  .9 

1100 

4054568 

2768 

170  53  27  .8 

314  .1 

61  38  .04 

311  45  50  .5 

391  .9 

1200 

4651800 

2756 

170  58  41  .9 

313  .3 

61  38  .30 

311  39  21  .0 

391  .8 

1300 

4649044 

2743  , 

171  3  55  .2 

312  .5 

61  38  .55 

311  32  52  .8 

391  .7 

1400 

4646301 

2727 

171  9  7  .7 

312  .0 

6138  .78 

311  26  21  .1 

391  .7 

1500 

4643574 

2713 

171  14  19  .7 

311  .3 

63  39  .00 

311  19  49  .4 

391  .7 

70 

T  II  E  A.STRONOMICA  I. 

JOU  It  N  A  I. 

Xs  656  657 

Uranus      {continued). 

Date 

i '" 

(./"             £'" 

«'" 

1600 

1640861 

2699 

171  1931  .0        1 
310  .6 

61  39  .21 

311  L3  17  .7 

391  .6 

1700 

1638162 

2683 

171  24  11  .6 

310  .0 

61  39  .40 

311  6  46  .1 

391  .5 

1800 

1635479 

2667 

171  29  51  .6 

309  .2 

61  39  .59 

311  0  14  .6 

391  .4 

L900 

1632812 

2654 

171  35  0  .8 

308  .5 

61  39  .76 

310  53  43  .2 

391  .4 

'Jill  10 

4630158 

2640 

171  40  9  .3 

308  .1 

6139  .91 

310  47  11  .8 

391  .3 

2100 

1627518 

2624 

171  45  17  .4 

307  .5 

61  40  .06 

310  10  40  .5 

391  .2 

2200 

1624894 

2610 

171  50  24  .9 

306  .7 

6140  .19 

310  34  9  .3 

391  .1 

2300 

4622284 

2594 

171  55  31  .6 

306  .0 

61  40  .31 

310  27  38  .2 

391  .0 

2400 

4619600 

2577 

172  0  37  .6 

305  .6 

61  40  .42 

310  21  7  .2 

390  .8 

2500 

4617113 

2561 

L72  5  13  .2 

304  .9 

61  40  .52 

310  14  36  .4 

390  .8 

2600 

4614552 

2545 

172  10  48  .1 

304  .3 

61  40  .60 

310  8  5  .6 

390  .6 

2700 

4612007 

2528 

172  15  52  .4 

303  .7 

61  40  .67 

310  1  35  .0 

390  .4 

2800 

4609179 

-  25 1 2 

172  20  56  .1 

+  303  .0 

6140  .73 

309  55  4  .6 

-390  .2 

2900 

0.04606967 

172  25  59  .1 

61  40  .78 

309  48  34  .4 

Neptune. 


Date 

e'" 

'■' 

i 

900   1 

0.00890705 

46°27'55".0 

43'33".78  I 

193°34'48".0 

+003 

+  S0".6 

1000 

891308 

603 

46  29  15  .6 

SI  .1 

43  33  .56 

193  33  29  .6 

1100 

891911 

604 

46  30  36  .7 

SI  .5 

43  33  .34 

193  32  11  .1 

L200 

892515 

605 

46  31  58  .2 

82  .0 

43  33  .12 

193  30  52  .4 

1300 

893120 

605 

46  33  20  .2 

82  .6 

43  32  .90 

193  29  33  .5 

1100 

893725 

604 

46  34  42  .8 

83  .2 

43  32  .69 

193  28  14  .5 

1500 

S94329 

604 

46  36  0  .o 

83  .o 

43  32  .47 

193  26  55  .4 

1000 

S9I933 

604 

46  37  29  .6 

84  .0 

43  32  .26 

193  25  36  .1 

1700 

895537 

604 

Hi  38  53  .6 

si  .3 

43  32  .04 

193  24  16  .6 

1SOO 

9861 11 

605 

46  40  17  .9 

85  .3 

43  31  .83 

L93  22  57  .0 

1900 

896746 

605 

46  41  13  .2 

85  .9 

43  31  .02 

193  21  3.7  .3 

2000 

897351 

16  13  9  .1 

«p>  1 

43  31  .40 

193  20  17  .4 

603 


JS"A 


78  .5 


78  .9 


79  .0 


ro  .1 


79  .3 


79   .5 


r9  .6 


70 


r9  .9 


SO    .1 
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Neptune —  (continued). 


Date 

e" 

a 

'" 

%'" 

6 

2100 

897954 

605 

46  44  35 

.2 

86 

.8 

43  31 

.19 

193  18  57 

.3 

80  .2 

2200 

898559 

605 

46  46  2 

.0 

87 

2 

43  30 

.98 

L93  17  37 

.1 

80  .4 

2300 

899164 

603 

46  47  29 

.2 

87 

.8 

43  30 

.77 

193  16  16 

.7 

80  .6 

2400 

899767 

604 

46  48  57 

.0 

88 

.3 

43  30 

.56 

193  14  56 

.1 

80  .8 

2500 

900371 

605 

46  50  25 

.3 

88 

.7 

43  30 

.36 

193  13  35 

.3 

80  .9 

2600 

900976 

603 

46  51  54 

.0 

89 

.3 

43  30 

.15 

193  12  14 

.4 

81  .0 

2700 

901579 

603 

46  53  23 

.3 

89 

.7 

43  i".! 

.94 

193  10  53 

.4 

81  .3 

2800 

902182 

46  54  53 

.0 

43  29 

.73 

193  9  32 

.1 

+  604 

+90 

.3 

-81  .4 

2900 

0.00902786 

46  56  23 

.3 

43  29 

.53 

193  8  10 

.7 

THE   PROPER-MOTION   OF    Ci2   1536, 

By   J.  G.  PORTER, 


In  A.AT.  4635  there  is  a  note  by  Professor  Slocum  on 
the  proper  motion  and  parallax  of  a  faint  star.  This 
note  is  repeated  in  the  article  by  Frederick  Slocum  and 
S.  A.  Mitchell  on  stellar  parallaxes  in  the  July  number 
of  the  Astrophysical  Journal. 

The  star  in  question  has  been  observed  several  times 
at  this  observatory.  It  is  number  1536  of  Publication 
No.  13,  and  was  observed  four  times  during  the  past 
summer  by  Dr.  Elliott  Smith. 

Cincinnati  Observatory,  Sept.  23,  1913. 


From  these  determinations  I  find  the  proper-motion  as 
follows : 

R.A.  1910.0 


Ci, 
Ci 


Epoch. 

1898.2 
1913.6 


17  33  50.40 
51.42 


P.M.  +0'.066 


Obs. 

3 

4 


Decl.  1910.0 


+  18  36  58.6 
37  14.7 


+ 1".05 


Professor   Slocum's   motion    is   quite   close,    but    the 
declination  given  by  him  appears  to  be  40"  too  small. 


HALLEY'S   COMET, 

ELEMENTS    BASED    UPON    OBDERVATIONS    TAKEN    AFTER    PERIHELION    PASSAGE  OP  APRIL  19.69   =   1910,  AND  EPHEMERIS 

FOR  NEXT  OPPOSITION, 

By  F.  E.  SEAGRAVE. 


E  =  June  24.50  =  1910.     G.M.T. 
,1/  =       0°  51'   10".67 

7T  =  168°  58'  27".96 

n  =    57°  16'  12".  11 

i  =  162°  12'  41  ".96 
Log  e  =  9.985550. 
Log  a  =  1.254001. 
Log  q  =  9.768825. 

ii  =  46".6667. 

x  =  r  (9.98516)    sin  (  34°     1'     9".01+w) 
y  =  r  (9.98848)   sin  (127°  34'  57".00+?<)  } 
z  =  r  (9.53554)   sin  (  77°  18'  47".80+m) 


Heliocentric  and  geocentric  positions  in  orbit  at  epoch 
June  24.50  =  1910.  G.M.T. 

E  =     17°  44'     8".02 

v  =  100°  50'  48".38 

X  =  205°  58'  42".02 

0  =  -9°  27'  39".59 

Log  r  =      0.149923 

u  =  212°  33'     4".38 


Heliocentric. 


I  =  162°  38'  31".88 

b  =  -9°  41'  48".31 

Log  A  =  0.139333 

Log  P  =  0.133385 


Geocentric. 
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L91 1 

Feb.  1 
."> 
9 
8 
13 
17 
21 


i:  \ 

!>":;:;"'  \'x 

9  31  50. 

9  30  21. 

9  28  52. 

9  27  26. 

9  25  57. 


Ephemebis. 
Dec 


—  o 
-5 


52  28. 
46  9. 
39  13. 


-5  31  52. 
-5  24  12. 
-5   15  38. 


Log  r 

L.07960 
L.08040 
L.08120 

1.08200 
1.08280 
L.08358 


Log  A 

L.04563 

1.(115X7 
1.04633 

L.04697 
1.04782 
L.04884 


The  above  ephemeris  was  prepared  for  Prof.  Barnard. 
The  Yerkes  and  Mount  Wilson  Observatories  are  much 
interested  in  photographing  comets  at  greal  distances 
from  the  Sun  and  Earth.  As  the  comet  will  he  11.20  units 
from  the  Earth  next  February,  I  do  not  think  there  will 
be  any  hope  of  finding  it. 


OBSERVATIONS   OF   COMET   1913 d, 

MADE    WITH    THE    HI.AI!    MICROMETER    OF    THE     133MM    EQUATORIAL    OF    LA    PLATA    OBSERVATORY, 

By  \\.  .1     HUSSEY. 


L913 

La  Plata  M.T. 

* 

( )omp. 

& 

-* 

^"s  Apparent 

Log 

//A 

Au 

A"' 

a 

0 

for  a 

for  3 

h        mi 

Sept.  26 

1(1  29     7.3 

1 

8,8 

-13.17 

-o  15.6 

21   51   L8.36 

-2  34  27.4 

9.0654 

0.6709// 

27 

8   15  26.4 

3 

8 

s 

(.(in 

-0  49.2 

21   51   20.61 

-1   48  17.5 

9.1682/; 

0.6802// 

28 

l  1   25  38.1 

5 

8 

8 

1(1.(11 

-1  32.S 

21  47  40.24 

-0  50  17.9 

9.4042 

0.6917// 

30 

9   in  25.4 

7 

8 

8 

-    9.05 

-2   1(1.7 

21  41  34.75 

+  0  49     1.2 

8.8718 

0.7083» 

Oct.      1 

Id  48   13.4 

8 

s 

s 

-    3.79 

-(1  50.5 

21  38  20.(13 

+  1  43     4.4 

9.3518 

0.7157// 

2 

12  21  48.4 

1(1 

8 

x 

-    0.14 

-4  58.8 

21   35     7.24 

+  2  37  51.5 

9.5852 

0.7162n 

3 

8  36  52.1 

12 

8 

8 

1,11 

-4     1.3 

21  32  37.78 

+  3  21   17.4 

8.1900// 

0.7341/z 

4 

8  23  51.1 

15 

8 

8 

-   0.12 

+  1  3(1.3 

21  29  44.61 

+4  12     4.2 

8.4543?/ 

0.7421// 

.) 

1 1   24  48.3 

17 

8 

8 

-19.2(1 

-2  37.4 

21  26  31.44 

+  5     9   25.5 

9.5242 

0.73(19// 

Mean  Places  t 

/'  Compa 

rison  star*. 

* 

1913.0 

Red.  to 
App.  Place 

3  1913.0 

Red.  to 
App.  Place 

Authority 

1 

21  54  28.07 

+3.46 

-2  34  27.7 

+  158.9 

Connected  with  Star  2. 

2 

21   58  48.83 

+  3.46 

-2  34  32.8 

+  16.2 

A.G.  Strassburg  7695. 

3 

21   51   21.19 

+3.42 

-1  47  44.1 

+  15.8 

( lonnected  with  Star  1. 

4 

21   54  53.16 

+3.43 

-1  47  49.6 

+  10.0 

A.G.  Strassburg  7678. 

•) 

21    17    16.88 

+3.37 

-0  49     0.8 

+  15.7 

( lonnected  with  Star  0. 

ti 

21   5(1  52.06 

+  3.38 

-0  53  53.4 

+  15.9 

A.(  1.  Nicolajew  5529. 

/ 

21    11    10.51 

+  3.29 

+0  51     2.3 

+  15.(1 

A.G.  Nicolajew  5509. 

8 

21   38  21.17 

+  3.25 

+  1  43  45.3 

+  15.6 

( lonnected  with  Star  0. 

'.) 

21   35  20.23 

+  3.24 

+  1  44    11.1 

+  15.4 

A.G.  Albany  7507. 

ID 

21   35     1.17 

+  3.21 

+  2  42  34.7 

+  15.0 

(  'onneeted  with  Star  1  1 . 

11 

21  30     9.29 

+3.21 

+  2  47    17.5 

+  15.7 

A.G.  Albany  7573. 

12 

21   32  36.04 

+3.18 

|  3   25      3.0 

+  15.7 

( 'onneeted  with  Star  13. 

L3 

21   32  30.0(1 

+  3.  is 

1  3  3d  is.o 

+  15.7 

(  'onneeted  with  Star  14, 

(is  B.D.  +3°4584). 

14 

21    30  25.19 

+  3.19 

+3  30     5.9 

+16.0 

A.<  1.  Albany  7570. 

15 

21    29    11.50 

+3.14 

+4    1(1   1S.2 

+  15.7 

<  'onneeted  with  Star  10. 

1(1 

21   28   18.58 

+3.14 

+4  10  38.8 

+  15.7 

A.G.  Albany  7535. 

17 

21   20    17.53 

+  3.11 

+  5   11   47.1 

+  15.8 

A.G.  Albany  7527. 

This  comet  was  discovered  by  Mr.  I'm  i.  T.  Delavan,  with  the  Zeiss  Comet  Seeker  of  this  observatory  on  the 
evening  of  September  20.  1013.  The  close  agreement  of  the  observed  path  with  that  which  may  be  computed  by 
slightly  changing  the  element-  of  comet   Westphal  leaves  little  doubt    that    this  is  a  return  of  that  comet. 

The  above  observations  have  been  reduced  by  Mr.  B.  II.  DAWSON.  lb'  has  also  connected  the  comparison 
star-,  except    No.  3. 

rvalorio  Aslrondmico,  La  Plata,  .1  0     '•<  9,  1913. 
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A   CONTROL   FOR   LEAST   SQUARE   SOLUTIONS. 


By  JOSEPH    I      Kill 


The  solution,  by  the  method  of  leasl   squares,  of  the 
system  of  linear  equations 


CaiXj  +  02X2  +   •  •  •   +  OpZp  +   .  .  .  +  arxr  +  A  =  0 


j  &1Z1  +  b2X2  +  .  .  .   +  bvxv  +   .  .  .   +  brxt  +  B  =  0 


( _«,.vi  +  M2X2  +  .  .  .  +  /(,,.1-p  +  .  .  .   4-  nrxr  +  N  =0, 

when-  r  exceeds  n,  is  most  conveniently  effected  by  express- 
ing the  unknowns  in  the  form 


(2) 


■i'p  =  apLi  +  l>v  Li  + 


+  ",,  I-„ . 


fL,  =  &L2+  T1L3+  . 

I*    =                              72  I>3   +     • 

J 

.   +  Ml  Ln_ 

•     +    M2  Ln_ 

1  +   V\  Ln  +  7T 

1  +    Vl  Ln  +    7T 

Ln_;=  •    '    • 

ILn       = 

Vn_iLn+7Tn 
7Tn 

where  the  correlates  Li.  ].■■ Ln,  are  determined  by 

the  normal  equations 

f      [a  a]  L,  +  [a  b]  U  +  .  .  -  +  [a  n]  L„  +  A  =  0 
(8l       i      [a  6]  L,  +  [/*  6]  L,  +  .  .  .  +  \b  n]  Ln  +  B  =  0 

t     [a  n]L,  +'[6  n]  U  +  '.  ■  .   +  [n  n]  Ln  +  N  =  0. 

This  normal  system  may  then  be  treated  by  the  method 
of  elimination  introduced  by  Gauss,  which  reduces  it 
to  the  form 


(4) 


For  the  control  of  the  computation  of  the  several  quanti- 
ties /3,  7,  .  .  .  ,  m,  v,  w,  there  exists  the  well  known  check 
which  eliminates  almost  all  possibility  of  error  in  their 
calculation.  However,  an  error  made  in  any  of  the  substi- 
tutions indicated  by  equations  (4)  will  affed  all  substitu- 
tions which  follow  it.  and  will  not  be  detected  until  the 

unknowns  .>,,  x2 rr,   are  computed  by  the  relation 

(2)  and  substituted  in  the  original  equations  (1).  If  these 
are  not  satisfied  we  know  only  thai  an  error  exists,  with- 
out knowing  its  location,  and  when  the  number  of  equa- 
tions to  be  solved  reaches  forty  or  fifty,  considerable  labor 
will  be  rendered  worthless  by  any  inaccurracy  committed 
in  the  computation  of  the  correlates  by  equations  (4).  It 
is  customary,  in  such  cases,  to  duplicate  this  portion  of 
the  solution. 

We  propose  to  indicate,  in  this  paper,  a  control  of  the 
computation  in  question,  which,  while  perhaps  no  more 
rapid  than  duplication,  possesses  a  sufficient  number  of 
advantages  to  recommend  its  use  where  a  duplication 
would  ordinarily  be  executed.     Writing 

•sp   =  Op  +  6P  + +  "P  , 

and  S    =  A  +  B  + +  N  , 


let  us  introduce  into  our  system  of  equations  (1),  the  equa- 
tion 

8,  .''■  +  S2X2  +  .  .  .  -1-SpXp-r-   .  .   +srxr+S  =0. 

Now,  if  we  associate  with  our  equations,  the  correlates 
/,  ,  /2 /„  ,  /s  ,  we  obtain  the  new  normal  system 

[a  a]  h  +  [ab]k+  ■  .  ■  +[a  h]  h  +  [a  s]ls  +  A  =0  1 
[a  b\  h  +  [b  b]  h+  .  .  .  +[b  n]  /„  +  [6  «]/.  +  B  =0   I 

I- (5) 

[a  11]  /,  +  [bn]  1+  .  .  .  +[n  n]  lB  +  [n  s]Z„  +  N  =0   | 
[a  s]  /,  +  [b  s]  h  +  ■  ■  ■  +[n  s]  ?n  +  [s  s]k  +  S  =0,  J 

of  which,  the  last  equation  is  the  sum  of  all  the  others. 
This  linear  dependence  will,  of  course,  cause  a  degenera- 
tion of  the  solution  of  the  system,  and  an  indeterminate 
value  of  /s  will  result.  However,  we  can  distribute  the 
coelficient  of  lB  in  each  of  the  first  n  equations  of  (5),  and 


write 

[00]  I /,+/,)  +  \ab]  (h+k)  + 
[ab](h  +  k)  +  [bb](h+la)  + 


+  [«  >i\(L  +  ls)  +  A  =  Q 
+[b  n](ln+Q+B  =0 


[a  n]  (k+k)  +  [b  n]  {k+k)+  .  •  •  +1"  n]  (/,,+ /.)+N=  0, 

from  which  it  is  evident,  that  whatever  value  be  assigned 
to  la, 

lp  +  h  =  Lp.  (6) 

The  reduction  of  equations  (5)  to  a  system  similar  to 
(4),  involves  hardly  any  additional  labor.  The  computa- 
tion of  the  Vs  can  then  be  carried  on  simultaneously  with 
that  of  the  L's,  and  the  check  formula  (6)  applied  at  each 
step.  Thus,  the  control,  besides  furnishing  an  indepen- 
dent computation  of  the  correlates,  is  further  superior  to 
duplication  in  that  it  permits  an  immediate  comparison 
of  each  L  with  its  corresponding  /,  and  enables  a  single 
computer  to  execute  the  entire  solution.  It  also  elimi- 
nates errors  resulting  from  the  presence  of  doubtful  figures 
in  the  quantities  18,7,...,  ix,v,-w,  a  source  of 
frequent  inaccuracy,  to  which  the  duplicator  is  as  sus- 
ceptible as  the  original  computer.  It  fails,  however, 
should  equal  errors  be  committed  in  the  computations 
of  an  L  and  its  corresponding  /. 

Deferring,  for  the  moment,  the  application  of  the  fore- 
going  theory  to  a  practical  example,  we  shall  consider  the 
solution  of  a  system  of  equations  where  the  number  of 
conditions  exceeds  the  number  of  unknowns.  Our  check 
process  is  also  applicable  here,  but  as  solutions  of  this  kind 
seldom  involve  many  normal  equations,  little  occasion 
will  be  found  for  its  use. 

Take,  then,  the  system 
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Vs  656  657 


</,  xt  +  6,  x-2  + +  «i  xn  +  Ki  =  0 

as  Xj  +  bt  .)•,.  + +  nj  x0  +  K2  =  0 

l(r.C,    +btXi+ +  «r-l'n  +  Kr  =  0  , 

whose  normal  equations  have  an  array  of  coefficients 
similar  to  t li.it  of  equations  (3),  but  absolute  terms  [oK], 
[b  K [n  Ki.  and  compare  it  with  the  system 

+  hi  yB  +  sj  j/B  +  Ki  =  0 

"•j  Hi  +  h  j/2  + +  Us  ;/„  +  s2  2/s  +  K2  =  0 

+  ",  ,'/n  +  sr  ya  +  Kr  =  0  , 

where 

sp  =  </,,  +  fcP  + +  Up  ■ 

The  normal  equations  of  this  system  will  have  an  array  of 
coefficients  similar  to  that  of  equations  (5),  and  absolute 

terms  [a  Ki.  [6  K] [n  K],  [s  K].     They  will  also 

be  linearly  dependent,  but  whatever  value  be  chosen  for 
//„.  we  should  find 

xp  =  //,,  +  ys  ■ 

To  illustrate  the  check  process  by  a  practical  example, 
we  shall  consider  a  simple  system  of  three  normal  equa- 
tions, with  the  array  of  terms 

X\        Xi           .r3  K  2 

1         +4         +7  +3  +15 

2         -3  +5  +  8 

4  -3  +  5 

where  the  column  headed  —  contains  the  terms  necessary 


for  a  control  of  the  reduction  of  the  equations  to  the  form 
(4). 

Whatever  method  he  employed  for  the  reduction  we 
shall  arrive  at  the  following  equations,  by  which  each  un- 
known is  expressed  in  terms  of  those  which  follow  it : 


2 

C 

Xi    = 

4.000  Xi 

-7.000  x,  -  3.000 

-  1 .-).()()() 

- 12.000 

Xi  = 

-  2.214  .r3  -  0.500 

-   3.714 

-  3.214 

Xi  = 

+  0.35!) 

-   0.041 

-    1.000 

The  column  headed  ('  contains  the  difference  between 
each  term  of  the  column  —  and  the  absolute  term  which 
stands  to  its  left.  If,  now,  we  choose  0.333  for  the  value 
of  an  indeterminate  y,  and  compute  //,,  yit  and  y3  from 
the  equations 

(y,  =  -4.000  3/2  -7.000  j/3  -  12.000  ys  -  3.000 
2/2  =  -2.2L4  1/3  -    3.214  ye  -  0.500 

;/3  =  -    1.000  yg  +  0.359  , 

we  shall  find  each  y  to  be  less  by  0.333  than  its  correspond- 
ing x. 

It  will  be  seen,  upon  examining  the  above  problem  that 
the  operative  principle  of  the  cheek  is  contained  in  the 
equation 

L1=  0,(1* -L.)  +  7i(L3-L.)  +....+  Ml(Ln_,-Ls) 
+  n(LD-I%)  +  (fc+Tn+  ....  +M.+  "i-l)bs+Ls, 

which  might  have  been  made  the  starting  point  of  our 
discussion. 

Washington,  D.C. 


NOTICE. 

Mr.  J.  van  der  Kilt,  astronomer  at  the  University  Observatory,  Utrecht  (Holland)  has  undertaken  the 
definitive  reduction  of  all  available  observations  of  H.  Sagittce,  V.  Vulpeculce  and  RV.  Tauri,  and  would  be  very 
sj;lad  to  have  copies  of  any  unpublished  observations,  in  such  detail,  that  they  can  lie  reduced  by  a  normal 
photometric  light  scale. 
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A    STUDY   OF    XKBl'L.E. 


By  E.  A.   FATH. 


This  paper  is  based  on  a  study  of  the  nebulae  found  on 
plates  of  one  hundred  and  thirty-nine  regions  of  the  sky 
taken  with  the  sixty-inch  reflector  of  the  Alt.  Wilson  Solar 
Observatory  during  the  years  1909-12.  The  plates  form 
a  portion  of  the  work  on  the  "Selected  Areas  "  of  Kapteyn* 
undertaken  by  that  observatory  and  cover  the  central 
portion  of  each  area  that  can  be  reached  satisfactorily  from 
the  latitude  of  Mt.  Wilson.  This  includes  all  the  regions 
from  the  north  celestial  pole  to  15°  south  declination. 
Lumiere  Sigma  plates,  measuring  six  and  one-half  by 
eight  and  one-half  inches,  were  used.  The  exposed  area 
of  each  plate  contained  1.88  square  degrees.  The  length 
of  the  exposures  was  one  hour  each.  Tor  various  reasons 
it  was  necessary  to  take  a  second  plate  of  about  twenty- 
five  per  cent,  of  the  regions.  Of  the  final  plates  seven- 
teen were  taken  by  Mr.  Harold  D.  Babcock  and  the 
remaining  one  hundred  and  twenty-two  by  the  writer. 

At  first  it  did  not  seem  advisable  to  publish  the  list  of 
new  nebulae  because  of  the  fact  that  duplicate  plates  were 
available  for  only  one  quarter  of  the  areas.  However,  in 
order  to  test  matters,  the  nebula'  were  marked" independ- 
ently on  Mich  plates  before  they  wen  compared.  It  was 
then  found  that  so  few  spurious  objects  had  been  marked, 
particular  pains  being  taken  to  exclude  everything  doubt- 
ful, that  the  list  as  a  whole  seemed  entitled  to  considerable 
confidence.  It  is  accordingly  submitted  below.  Table  I, 
with  the  hope  that  it  may  prove  to  be  as  reliable  as  the 
tests   indicated. 

In  studying  the  nebula  on  thesi  plates  the  following 
points  were  noted:  1.  Right  ascension  and  declination 
for  1910.0;  2.  Dimensions;  3.  Position  angle  of  great- 
est diameter;  4.  Brightness.  The  results  given  are  the 
mean  of  two  independent  measures. 

1.  The  determination  of  position  was  made  by  placing 
a  plate,  film  down,  upon  paper  which  had  been  ruled  so 
that  positions  could  be  read  off  directly  when  the  position 
of  the  central  star  on  the  plate  was  known.  The  position 
of  this  star  was  in  each  instance  taken  from  the  catalogue 

*  The  Plan  of  Selected  Areas.     Kapteyn.     Groningen,  1906. 


of  tin'  Astronomisdu  Gesellschaft.  The  positions  given 
are  in  general  correct  within  one  minute  of  arc.  This 
accuracy  was  determined  from  positions  of  stars,  several 
of  which  were  measured  on  each  plate  as  checks. 

2.  The  dimensions  were  obtained  with  a  scale  divided 
in  half  millimeters,  tenths  of  millimeters  being  estimated. 
A  lens  magnifying  four  diameters  was  used  while  making 
these  measures.  The  dimensions  in  millimeters  were  then 
transformed  into  minutes  and  seconds  of  arc.  Since 
practically  all  of  the  nebula'  were  of  elliptical  outline  the 
major  and  minor  axes  were  the  quantities  measured. 

3.  A  straight  edge  was  placed  parallel  to  the  major 
axis  and  the  angle  between  tins  and  an  hour  circle  was 
measured  to  the  nearest  degree.  These  angles  were  then 
transformed  into  position  angles  ranging  from  0C  to  18<    . 

4.  An  effort  was  made  to  estimate  intrinsic  brightness. 
For  small  objects  this  was  by  no  means  easy,  nevertheless, 
it  is  believed  that  the  estimates  as  a  whole  are  fairly  homo- 
geneous. In  the  lables  B  =  bright  and  F  =  faint. 
Various  degrees  are  expressed  by  V  =  very  and  M  = 
moderately.  The  order  of  brightness  i-  as  follows:  VB, 
B,  MB.  MI'.  F.  VF. 

Table  1  gives  a  list  of  the  new  nebulae  thai  were  found. 
The  only  column  needing  explanation  is  the  4th.  Here 
may  be  found  the  dimensions  "length  by  width."  When 
the  term  stellar  is  used  in  the  last  column  it  signifies  that 
the  nebula  was  small  and  looked  like  a  star  surrounded 
by  an  atmosphere.  This  probably  corresponds  to  psmbM 
in  the  .V.  (.'.  C.  In  a  number  of  cases  the  intensity  di- 
minished so  gradually  that  no  accurate  measures  of  the  di- 
mensions could  be  made  and  they  are  accordingly  omitted. 

Table  I. 
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0  11  53 

+  15  41 
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MF 
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0  12  12 

-14  21 

27  x  8 
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F 
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0   14   40 
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16  xll 
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VF 
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1 
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F 
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Ml 
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F 
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MF 
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Ml 
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V.  close  to  b.star. 

Stellar. 

Many  stellar 

[nuclei.      Lrreg. 

[■with  a  number 
[of  condensations. 

Stellar. 

Stellar. 

Stellar. 


Shaped  like  V. 


Star  involved. 


679 

USD 
lis! 

682 
683 
684 

lis:, 

686 

us; 
iiss 
689 
690 
691 
692 
693 
694 
695 
696 
697 
698 
699 
700 
701 
7(  12 
703 
70  1 
705 
706 
707 
7i  is 
709 
710 
711 
712 
713 
714 
715 
716 
717 
718 
719 
720 
721 
722 
723 
72  1 
725 
726 
727 
728 
729 
730 
731 
732 
733 
7:;i 
735 
736 
737 
7:;s 
739 
710 


1  th50m02" 

■  15  .;.; 

15  00  01 

29  39 

15  00  i(7 

+29  16 

15  01  01 

+29  40 

15  m  25 

-  29  07 

15  01    17 

-29   37 

15  02   13 

-  29  36 

15  02  23 

+30  15 

15  02  25 

r->9    15 

15  02   11 

+30  04 

L5  02  :.l 

29  53 

15  03  21 

-  29    19 

L5  03  25 

+29  49 

L5  03  33 

.  29    Is 

15  03  7,7 

+29  10 

L5  id  05 

29  03 

15  01  07 

29  5.5 

I.",  ill   15 

+29  58 

15  HI    is 

+29  5S 

15  id  2:; 

29  5s 

1.-,  ill  26 

■  30  07 

1.-,  in  33 

i:,  04  33 

1-29  :•:, 

I.",  (is    17 

15   (17 

1.-)  (19    Hi 

1.',  08 

I.',   1)9   :,7 

+  14  13 

I.",    10    IS 

-1.5  20 

I.")    10  30 

11    11 

I.",    10  41 

-15  37 

1.-,  11   29 

4-15   IS 

1.5  12   IS 

-1.5  04 

15   12  27 

59   1  ! 

i:,    1  1   01 

-1.5  40 

I.")    11     19 

1.-)   14  52 

+  59  45 

15  15  35 

+59  25 

15  16  47 

(-59    17 

1.-,   16  50 

-.V.I    is 

I.".   17  59 

+  59  27 

1.-,   IS  01 

15   18   I.". 

60  32 

15  IS  27 

+59  31 

15  32   18 

+  0  12 

L5  33    li, 

-  0  10 

1.-,  :;i   is 

+  0  10 

1.-,  36  in', 

+  0  07 

1.-,   ir,  L3 

+44  59 

15   is  2:; 

+45  09 

1.-,   is  38 

+  44  30 

15  50  06 

+45  07 

1.-,  :,1  56 

+44  49 

1.-,  56  oo 

+29  41 

1.-,  56  :;i 

1.-,  :,7  40 

+30  05 

16  06  30 

+74  51 

16  11  06 

+  1.5  03 

16    11     IS 

+  15  31 

16  U  .--o 

+  15  23 

16   11  54 

+  1.5  28 

16   11    56 

+  15  28 

16    12   16 

+  14  44 

LxW        Elong.Inten.         Remarks 
27"xl6" 
22  xl4 

S  x  8 
22  x  8 
11  x  s 
14  x  s 

8x5 
11  xll 
14  x  s 
22  x  5 
16    xl6" 

5    x   3 

5  x  5 
16  x  s 
11  xll 
14   xll 

5  x  3 

5    x   5 

s   x   5 

s  x  5 
16  x  8 

8x8. 
19  x  5 
14  xl4 
2Ki"x  2'16"  .  .  VF  Spiral. 
14  xll" 
19  x  S 
11  x  S 
19  x  .5 
11  xll 
14   xll 

s  x  s 
41    x22 

11  xll  MF    ■ 

27  xll 

Stellar. 
Stellar. 


14   xll 

l'13"x  s 

19  xl6 

s  x  5 
19  xl4 
s  x  5 
27  xl4 
8x5 
8x3 
.5  x  5 
41  xl4 
14  xll 
16  x  S 
s  x  5 
11  x  5 
5  x  5 
s  x  S 
5  x  .5 
27  x  5 
.5  x  5 
14  x  S 
16  x  8 
11  xll 
14  xl4 
16  x  8 
5  x  5 


74° 

MF 

45 

F 

F 

63 

F 

62 

F 

l  in 

MF 

157 

1 

F 

34 

MF 

40 

F 

F 

90 

F 

VF 

100 

1 

F 

162 

F 

140 

F 

\  F 

27 

VF 

50 

\  1 

57 

F 

F 

-i 

F 

F 

VF 

0 

VF 

15 

F 

72 

F 

130 

F 

F 

120 

VF 

VF 

17 

MF 

MF 

43 

F 

1 

0 

F 

60 

MF 

25 

MF 

54 

F 

152 

F 

15 

F 

101 

F 

m 

MF 

163 

MB 

F 

40 

F 

MB 

145 

F 

3 

MF 

162 

F 

MF 

F 

MF 

137 

F 

F 

145 

F 

130 

Ml 

F 

F 

150 

MF 

F 

Stellar 


Stellar. 


3 

1 

"  11 

5    A 

S  T  R  0  N  0  3V 

1  (' 

A  L    .1  0 

URN, 

\  J. 

\  M  (158-659 

\.>            a                  8 

l.x\\ 

fti  iii.it  ts 

No           a                5 

l,x\V 

Elong.Inten.         Remarks 

711 

If,    x    s 

Hill 

Ml 

|  Double. 

803 

I7h47m26 

15   HI 

22"xll" 

33° 

F 

742 

L6   L2  28 

- 

1  1    x   s 

UK 

1 

804 

17   17  86 

i    17,   27, 

11x11 

0 

F 

743 

L6   12  32 

•  I  i  52 

ii    x  :; 

1  12 

1 

805 

17    is  ill 

;  ii   i'.i 

S    x   7, 

54 

F 

711 

Hi  [2  :;:: 

■  1  1  56 

19     Nil 

119 

!•' 

806 

17    is    is 

17    01 

11    x   7, 

II 

F 

745 

if,  12  35 

1.,  02 

.  8 

119 

1 

S07 

17    19  03 

+44   37 

MB 

Stellar. 

746 

Hi  12  39 

11      Nil 

1 

SOS 

17  7,0  03 

+45  00 

MB 

Stellar 

717 

hi   12    U 

■   1  1    17 

Ml 

809 

17  7,0  23 

1  17 

H,    xl  1 

17,1 

F 

71s 

16    12    11 

1  1    \    s 

0 

F 

810 

17  7,0  7,:; 

+45  2o 

If,   xll 

90 

F 

16    11'     17 

11   \  s 

167 

r 

Sll 

17  7,1   02 

17  26 

16   xll 

38 

F 

750 

L6   13  mi 

■   17,  97 

■a  x  :; 

F 

812 

19  20  7,0 

+60  48 

I'.i    i    7, 

163 

F 

7.M 

11    xll 

1 

SI  8 

19  21   717, 

+60  3s 

S    \   7, 

F 

752 

11     K  5 

171 

F 

si  1 

19    11    12 

22   xl9 

MF 

Somewhal    irreg. 

lc,  13  21 

II    xll 

11 

F 

si  7, 

20  08  29 

1  !     17 

14    xl4 

F 

77.1 

|   17,    17, 

F 

Sll, 

20  os  58 

17   ill 

11    x   S 

96 

F 

755 

16   11  20 

11     xll 

I 

si  7 

20    <V.I    00 

1.:     '.0 

11    x   7, 

90 

F 

756 

16    14  34 

•  1  1    16 

11    xll 

F 

SIS 

20  09    If, 

-  17,   III 

7,    x   7, 

F 

77,7 

16  17  02 

71   27 

If,   xll 

0 

F 

819 

20    11    11 

-14  38 

41    xl9 

0 

F 

F  nucleus. 

in  i\  12 

27    xl  1 

911 

VF 

820 

21    11    07 

-14    17, 

MF 

Stellar. 

759 

Hi    19    16 

11    x   7, 

H 

F 

821 

22   12  7,1 

+  15  46 

MF 

Stellar. 

760 

16   21    IS 

-  77  02 

s    x   s 

F 

822 

22   13  03 

+  14  46 

35  x  8 

156 

F 

761 

■    17,     IS 

7,    x   7, 

F 

823 

22    II    OS 

1   17,   2  1 

S    x   8 

22 

1'" 

762 

Hi   15   Hi 

14  x  8 

17,9 

MF 

824 

22  35  7,1 

-    0    11 

F 

Stellar. 

763 

L6   16    Hi 

-  17,    1  1 

0 

F 

825 

22  37  52 

+   0  43 

It     X    8 

7,8 

F 

764 

! 

7,    \    7, 

F 

826 

22  :i7   7,7 

+   0  37) 

7)   x  3 

45 

F 

16    18   1  1 

7,    x   7, 

F 

827 

22  38  35 

-   0  03 

F 

Stellar. 

16    7,7,    7,1 

11x11 

Ml 

828 

22  3S  38 

0   08 

F 

Stellar. 

767 

16  56  22 

-  ,;n  05 

Hi    xl6 

F 

329 

22  38  39 

0    III 

F 

Stellar. 

768 

16 

1'.'    xl  1 

156 

F 

830 

22  38    13 

0    01 

s    x   7, 

128 

F 

769 

L6  7,7  38 

29  32 

1  1    xll 

:iii 

F 

s;;i 

22  38   14 

O  00 

S    x   7, 

22 

F 

"7(1 

16  58  in' 

30   27 

11      X     S 

130 

F 

832 

22  58    If, 

+30    11 

7,    x    7, 

F 

"71 

16  58  02 

10  18 

11     X    s 

MB 

Stellar. 

833 

2:;  01   33 

+30  36 

S    x   7, 

0? 

B 

Stellar. 

772 

-29    is 

7,    x    7, 

F 

834 

23  03  38 

+  29  41 

F 

773 

29    Hi 

7,    x   7, 

MF 

835 

23  11  21 

+  14  59 

16   xll 

60 

F 

"7  1 

16  7,9  81 

s    x   7, 

7,0 

MI 

836 

2:;  n  23 

+  15  31 

11    x   8 

0 

F 

"7:. 

17  HI   26 

14   xll 

160 

F 

s::7 

23  11  53 

+  15  22 

MF 

Stellar. 

776 

17  02    12 

30  02 

Hi   xll 

11  1 

VF 

838 

23   11   7,7, 

+  15   15 

MF 

Stellar. 

"77 

17  24  -'1 

lO'.l 

F 

839 

23  12  07 

+  15  24 

87,    xl  1 

.if. 

MF 

"7s 

17  24   29 

7,1    x   S 

'.10 

F 

SIO 

23  12  16 

4  15  05 

MB 

Stellar. 

779 

17  24   37 

I'.l    xl  1 

116 

F 

Sll 

23   12    11 

1  15  21 

Ml 

Stellar. 

80 

17  24    12 

-i.ll  21 

s    x   S 

F 

842 

23    lo    11 

|  17  38 

MB 

Stellar. 

781 

17  25    11 

7!!     Is 

7,    x   7, 

Hi 

Ml 

si:; 

23   18    17 

l  l    l'i 

7,    s    8 

9 

F 

782 

17  26  03 

11    xl  1 

Ml' 

sll 

23    13   7,7, 

;    1  1    7,7 

s    ,    ., 

111 

B 

17  26   11 

7,    x    7, 

B 

si  7, 

23   14  06 

+  14  48 

19    x    S 

43 

MF 

784 

22  xl  1 

i 

I 

sir, 

23    II  09 

+15  28 

s    x   8 

6 

MF 

785 

17  26    17, 

-611    10 

S    X    s 

Ml 

847 

23  14  29 

+  15  22 

16   x   5 

141 

F 

17  26    19 

(-60  03 

19   -,  s 

11 

MF 

sis 

23   11    11 

|-15   13 

S    \   s 

F 

Stellar. 

787 

17  27   11 

7,   x  7, 

F 

849 

23    17,  02 

+  15  35 

7,4   xl4 

81 

F 

"ss 

17  28    17. 

s    X    s 

1' 

850 

28    17   88 

+  15  27 

100   xHi 

158 

MF 

17  _'s  53 

16  xii; 

F 

s.M 

23   lf»  09 

+  15  42 

27   xll 

49 

F 

"'Ml 

17   28   7,1 

+60  27, 

II    xll 

Ml. 

H  end. 

852 

23   16  27 

+  15  42 

14   xll 

90 

MB 

791 

:;:;   x  s 

! ; 

Ml 

853 

23  36  27 

10  32 

11    xll 

VF 

792 

60  hi 

11    xll 

F 

8.54 

23  39  10 

+   0    12 

5  x  5 

F 

793 

17  29  7,;; 

|  60  27 

8    x   7, 

90 

F 

855 

s;  89  24 

+  0  24 

14   x  5 

112 

F 

"M| 

h60  02 

8  x  s 

I 

856 

23  39  24 

+  0  01 

1  OS    X    11 

39 

F 

Bright  nucleus. 

17  :m  02 

11    xll 

39 

F 

857 

23  39  33 

+  0  59 

S   x   s 

F 

17  30   18 

11     X    3 

0,7 

F 

858 

23  39  38 

+  0  19 

16  xll 

140 

MB 

Possibly  spiral. 

"'.'7 

17  :;n   19 

■  7,9  :;i 

7,1    \   8 

1  13 

F 

859 

28   39   7,7, 

f  o  46 

11    x   7, 

19 

F 

"98 

17  :;i   H7 

s    X    s 

B 

860 

23    10  20 

+  o  38 

5  x  5 

F 

"09 

17  31  14 

•  i,H  09 

19    x   8 

148 

F 

861 

28    10  26 

+  0  46 

5  x  5 

F 

S00 

17  31   19 

Hi    x   7, 

112 

VF 

862 

23  40  28 

+  0  41 

8  x  5 

62 

F 

Mil 

17  32  24 

11   xll 

F 

863 

23  40  32 

+  0  46 

16  x  5 

34 

F 

}02 

17  46  36 

11    77 

s  x  5 

F 

864 

23  41  46 

|      O    OS 

5  x  5 

... 

Ml 

N08-  658-659 
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Table  II  is  a  list  of  previously  discovered  nebulae  which 

No.          a                5 

LxW         Elong. Inten.         Remarks 

were  found  on  the  plates  and  which  were  measured  in  the 

37 

llh56ralS' 

+29°  22' 

19"xl9" 

MF 

\\   \  III  375. 

same  way  as  those  of  Table  I.     The  following  lists  were 

3S 

11  56  24 

+29  32 

14  xl4 

F 

\\  VIII  378. 

available  for  comparison:     Dreyer's  New  General  Cata- 
logue   and    the    two    supplementary    Index    Catalogues; 
Wolf's   Konigstuhl   lists   including   No.    XII;    the   Lick 
Observatory  list  found  in  Vol.  VIII  of  the  Publications  of 

39 
40 

11 
12 
13 

11   50  24 
11  56  24 
ii  50  30 

I  1   56  32 

I I  56  57 

+30  12 
+30  11 

+  2(1  2(1 
+30  11 

+  2(1  25 

14   x   s 
14  x  s 
Id  x  s 
8x8 
22  x!4 

0 

? 

139 
63 

F 

F 
MB 

F 
MF 

\\  VI 11  377. 
W  VIII  370. 
W  VII]  3S1. 
W  VIII  383. 
W  VIII  404. 

that  observatory,  and  tin'  second  Harvard  list  in  Harvard 

11 

11    57    10 

f  2(>  :^r, 

10  xll 

150 

MF 

W  VIII  424. 

Annals    72,    No.    2.     In    the   column   of   identifications 

45 

11   57   10 

+30  12 

14  x  8 

0 

F 

W  VIII  415  or 

no  distinction  is  made  between  the  first  and  second  Index 
Catalogues  as   the   objects   are  numbered  consecutively 
from  the  first   to  the  second;    the  Wolf  list  and  number 

40 
47 

is 

11   57  22 
11  57  30 

1  1    57  5(1 

+30  01 
+29  35 

+29  52 

10   x   5 

s  x  :; 
10  xll 

140 
98 
60 

MF 
F 

Ml 

i 
W  XIII  425. 
W  VIII  436. 
W  VIII  453. 

and  the  Harvard  number  are  given  only  if  the  object  is 

49 

11    57   5(1 

+29  58 

41    \  8 

01 

B 

W  VII] 

not  listed  in  the  A".  C.  C.  and  /.  C.     The  abbreviations 
.Hi'  self-explanatory. 

50 
51 
52 

11    57   51 
11   57  57 
1  1   58  09 

+29  30 
+29  44 
+29  21 

5   x   5 
8    x   5 
14    x  5 

5(1 

ins 

MB 

F 

MB 

W  VIII  458 
\Y  VIII  460. 
W  VIII  405. 

53 

1 1   58  2(1 

+29  57 

5   x   5 

MF 

W  VIII 473 

Table  II. 

54 

11   5s    li, 

+29  55 

1'35  x  s 

58 

MB 

W  VIII  483. 

No.          a                 5                LxW         Elong. Inten          Remarks 

55 
56 

1 1   58  57 
1 1   5s  58 

+30  12 
+30  09 

16  xll 
11  xll 

108 

MF 

F 

W  VIII  492. 
W  VIII  494. 

1 

0h15m12" 

1  1  38' 

MB 

IC  9  Stellar. 

57 

11    5(1    12 

+30  07 

11  xll 

F 

\Y  VIII  496. 

2 

0  26  35 

+30   is 

5"x  5" 

F 

NGC  140  Stellar 

58 

11    5(1    10 

+30  13 

1'21  x  8 

159 

MF 

W  VIII  498. 

3 

1  28  47 

+30  12 

58'43  x36'O0 

MF 

NGC  598,  M  33. 

59 

1  1    5(1   '.'(I 

+29  2S 

19  xlO 

171 

MB 

\\   \  III  512. 

4 

1  50  17 

+  0  22 

8"x  8" 

B 

IC  172. 

00 

ii  .v.i  ::i 

2d  25 

19   x  S 

90 

F 

W  VIII  515. 

5 

1  51   IS 

+  0  50 

27   x27 

F 

IC  173. 

111 

11  59  34 

+29  50 

S    x   s 

F 

W  VIII  516. 

6 

1  51  41 

+  0  53 

11    \11 

28° 

F 

IC  175. 

62 

12  no  25 

+29  21 

19   xl!) 

F 

W  VIII  557. 

7 

2  14  44 

+  15  24 

5    x   5 

MB 

NGC  882. 

63 

12  (10  36 

+29  16 

27   x27 

F 

W  VIII  561. 

8 

2  16  36 

+  15  21 

5  x  5 

MB 

IC  1794. 

64 

12  01    is 

+29  56 

14  x-14 

F 

W  VIII  586. 

9 

4  12  04 

+75  04 

2'30  x   1'35 

155 

F 

NGC  1530Spiral 

(15 

12   10  28 

+  14  32 

2'02  xl9 

125 

Ml', 

IC3061. 

[F  except  near 

66 

12   in  39 

+14  50 

27  x22 

8 

B 

IC3065. 

[nucleus. 

117 

12    10   50 

|  1  1   25 

11   xll 

MF 

NGC  1208. 

10 

8   11   07 

+74    15 

11   xll" 

1 

B 

NGC  2544. 

68 

12  11  05 

1  1   25 

2'02"xl'13" 

66 

MB 

NGC  1212. 

11 

8  14  02 

+  74  17 

11    xl6 

100 

MB 

NGC  2550. 

Spiral.  Bnuclous. 

12 

8  27  52 

+29  50 

l'08"x35 

11(1 

MB 

NGC  2604. 

69 

12  li  :;:; 

■   1  1    51 

14"x  8" 

170 

F 

IC3077. 

[Probably  spiral. 

70 

12  n  :;(i 

1  1     i:: 

16  xl4 

131 

MF 

[C3080. 

13 

9  22  33 

19  xl9 

B 

ic  2476  Stellar. 

71 

12    12  (IS 

+  14    17 

19  xll 

0 

B 

IC3093. 

14 

9  22  35 

+30  11 

27   xll 

115 

B 

IC2175. 

72 

12   12   IS 

+  15  01 

51    xl  1 

96 

MB 

[C3096. 

15 

9  22  39 

+30  24 

s  x  8 

F 

IC  247S. 

73 

12  12  43 

+  14  42 

8  x  5 

0 

MF 

16 

9  22  15 
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If  1210. 
NGC  5004. 
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-1-45  31 

20  59  46 

+29  31 
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+29  40 

23   11    11 
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LxW  Elong.Inten        Remarks 

33"xll"  nil       B      X(  if  .-,710. 

11   xll  30  MB    NGC  5733. 
.".  \  5                    F      NGC  5840 

Hi  xll  ?  Ml      If  1209. 

27  xll  155  MB    NGC6113 

Hi  xlii  MF    NGC  6241. 

llxll  .  MB   NGC  r,27l 

27  xlii  MF    NGC  6282 

54  x27  25  MF    NGC  6381. 

[Spiral. 

1    8  xlii  8      F      NGC  6390   ? 

19  x  8  F      NGC6399 

11  x  8  ...  MB    NGC  6702. 

19  xl9  B      NGC  6703. 

108  xl6  17:;  MF    NGC  7013. 

x  :,  .  .  .  MF    NGC  717:;. 

54   xll  76  MB  I  NGC  7507. 


Notes. 

N.G.C.  470.     Not  found. 

N.G.C.  588,  592,  595,  604,  involved  in  N.G.C.  598  =  M   33 

N.G.C.  1141-2.     Not  found. 

N.G.C.  4572.     Can  this  be  identical  with  I.C.  802? 

N.i  l.C.  5204.  This  may  be  identical  with  No.  027  in  Table  I.  If 
so  the  N.G.C.  position  is  incorrect  in  a. 

N.G.C.  6274.  This  has  been  identified  with  No  158  in  Table  II. 
Nothing  found  in  N.G.C.  position  lm  west. 

N.G.C.  6390.  Probably  identical  with  No.  161  in  Table  11. 
N  I  }.< '.  position  probably  in  error. 

N.G.C.  6393,  6394.  Cannot  be  found  unless  identical  with  Nos. 
789  and  791,  respectively,  in  Table  I. 

N.G.C.  6610.      Not  certainly  present. 

N.G.C.  6702,  670ii.  N.G.C.  positions  apparently  incorrect. 
From  the  descriptions  they  have  been  identified  with  Nos.  163  and 
and  104  in  Table  II. 

N.G.C.  7551.     Not  found.     Double  star  in  this  position. 

N.G.C.  7738-9.     Not  found. 

I.C.  131,  132,  133,  134,  135,  137,  139,  I  Hi  and  143  are  all  involved 
in  N.G.C.  598  =  M.  33. 

I.C.  419.  Tin.-,  nebula  was  discovered  by  Wolf  {A.N.,  3130),  on 
a  plate  taken  with  a  6-inch  lens.  He  describes  it  as  "Kin  heller, 
wenige  Minuten  langer,  schmaler  Nebelfleck."  Not  found  on  Mt. 
VViLson  plates.  There  is  a  row  of  small  stars  extending  in  an  east- 
west  direction.      Length  of  row  somewhat  over  I'. 

I.C.  2733,  27N9,  3091.     Not  found.     Double  star  in  each  position. 

I.C.  2755,  2805.     Not  found.     Faint  star  in  each  position. 

W  VIII,  372.     Not  found  Uh50mlf .  +  29°30'. 

W  IX,  67,  95,  110,  113,  125.     Not  found. 

\Y  IN.  79.  lis      Not  certainly  present. 

WIN,  117.      Appears  connected  with  N.G.C   5000 

Discussion. 

Distribution.  The  distribution  of  the  nebulae  has  been 
the  subject  of  many  investigations  and  there  is  little  or  no 
new  material  added  here.  The  figure  shows  the  results 
obtained.  It  represents  the  sky  from  the  north  pole 
to  22°. 5  south  declination.  The  circles  are  15°  apart 
so  that  any  point  half  way  between  is  at  declination  75°, 
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60°  .  .  .  —  15°.  Right  ascension  is  indicated  along  the 
circumference.  The  center  of  each  area  thus  repre- 
sents the  corresponding  "Selected  Area."  The  numbers 
give  the  number  of  nebula?  found  on  the  respective  plates. 
The  north  and  south  galactic  poles  are  indicated  by  N 
and  S  respectively.  It  is  evident  from  the  figure  that 
the  number  of  nebula  in  a  region  does  not  depend  wholly 
on  the  galactic  latitude.  The  clustering  around  the 
northern  pole  is  much  more  marked  than  around  the 
southern. 


M 


Orientation.  Practically  all  the  nebulae  found  mi  these 
plates  arc  elliptical  in  outline,  the  ellipticity  varying  from 
a  circle  to  a  narrow  line.  Most  of  them  are  too  small  to 
show  any  details  of  structure.  It  does  not  seem  unreason- 
able to  suppose  that  a  large  proportion  of  them  arc  spiral 
for  their  appearance  could  be  duplicated  in  every  respect 
by  mere  reduction  in  size  of  known  spiral  nebulae.  The 
spiral  nature  can  be  detected  with  certainty  in  the  larger 
objects  only  but  the  well-authenticated  eases  pass  so 
gradually  to  smaller  and  smaller  ones  in  which  less  and 
less  structure  is  evident  that  the  probability  that  these 
small  elliptical  forms  are  merely  unresolved  spirals  ap- 
pears very  great.  An  assumption  is  implied  in  the  above, 
namely,  that  most  of  the  material  of  a  spiral  nebula  lies 
in  one  plane  and  that  when  the  line  of  sight  is  perpendi- 
cular to  this  plane  the  general  outline  is  approximately 
circular.  On  this  assumption  an  effort-  was  made  to  de- 
termine whether  the  planes  of  the  nebulae  showed  any 
preferential  orientation  with  respect  to  any  plane.  None 
could  be  found. 


Number  of  nebulm.  On  the  one  hundred  and  thirty- 
nine  plates  of  this  series  there  were  found  one  thousand 
thirty-one  nebulae,  an  average  of  7.4  nebula1  per  plate. 
It  would  require  nearly  22,000  plates  of  the  size  used  to 
photograph  the  entire  sky.  On  the  assumption  that  the 
ana-  photographed  are  fair  samples  this  means  that  the 
sixty-inch  reflector,  with  exposures  of  one  hour  on  Lu- 
miere Sigma  plates  would  be  able  to  record  162,000  ne- 
bulae. This  number  could  undoubtedly  be  increased  with 
longer  exposures  but  to  what  extent  it  is  difficult  to  say. 

The  great  difference  between  the  above  estimate  and 
the  half  million  of  Dr.  Perrine*  from  the  one  hundred 
and  four  plates  of  the  Keeler  program  with  the  Crossley 
reflector  of  the  Lick  Observatory  made  it  appear  advisable 
to  attempt  to  learn  the  cause  of  the  difference.  The 
average  exposure  on  the  Lick  plates  was  approximately 
three  hours.  Seed  "27"  plates  were  used.  Through  the 
kindness  of  Director  Campbell  and  Dr.  H.  D.  Curtis  of 
that  observatory  a  similar  plate  was  exposed  for  three 
hours  on  "Selected  Area"  56.  Dr.  Curtis  marked  48 
nebula?  on  the  Crossley  plate  while  I  had  marked  49  in 
the  same  angular  area  on  the  60-inch  plate.  The  large 
mirrors  of  both  telescopes  were  not  in  the  best  condition 
when  the  corresponding  plates  were  taken.  Another  com- 
parsion  was  possible  for  the  region  surrounding  the  spiral 
nebula  N.G.C.  4254.  The  Crossley  plate  for  this  region 
was  exposed  3h  19m.  Within  the  areas  common  to  the  two 
plates  there  are  thirty-three  faint  nebulae  on  the  Lick  listt 
and  thirty-four  on  the  Mt.  Wilson  list.  On  the  strength 
of  these  two  comparisons  it  appears  that  for  faint  nebulae 
an  exposure  of  about  three  hours  with  the  Crossley  re- 
flector on  a  Seed  "27"  plate  is  approximately  equivalent 
to  an  exposure  of  one  hour  with  the  60-inch  reflector  on  a 
Lumiere  Sigma  plate.  This  does  not  seem  improbable 
since  1.  The  Lumiere  plate  is  approximately  twice 
as  rapid  as  the  Seed  plate;  2.  Owing  to  the  difference 
in  angular  aperture  of  the  two  instruments  the  intrinsic 
brightness  of  the  image  of  a  surface  at  the  focus  of  the 
60-inch  is  greater  than  that  of  the  Crossley  reflector  in 
'5.8\ 


the  ratio 


5.0 


3.     The  advantage  of  brilliancy  of 


image  because  of  the  failure  of  the  photographic  reciproc- 
ity law.  If  this  conclusion  is  correct  the  two  scries  of 
plates  are  directly  comparable,  or,  we  might  say  that  if 
the  Keeler  areas  had  been  photographed  with  the  60- 
inch  instrument  Dr.  Perrine's  estimate  of  500  000  ne- 
bulae would  be  duplicated.  It  was  therefore  n<  i  essary 
to  seek  some  other  cause  for  the  difference  in  the  estimated 
numbers. 

The  point  next  in  order  was  to  consider  the  correctness 

*  Lick  Observatory  Bulletins,  3,  47,   1904. 
t  Lick  Observatory  Publications,  Vol.  VIII. 
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of  the  assumption  upon  which  both  estimates  are  based. 

This  assumption  is  thai  the  plates  of  each  series  arc  so 
distributed  thai  they  ran  be  considered  fairly  repre- 
sentative of  the  entire  sky.  In  order  to  test  this  the  posi- 
tions of  the  centers  of  the  plates  were  plotted  on  a  small 
charl  of  the  sky.  V  difference  between  the  two  series 
quickly  came  to  light.  Approximately  thirty-three  per 
cent,  ol  the  Crosslej  plates  are  located  within  45°  of  the 
north  galactic  pole  while  less  than  twenty  per  cent,  of  the 
"Selected  Areas"  are  found  within  the  same  region.  Since 
there  can  be  little  question  that  the  plates  of  the  latter 

are  quite  uniformly  distributed  over  the  sky  it  is 
evidenl  thai  the  former  series  is  not.  The  relatively  large 
proportion  of  the  Crossley  plates  in  the  neighborhood  of 
the  north  galactic  pole,  where  there  is  so  marked  a  con- 
densation of  nebulae,  is  undoubtedly  a  greal  if  not  the 
determining  factor  in  producing  the  difference  in  the  two 
estimates  of  the  probable  number  of  nebulas  in  the  sky. 
There  is  another  factor  which  should  be  considered  but 

(ficull  to  form  any  estimate  of  its  importance  with- 
out additional  observations.  Dr.  Keeler's  apparent 
purpose  when  making  out  his  observing  program  was  to 
photograph  the  larger  nebulas  and  clusters.     The  question 

whether  there  are  more  or  less  smaller  nebulae  neat 
the  larger  ones  than  in  fields  somewhat  removed  from  the 
latter.  In  Dr.  Pereine's  article  on  the  number  of  nebu- 
la- :/.  -laics  thai  more  nebula'  were  found  on 
plates  showing  no  large  object-  than  on  the  others.  It 
seems  possible  that  this  may  be  due  to  the  fact  that  the 
plates  showed  only  about  0.8  square  degrees.     Thi 


outside  the  larger  objects  was  therefore  rather  small  and 
should  not  be  compared  directly  with  the  total  area  when 
Onlj  small  objects  wen-  photographed.  The  only  "Selected 
Area"  plates  which  throw  any  light  on  this  matter  are 
the  two  containing  N.6.C.  598  and  4254.  The  first  con- 
tains fifteen  nebulas  while  the  four  nearest  it  on  the  north, 
South,  cast  and  west  average  S.  The  second  shows  eighty- 
eight  while  the  average  of  the  surrounding  four  is  thirty- 
six.  These  averages  would  be  of  greater  value  if  they 
were  obtained  from  plates  within  5°  of  the  two  central 
ones,  but  since  none  of  this  nature  are  available  the  evi- 
dence must  be  taken  for  what  it  may  be  worth.  It  at 
least  indicates  another  possible  reason  for  the  difference 
mentioned. 

Summary. 

The  results  of  this  investigation  may  be  summed  up  as 
follows: 

1.  There  is  a  great  condensation  of  nebula?  toward 
the  north  galactic  pole  and  a  similar  but  much  less  marked 
one  toward  the  south  galactic,  pole. 

2.  On  the  assumption  that  most  of  the  nebula-  are 
approximately  disk-shaped  the  planes  of  the  disks  appear 
bo  be  oriented  at  random  in  space. 

3.  The  probable  number  of  nebulae  in  the  sky  which 
could  be  photographed  with  the  60-inch  reflector  with 
exposures  of  one  luuir  on  Lumiere  Sigma  plates  is  162,000. 

4.  SG4  new  nebula1  were  discovered. 

Smith  Observatory,  Beloit,  Wis.,  July  25,  1913. 


ADDENDUM. 

Professor    Wolf's    Koenigstuhl-Nebel-Listen     13    and    14    have 
,  objects  from   Table  1   are  represented  in    the  above 
1   i-  W  XIII,  L08,  and  83,  89,  91,  94,  95  an< 
1913,  Now  mbi  r  24 


been    recently    received    at     this    observatory, 
ists.       The  following  identifications  appear    probable: 
96  are  I      xIY.  L69,  197,  202,  217.  225  and  234  respectively. 


ON   A  TEMI'KUATl-KK  GRADIENT  TERM    IN   THE  COLLIMATION   CONSTANT 
OF     THE    ALBANY   MERIDIAN    CIRCLE, 

Bi   SEBASTIAN   ALBRECHT 


Within    recent    years    quite    elaborate    precautionary 

measures   have   been   taken   to  insure   accuracy   in   some  of 

the  constants  employed  in  the  reductions  of  meridian 
circle  observations,  with  special  reference  to  fundamental 
work.  This  is  especially  true  of  the  clock-rate,  by  means 
Of  the  temperature  and  pressure  controlled   Uietler  clocks, 

and  ot  the  azimuth  of  the  transit-instrument,  by  such 
work  as  that  of  Gill  and  Hough  at  the  Cape  <  Observatory. 
The  level  is  usually  determined  by  several  observations 

on  the  nadir  as  part  of  the  observing  program  for  each  day. 


In  this  way,  however,  a  knowledge  of  the  level  of  the 
instrument  is  tied  up  with  the  collimation.  The  collima- 
tion  is  quite  generally  considered  subject  to  little  change, 
and  for  this  reason  it  is  determined  at  much  longer  inter- 
vals, usually  from  one  to  several  weeks. 

For  the  meridian  circle  of  tin-  Dudley  Observatory  the 
collimation  varies  linearly  as  a  function  of  the  tempera- 
ture.'1     In  view  of  this  direct   dependence  of  the  collima- 

i  ,i:\i<ai.  Institution  of  Washington,  Year  Book  11,  p.  166, 
1912. 
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tion  on  the  temperature,  it  occurred  to  the  writer  that 
there  might  also  be  an  effect  depending  upon  the  rate  at 
which  the  temperature  is  changing  at  the  time  of  observa- 
tion. 

A  test  for  such  an  effect  was  made  with  the  collimations 
observed  at  Albany  since  the  return  of  the  instrument 
from  San  Luis.  The  observations,  mostly  by  Mr.  Roy 
and  some  by  Mr.  Varnum,  were  made  by  observing, 
Clamp  E.  and  ('lamp  W.,on  the  mire  and  on  the  mercury 
collimator  underneath  the  telescope.  In  the  discussion 
which  follows  the  collimations  thus  obtained  will  be  re- 
ferred to  as  the  "mire"  and  "nadir"  values.  Corrections 
for  pivot-errors  were  not  applied  as  these  do  not  affect 
the  results  obtained  below. 

The  observed  collimations  were  first  plotted  —  sepa- 
rately for  mire  and  nadir  —  with  collimations  as  abscissae 
and  temperatures  T  as  ordinates.  The  plots  show  the 
temperature  effect  clearly  and  unmistakably.  A  straight 
line  represents  well  the  smoothest  curve  that  can  be  drawn 
through  a  group  of  observations  extending  over  an  inter- 
val of  time  during  which  no  discontinuity  occurred  in  the 
collimation  due  to  intentional  or  accidental  changes  in 
the  instrument.  The  slope  of  the  lines  thus  drawn,  which 
was  found  to  be  identically  the  same  for  nadir  and  mire, 
gives  the  temperature  coefficient  of  the  collimation,  i.  e., 
the  change  of  collimation  per  degree  Centigrade  increase 
in  temperature.  Between  the  limiting  temperatures  of 
the  observations.  16°  and  j-34°( ',  this  was  found  to  be 
—  0s. 005  (Clamp  1'].),  which  is  in  exact  agreement  with 
the  value  determined  previously  by  Professor  Boss  (I.  c.) 
for  the  same  instrument  mounted  at  San  Luis. 

The  graphs  described  above  furnish  a  ready  means  for 
making  a  preliminary  test  for  a  temperature  gradient 
effect,  as  follows:  The  straight  lines  drawn  to  best  repre- 
sent the  points  in  each  group  furnish  a  means  for  obtaining 
the  computed  collimation  tor  each  temperature  on  the 
basis  of  a  linear  relation  between  the  collimation  and  the 
temperature.  The  horizontal  distances  of  the  individual 
points  from  the  correponding  straight  line  give  residuals 
which  should  represent  the  accidental  errors  of  observation 
if  a  linear  temperature  effect  alone  is  involved.  These 
residuals  were  separated  into  two  divisions,  corresponding 
to  forenoon  and  afternoon  observations  respectively.  For 
the  forenoon  observations,  on  the  average,  the  temperature 
would  be  rising.  As  the  afternoon  observations  were 
usually  taken  at  about  half-past  three  o'clock  or  later, 
the  temperatures  for  these  observations,  on  the  average, 
would  have  a  downward  trend.  Table  I  gives  the  resi- 
duals thus  separated.  The  concentration  of  the  negative 
residuals  in  the  A.  M.,  and  of  the  positive  residuals  in  the 
P.  M.  columns,  is  quite  marked,  ami  indicates  a  dependence 
of  the  collimation  upon  the  direction  in  which  the  tem- 
perature is  changing  at  the  time  of  observation. 


Table  I. 


Ac,  observed-computed 

Ref.  No. 

A. 

M. 

P. 

M. 

nadir 

mire 

nadir 

mire 

<  Iroup    1* 

0V001 

1 

-   5 

-25 

2 

-28 

■■i 

-20 

-30 

4 

+  15 

5 

+  28 

+  29 

6  ■ 
( Iroup    2 

+35 

7 

-29 

8 

-    2 

+  7 

!• 

+   1 

1(1 

-IS 

-18 

11 

-   4 

-10 

12 

+  10 

-   9 

13 

+  14 

+  9 

14 

+  4 

+  5 

15 

+  19 

+  21 

16 

-23 

-22 

17 

-   5 

-27 

IS 

+28 

L9 

-22 

-29 

20 

+  24 

+  16 

Croup    3 

21 

+  51 

22 

+  16 

+  9 

2: 1 

+  23 

24 

-21 

-13 

25 

-25 

-34 

26 

+  74 

+  43 

27 

-16 

—   5 

.... 

28 

+  35 

+  54 

29 

+  62 

+37 

30 

-40 

-37 

31 

-30 

-34 

32 

+  '3 

+  25 

33 

-64 

-72 

34 

+  '7 

+  5 

The  material  was  investigated  in  greater  detail  as  follows 
It  had  previously  been  found  (I.  c.)  that  there  is  a  lag  in 
the  instrumental  constant.-.  Accordingly,  the  tempera- 
tures recorded  with  the  observations  for  collimation  were 
those  of  the  "attached  thermometer,"  the  barometer 
being  enclosed  in  a  wooden  case  in  the  observing  room  so 
as  to  introduce  a  lag,  and  thus  give  a  temperature  which 


Group  L,  from  November  8  to  December  28,  1911.  Group  2, 
from  January,  1912  to  February  13,  1913.  Group  3,  from  April, 
1913  to  October  6,  1913,  Between  groups  the  collimation  was 
intentionally  or  accidentally  changed.  The  signs  in  this  paper  will 
refer  to  <  Ila'mp  E. 


ss 
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might  more  nearly  correspond  to  the  temperature  of  the 
telescope.  V-  it  was  Feared  thai  these  temperatures  (T) 
mighl  to  a  certain  extent  mask  the  effeel  soughl  for,  and 
in  oi'.ler  to  have  a  more  complete  record  of  the  air  tempera- 
tures within  several  hours  of  the  times  of  observation,  use 
was  made  of  the  temperatures  from  the  records  of  the 
Albany  station  of  the  U.  S.  Weather  Bureau.  These 
were  kindly  placed  a1  my  disposal  by  Professor  Todd 
These,  to  be  refrrred  to  as  -, .  are  not  strictly  the  tempera- 
tures of  the  air  surrounding  the  telescope,  but  they  are 
the  best  approximations  obtainable,  and  as  we  shall  see 
later,  lead  to  reliable  results. 

rhe  collimation  may  be  expressed  in  term-  of  the  equa- 
tion 


=  A  +  Bi  +  Ac 

(  irellji 


(1) 


where     I  and    B  are    constants    which   can    be   corn- 

Group 
puted  or  taken  directly  from  the  graphs  described  above, 
(  is  the  temperature,  and  Sr  the  temperature  gradient 
term.  In  this  case  it  was  found  that  /  could  be  replaced 
by  either  T  or  y  with  similar  final  results.  However,  in 
general  it  will  be  more  satisfactory  to  endeavor  to  obtain 
the  temperature  of  the  air  surrounding  the  telescope. 

It  is  evident  thai  equation  1 1 1  may  also  be  put  into  the 
form 

c       .1  +  B  a  +  St)  (2) 

i  (roup 

since  it  will  always  be  possible  to  find  a  St  such  thai  Ac  = 
B'  St.  In  practical  use  the  second  form  of  the  equation 
is  perhaps  slightly  the  more  convenient,  and  the  solution 
for  the  temperature  gradienl  term  was  made  in  this  form. 

To  facilitate  the  solution,  the  auxiliary  angle  i/  is  intro- 
duced, where  SI  =  f  (}//).  This  function  is  to  be  deter- 
mine,!. The  hourly  temperature-  7  within  several  hours 
of  the  time  of  an  observed  collimation  are  plotted  on  any 
convenient  scale  with  temperatures  increasing  upward  as 
ordinates  and  times  increasing  toward  the  right  as  ab- 
scissae. A  smooth  curve  is  drawn  through  the  points. 
At  the  point  on  the  curve  corresponding  to  the  observed 
time  of  collimation  a  tangenl  line  is  drawn.  The  angle  \P 
which  this  line  makes  with  the  x-axis  is  measured  with  a 
protractor.  It  i-  called  positive  when  the  tangent  line  is 
-loping  upward  and  negative  when  sloping  downward 
toward  the  right.  In  this  way  an  angle  1/.  is  determined 
for  each  observed  time  of  collimation. 

Residuals  AT,  corresponding  to  the  residuals  Sc  in 
Table  I,  were  taken  directly  from  the  original  graphs. 
These  were  arranged  progressively  in  the  order  of  magni- 
tude <>f  the  .angles  1/,  with  due  regard  to  the  signs  of  the 
angles,  and  the  normal  places  given  in  the  first  four 
columns  of  Table  II  were  formed.     The/  ($)  is  to  be  de- 


termined of  a  form  which  shall  be  as  simple  as  possible 
for  computation  and  still  retain  all  the  accuracy  warrant- 
ed by  the  character  of  the  data.  A  graph  was  made  from 
the  data  in  Table  II  with  A7'  as  ordinates  and  \p  (degrees 
used  simply  as  numbers)  as  abscissa'.  A  smooth  curve 
was  drawn  to  best  represent  the  points  plotted.  By 
actual  trial  it   was  found  that   an  equation  of  the  form 


AT  =  a  +  h  .  tan  '  •_-</ 


3) 


gives  a  curve  which  is  practically  coincident  with  the 
curve  described  above  over  a  length  corresponding  to  the 
upper  live-sixths  of  Table  II.  The  last  value  alone  in 
the  table  is  at  a  considerable  distance  from  the  computed 
curve,  and  this  point  has  a  small  weight. 

Table  II       The  Temperature  Ghadient  Term. 


* 

TS 

No.  of 

Total 

Xatl. 

A7  =  -  1.G7 

Ac  = 

Obs. 

Weight 

tan  ii/' 

+  19.3  tan  ii£ 

-0B.0043AT 

+55.1 

+8.6      i) 

16 

+0.52 

+  8.4 

-0!036 

+  39.8 

+3.9      7 

19 

+  .36 

+  5.:; 

-0.023 

+  29.3 

+  5.1 

7 

17 

+   .26 

+3.4 

-0.015 

+  18.7 

+  1.7 

11 

Hi 

+   .16 

+  1.4 

-0.006 

±  0.0 

-3.3 

10 

23 

±    .00 

-1.7' 

+  0.007 

-10.4 

-2.6 

8 

12 

-   .09 

-3.4 

+  0.015 

-18.1 

-5.2 

6 

10 

-    .16 

-4.8 

+  0.021 

-33.3 

-3.5 

3 

4 

-   .30 

—  7.5 

+0.032 

Each  line  in  Table  II  gives  :m  equation  of  the  form'  (3), 
with  the  constants  a  and  b  as  the  only  unknowns.  Solving 
by  least  squares  we  obtain  the  values  of  these  constant-. 
and  substituting  in  (3)  we  get 


ST  =  -1.67  +  19.3  tan  >  ■_>./ 


(4) 


Column  six  in  Table  II  gives  the  values  of  AT  computed 
from  (4),  and  the  last  column  gives  these  values  converted 
into  the  corresponding  corrections  to  the  collimations. 

The  method  by  which  the  temperature  gradienl  term 
was  determined  is  sufficiently  illustrated  above.  The 
solution  was  repeated  with  the  use  of  7  and  A  7  instead  of 
7'  and  AT.  The  following  formulae  are  provisionally 
adopted. 


=  A 


Group 


0-.0043  (7+A7) 


where 


A7  =  -1.95  +  17.6  tan  YiJ* 


(5) 


(6) 


The  constants  in  (6)  apply  only  for  the  particular  scale 
used  in  the  graphs.  On  the  quadrille-ruled  paper  em- 
ployed, one  hour  was  equal  to  two  divisions  horizontally, 
and  two  degrees  Fahrenheit  were  equal  to  one  division 
vertically. 
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Table  III  is  self  explanatory.  The  probable  errors  in 
groups  1,  2,  and  3a  do  not  involve  the  rejection  of  a  single 
observed  collimation.  On  line  36  are  given  the  probable 
errors  for  group  3  obtained  by  excluding  four  abnormally 
large  residuals.  Combining  the  results  from  nadir  and 
mire,  fifty-four  individual  values,  into  one  value,  we  obtain 
a  probable  error  of  ±  0s. 0145  when  the  collimations  are 
corrected  for  temperature  only,  and  ±  0s. 0096  when  cor- 
rected for  both  temperature  and  temperature  gradient. 
With  the  temperature  gradient  term  included  the  prob- 
able error  of  an  observed  collimation  was  reduced  to 
sixty-seven  per  cent,  of  its  value  when  this  term  was 
omitted. 


Table    III. 


Probable    Errors    of    an    Observation 
for  Collimation. 


Group 

When  Corrected  for 
Temperature  only 

When  Cor.  for  both  Temp're 
and  Temperature  Gradient 

nadir 

No. 

of 

Obs. 

mire 

No 

of 

Obs. 

nadir 

No. 

of 

Obs. 

mire 

No. 
of 

Obs. 

1 
2 

3a 
36 

1,  2,  36 

±o!oi5 

.009 
.023 
.018 

3 

10 
13 

10 

±0!017 
.011 
.023 
.019 

6 

13 
13 
12 

±08004 

.011 
.01S 
.010 

3 
10 
13 
10 

±o!oo6 

.010 
.015 
.011 

6 
13 
13 
12 

±0\0145 

54 

±0S.0096 

54 

To  apply  the  temperature  gradient  term  in  practice,  the 
temperatures  are  simply  plotted  on  quadrille-ruled  paper 
on  the  same  scale  as  in  the  original  solution,  the  tangent 
line  drawn  at  the  point  on  the  curve  corresponding  to  the 
time  for  which  the  computed  collimation  is  desired,  and 
the  angle  \j/  measured  with  a  protractor;  the  value  of  \p  is 
substituted  in  ((>).  and  this  equation  is  solved  for  A7  . 
This  is  done  very  quickly  with  the  use  of  the  natural  tan 
Y<$  and  a  slide  rule  or  Crelle's  Tables,  The  whole 
operation  can  be  performed  well  within  five  minutes. 

It  would  be  of  interest  to  have  a  test  made  for  these 
effects  in  other  transit  instruments.  The/  (xf/)  need  not 
necessarily  be  a  trigonometric  function.  In  the  more 
general  case,  with  \p  used  as  simply  representing  numbers, 
the/  (i/')  may  lie  taken  in  the  form  of  the  series 


/  O)  =  a  +  0  ^  +  T  V  + 


(7) 


In  fact,  judging  from  the  shape  of  the  curve  plotted  from 
the  data  in  Table  II.  it  seems  likely  that  a  parabola 


/  (*)  =  a  +  0  +  +  7 -V 


(8) 


would  have  given  an  equally  good,  if  not  better,  repre- 
sentation of  the  points.  The  uncertainties  in  the  data 
at  present  available  make  it  inadvisable  to  carry  the  re- 
finement of  computation  further.     When  conditions  be- 


come favorable,  an  effort  will  be  made  to  obtain  a  nearly 
continuous  series  of  collimations  in  order  to  determine,  as 
far  as  possible,  the  real  nature  of  the/  (i/0  for  the  Albany 
meridian  circle.  It  is  not  impossible  that  this  function 
may  be  continuous  only  within  more  or  less  definite  sets 
of  limits,  i.  e.,  there  may  be  present  discontinuities  anal- 
ogous to  a  certain  extent  to  lost  motion  in  a  screw. 

It  may  not  be  out  of  place  to  discuss  briefly  the  possible 
bearing  of  the  above  results  on  meridian  work. 

The  period  of  the  temperature  gradient  term  should  be 
quite  definitely  a  day,  corresponding  to  the  more  or  less 
regular  diurnal  change  of  temperature.  Since  the  average 
daily  temperature  curves  differ  somewhat  for  the  different 
seasons,  as  regards  shape,  amplitude,  and  position  of 
maximum  and  minimum,  there  is  probably  an  annual 
period  superimposed  upon  the  diurnal  period. 

Star  positions,  determined  with  instruments  which 
have  temperature  gradient  effects  in  the  collimation,  will 
fortunately  not  contain  the  complete  effect  of  this  term. 
The  periods  involved  are  subject  to  considerable  minor 
irregularities.  A  distribution  of  the  observations  over 
most  of  the  night  and  to  a  minor  extent  over  several 
seasons  reduces  the  mean  effect  as  a  systematic  term; 
moreover  it  will  be  eliminated  to  a  large  extent  by  ob- 
serving all  stars  an  equal  number  of  times  Clamp  E.  and 
('lamp  W.  In  a  favorable  case  the  final  right  ascensions 
may  be  almost  entirely  tree  from  this  source  of  error.  A 
very  unfavorable  case  would  be  one  in  which,  possibly  on 
account  of  greater  convenience,  all  of  the  star  observa- 
tions have  been  made  in  the  early  part  of  the  night,  1.  e., 
with  a  descending  temperature,  and  where  all  of  the  ob- 
servations for  collimation  have  been  obtained  during  the 
part  of  the  day  when  the  temperature  is  rising,  which  is 
in  the  forenoon  or  before  two  o'clock  in  the  afternoon.  In 
the  latter  case  the  collimations  used  in  the  reductions  of 
the  star  transits  would  be  systematically  erroneous  by 
practically  double  the  temperature  gradient  term,  be- 
cause this  term  would  be  of  opposite  signs  for  the  observa- 
tions for  collimation  and  for  the  star  observations  respect- 
ively. If  such  an  observing  practice  were  combined  with 
very  unequal  numbers  of  observations  in  the  two  positions 
of  the  instrument,  the  final  right  ascensions  would  be 
quite  seriously  in  error.  Fortunately  modern  star  cata- 
logues are  based  upon  an  equal  number  of  observations  in 
the  two  positions  of  the  instrument,  and  therefore  the 
right  ascensions  are  liable  to  only  small  residual  syste- 
matic errors  clue  to  incompletely  determined  collimations. 

We  can  readily  see  how  vital  may  be  the  effect  in  fun- 
damental work,  where  observations  extend  through  the 
twenty-four  hours  of  the  day,  and  consequently  are  sub- 
ject to  the  complete  diurnal  change  in  the  temperature 
gradient  term.  Circumpolar  stars  observed  for  azimuth 
in  the  early  part  of  the  evening  and  again  twelve  hours 


90 


T  II  F.    ASTRONOMICAL    JOUR  N  A  I, 


N""-  658-659 


later  in  the  forenoon,  would  contain  this  term  with  opposite 
sijjns.  The  possible  magnitude  of  the  systematic  error 
thus  introduced  into  the  work  for  the  day  may  be  inferred 
from  the  values  of  the  temperature  gradient  term  given 
in  the  last  column  of  Table  11.  Fortunately  in  this  case 
also  an  equal  number  of  observations  in  the  two  positions 
of  the  instrument  will  eliminate  the  majorpart  of  the  emus 
from  the  definitive  star  positions.  Bowever,  in  funda- 
mental work  the  remaining  residual  errors  of  both  a 
systematic  and  accidental  nature  are  a  more  serious  con- 
cern. 

Considerable  attention  has  been  given  to  the  deter- 
mination of  outstanding  residuals  of  a  systematic  nature 
in  the  various  star  catalogues,  and  most  of  these  remain 
unexplained. 

In  general,  depending  somewhat  upon  the  details  of  the 
methods  employed  in  the  observations  and  reductions, 
the  adopted  meridian  for  a  night's  work  is  forced  into 
coincidence  with  the  true  meridian  near  the  equator  and 
near  the  pole,  while  between  and  below  these  points  the 
two  curves  will  be  separated.  If  on  another  night  the 
star  list  be  observed  with  the  telescope  reversed  but 
with  conditions  the  same  in  all  other  respects,  then  the 
mean-  for  the  two  nights  will  be  free  from  systematic 
error  from  this  source.  Such  a  complete  balancing  of 
errors  will  rarely  occur  in  practice. 

Where  a  temperature  gradient  effect  is  contained  in 
observations  to  any  considerable  extent,  it  should  become 
evident  when  the  observations  are  separated  into  the 
divisions  ('lamp  !•'..  and  ( 'lam))  \V.,  for  stars  approxi- 
mately midway  between  the  pole  and  the  mean  of  the 
declinations  of  the  time  stars  used.  This  separation  is 
generally  not  possible  for  star  catalogues  without  recourse 

to  the  original  data.  The  published  tables  of  the  syste- 
matic corrections  An  .  do  not  enable  us  to  infer  much  in 
I  to  the  source  of  this  error,  except  that  it  may  be 
of  interest  to  note  the  general  tendency  to  zero  values 
near  the  pole  and  near  the  equator,  and  to  large  values 
betwet  ii  these  points.  Also  the  practical  absence  of  this 
error  in  the  Lisbon  catalogue  (1890)  may  have  some 
bearing,  as  the  collimation  was  entirely  eliminated  from 
the  observations  for  this  catalogue  by  reversal  of  the 
instrument   on  each  star. 

For  the  Cordoba  General  Catalogue  I  1S7.1 1  the  separation 
into  Clamp  E.  and  Clamp  W.  is  possible,  and  has  been 
made  b\  Professor  Boss.  In  Boss'  Preliminary  (ieneral 
i  'atalogue,  \>.  339,  is  given  the  table  of  corrections  Acu  thus 
separated.  It  is  reproduced  in  Table  IV  of  this  paper, 
and  the  column  "corr  .  X  cos  5"  has  been  added  in  order 
to  show  more  clearly  the  progressive  increase  toward  the 
zenith  from  both  the  pole  and  the  equator.  The  effect 
hen  shown  could  quite  clearly  be  produced  by  more  or 
less  systematically  erroneous  values  of  the  collimations. 


Tablf.  IV.  (Cordoba,  1875). 


s 

corr.  (CI.  E  1 

corr.  x  cos.  i? 

±  0 

-o'.006 

-0J)06 

-    5 
10 
15 
20 

•2-) 

-    .001 
+    .004 
+   .009 
+    .011 
+    .018 

-    .001 
+   .004 
+    .009 

+  .01:; 

+   .016 

-30 
35 
40 
45 
50 

+   .023 
+    .027 
+    .028 
+    .029 
+   .030 

+   .020 
+   .022 
+   .021 
+   .020 
+   .019 

-55 
60 
65 
70 

75 

+   .030 
+   .030 
+   .030 
+   .030 
+   .030 

+    .017 
+   .015 
+   .013 
+   .010 

+    .(IDS 

-80 
-85 

+   .030 
+   .030 

+   .005 
+   .003 

Table  V.      Collimations  at  the  Cape  Observatory. 


Date 

Mean  for 
Month 

No.  of 
Obs. 

Extremes 

Total 
Range 

lowest 

highest 

1880,  April 

+0*031 

19 

+o!oio 

+o!o51 

0.041 

May 

+ 

.029 

19 

— 

.005 

+ 

.049 

.054 

June 

+ 

.047 

21 

+ 

.028 

+ 

.072 

.044 

July 

+ 

.049 

17 

+ 

.024 

+ 

.07:; 

.049 

Aug. 

+ 

.045 

16 

+ 

.028 

+ 

.062 

.034 

Sept, 

+ 

.043 

17 

+ 

.028 

+ 

.058 

.030 

Oct. 

+ 

.036 

22 

+ 

.011 

+ 

.060 

.049 

Nov. 

+ 

.027 

26 

— 

.037 

+ 

.060 

.097 

Dec. 

+ 

.029 

15 

+ 

.006 

+ 

.058 

.052 

1881,  Jan. 

_ 

.001 

15 

_ 

.021 

+ 

.025 

.049 

Feb. 

+ 

.008 

23 

— 

.016 

+ 

.029 

.045 

Mar. 

+ 

.011 

27 

— 

.012 

+ 

.037 

.049 

Apr. 

+ 

.012 

17 

- 

.009 

+ 

.034 

.043 

May 

+ 

.033 

12 

+ 

.007 

+ 

.070 

.061 

June 

+ 

.037 

23 

+ 

.010 

+ 

.069 

.059 

July 

+ 

.039 

22 

+ 

.020 

+ 

.O.V.I 

.039 

Aug. 

+ 

.028 

20 

— 

.009 

+ 

.04S 

.057 

Sept, 

+ 

.027 

23 

+ 

.010 

+ 

.049 

.039 

Oct, 

+ 

.021 

21 

— 

.004 

+ 

.036 

.040 

Nov. 

+ 

.015 

21 

— 

.017 

+ 

.030 

.047 

Dec. 

+ 

.001 

18 

— 

.035 

+ 

.020 

.055 

1882,  Jan. 

± 

.000 

21 

_ 

.024 

+ 

.030 

.054 

Feb. 

— 

.005 

29 

— 

.062 

+ 

.017 

.079 

Mar. 

+ 

.009 

24 

- 

.014 

+ 

.032 

.    .046 
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Table  V. —  Continued. 


Date 

Mean  for 

No.  of 

Extremes 

Total 

Month 

Obs. 

lowest     j     highest 

Range 

1882,  Apr. 

+  8008 

17 

-    .1)25 

+   .035 

.060 

May 

+   .017 

17 

-    .033 

+   .045 

.078 

June 

+  .010 

10 

-   .010 

+   .015 

.025 

July 

+   .016 

16 

-    .008 

+   .043 

.051 

Aug. 

+   .012 

9 

-    .015 

+   .023 

.038 

Table  VI,  Nov.  25.   1S80. 


Collimation 

Observer 

+0.001 

R.  T.  Pett 

+0.012 

G.  W.  II.  Maclear 

+  D.035 

David  Gill  (?) 

+  0.037 

David  Oill 

+0.060 

W.    II.     FlM.AY 

+0.051 

1!.  T.    Pi  i 

An  examination  was  made  of  the  separate  collimations 
published  with  the  Cape  Meridian  Observations,  to  s-3e  if 
they  might  have  a  bearing  upon  the  problem  discussed 
in  this  article.  In  Table  V  is  given  a  summary  of  that 
part  of  the  material*  which  contains  a  large  number  of 
observations  in  each  month.  The  monthly  means  in 
column  two  show  quite  clearly  a  variation  with  a  period 
of  a  year.  The  collimations  for  the  two  years  following 
the  table  have  been  examined  and  show  the  same  periodic- 
ity, with  the  maximum  near  the  end  of  June  and  a  mini- 
mum in  January,  thus  giving  five  consecutive  years.  The 
inference  df  a  temperature  effect  seems  quite  clear.  With 
the  presence  of  a  temperature  effect,  together  with  the 
large  total  range  between  the  individual  values  (sum- 
marized in  columns  four,  five,  and  six  of  Table  V),  a  tem- 

*Cape  Meridian  Observations  1879-81,  pp.  5-9,  and  18S2-S4, 
pp.  3-4. 


perature  gradient  term  may  also  be  suspected.  Also,  in 
the  absence  of  any  other  indicated  muse,  the  large  range 
between  the  six  observations  on  one  day.  reproduced  in 
Table  VI,  is  suggestive  of  the  latter  effect,  though  other 
causes  are  not  necessarily  excluded. 

It  seems  likely  that,  for  the  numerous  transit  instru- 
ments in  use,  a  variation  of  the  collimation  as  a  function 
of  the  temperature*  will  be  found  to  be  the  rule  rather 
than  the  exception;  and  where  a  definite  variation  with 
the  temperature  exists  there  is  also  apt  to  lie  an  effect 
depending  upon  the  rate  at  which  the  temperature  is 
changing.  This  fact  should  by  no  means  reduce  our 
confidence  in  the  transit  instrument.  A  variation  ac- 
cording to  definite  laws  which  can  be  established  is  much 
more  satisfactory  than  variations  of  an  irregular  and 
apparently  arbitrary  nature.  The  material  reduction 
in  the  probable  error  of  the  so-called  "collimation  con- 
stant." and  the  increased  certainty  as  to  the  proper  values 
to  be  used  in  the  reductions  of  star  observations,  should 
certainly  increase  our  confidence  in  the  instrument  rather 
than  diminish  it. 

We  are  not  to  infer  from  a  varying  collimation  that  we 
must  observe  for  the  collimation  more  frequently  than  in 
the  past.  Quite  the  contrary  may  be  found  to  be  true. 
For  each  instrument  the  laws  governing  the  variations 
must  first  be  established  by  the  requisite  number  of  ob- 
servations, and  thereafter  only  a  sufficient  number  of 
observations  need  be  obtained  to  give  a  good  control  over 
the  formula1.  With  due  regard  to  a  proper  distribution 
of  the  observations,  as  regards  high  and  low  temperatures, 
upward  and  downward  trend,  and  the  stationary  points, 
an  average  of  one  determination  per  week  should  prove 
sufficient. 


*A  tabulation  of  the  collimations  for  the  Greenwich  Observa- 
tions for  1909  and  1910,  shows  likewise  a  definite  variation  with 
the  period  of  a  year,  and  with  ;i  double  amplitude  of  about  0M3. 

Dudley  Observatory,  Albany,  X.  V.,  December  18,  1913. 


OBITUARY   NOTK  IE. 


Dr.  Seth  ( '.  Chandler,  formerly  editor  of  the  Astronomical  Journal,  and  more  recently  associate  editor, 
succumbed  to  an  attack  of  pleurisy  on  December  31,  1913,  at  his  home  in  Wellesley  Hills,  Mass.  A  sketch  of  Dr. 
Chandler's  career  will  follow  in  the  next  number. 
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On  a  Temperature  Gradient  Term  in  the  Collimation-  Constant  of  the    \i.h\m    Meridian  Circle,  hy  Sebastian    Vihhi-'.ch  r 
Obituary  Notice. 
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HYPERGEOMETRIC    SERIES    AND    WALKERS    TABLES    OF    THE  LEVERRIER 

COEFFICIENTS, 

By  G.  W.   HILL. 


Nearly  all  the  series  employed  in  astronomy  have  the 
form 


izJT1  + Mi  a" + Mi  -i/2  a4 + M>  -u- Ma  a6 + 


etc. 


Mo  a"'  [1   +  pi  a2  +  /i,  it2  a4  +  Mi  Ml  M3  a6  +    ■    ■    ■    -J 

of  like  form  as  beiore.      lhis  operation  can    be  repeated. 

where  a-  is  the  parameter  according  to  which  the  series  is      '  bus,  putting 

arranged,    m.   is  the  factor  by  which  the   (7  —  l)th  coeffi- 


cient must  be  multiplied  to  produce  the  ith  coefficient  and 
m  is  an  exponent  generally  integral. 
We  propose  to  transform  this  series  by  multiplying  it 

1  -  ( 


by  the  unit  factor 


The  result  is 


£5A|  l  +  (Ml-l)a2+Mi(^-l)a4+MiW(.M3-l)afi+ 
1  — a- 


Therefore,  if  we  put 

.17,  =  Ml  -  1.      Mi  =  M. 


w-1 

Ml-1 


M, 


Ms—  1 


■] 


etc. 


.V,  =  .!/,-  1,       A'..  =  Mi 


.17,-1 


-V;t   =    .1/.. 


.17,-1 


we  have 


.17,-1         "'       "M72-l 
we  have 

7jz^[l  +  #i"2  +  N,  N2a*  +  Ni  .V,  .V;,  «"  +..."]• 

Should  any  of  the  m  be  exactly  equal  to  unify,  zero 
divisors  would  appear  in  the  values  of  .17.  But  if  any  one 
of  the  m  is  zero,  the  series  passes  from  an  infinite  to  a  finite 
series  ending  with  the  appearance  of  m,-i  .  But,  if  one 
of  the  fi  is  exactly  unity  as.  for  instance.  its,  we  have 


MO  a'"    f 
l-a*|_ 


1  +  (/xi  —   1)  a2  +  pi  {)!■:  —   1)  a.4  +  Oa6  +  Mi  W  Ms  (M4  —   1)  tis  +  Mi  M2  Ms  M4  (t*s  ~   D  a"'  + 


The  difficulty  with  this  series  is  tided  over  if  we  conceive         Of  the  immense  variety  of  series  comprehended  in  our 

q  _  I  general  form,  each  one  is  sufficiently  characterized  by  a 

that  in  M3  =  /i2 — - — r   =  0,     and  M 4  =  fi3    4  .     ,    the     statement  of  the  mode  of  construction  of  the  m-     We  limit 

ourselves  to  the  case  where  m.  is  a  function  of  i.     The 

;  thus     species  of  hypergeometric  series  especially  interesting  to 

astronomers  is  that  where  m.  as  a  function  of  i  is  exempli- 


-  1 


zeros  are  identical  and  thus  M.<  .l/4  =  m°  Ms 

M2  ' 

the  intrusion  of  oo  into  the  series  is  preA  ented. 


tied  by  the  equations 


ad 


(1  +  a)  (1  + 


2  (1  +  7) 


(2  +  a)  (2  +  fl) 
3  (2  +  7) 


(3  +  a)  (3  +  0) 
1  (3  +  7) 


(t  +  a)  (i  +  fl) 
(t  +  l)(i  +  7) 


a  ,  j5  ,  7  are  constant  for  the  same  series  but  may  vary 
from  one  series  to  another.  We  shall  limit  our  investi- 
gation to  the  function   b\J)   of  Laplace  and   its  deriva- 


tives with  respect  to  the  parameter  a.  The  subscript  Yi 
will  be  omitted  as  unnecessary.  Here  the  a  and  #  are 
the  halves  of  odd  integers  and  y  a  non-negative  integer. 

(93) 


94 
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As  it  i-  inconvenient  to  have  (lie  hall'  integers  in  the  ex- 
onof  yu,  we  multiply  both  numerator  and  denominator 

(2/  -  1)  (2/  +  2;  -  1) 
>*■  2i  (2/  +  2j) 

m  this  equation  it  is  perceived  that  /u,  cannot  vanish 
while  is  going  from  unity  t.ico  ami  also  that  pm  =  1. 
After  has  received  a  value  somewhat  surpassing  j  ,  m 
continually  approximates  unity. 

If  we  Use  n  to  denote  order  of  the  derivative-  of  6      .  it 

will  he  seen,  by  the  cancellation  of  factors  common  to  the 

numerator  and  denominator,  that  the  p.  lot-  a    I >"  l>      is 

_  (2/  -  1)  (2i  +  j  -  1)  (2i  +  j)  (2i  +  2/  -  1 1 
2i(2i+,        n        L)(2»+j-n)  (2t   ■   2j 

This,  however,  is  a  general  formula,  it  is  alwaytrue,  but 
i  must  be  counted  from  the  first  term  of  b'J  .  whether  it 
falls  out  through  the  derivation,  or  not.  But  it  is  con- 
venient to  make  i  =  It  for  the  firsl  significant  term  in  the 
derivative.  In  Walker's  table  the  number  of  terms 
which  fall  out  is  indicated  by  the  number  of  vacant  places 
at  the  beginning  of  the  line. 

The  method  of  Levereier  and  after  him  of  Walker 
was  to  improve  the  -cries  for  the  calculation  of  a  I)  /> 
by  multiplying  it  by  (1  -  a2)".  This  factor  seems  to 
have  been  chosen  simply  as  the  result  of  trial.  But  one 
may  exhibit  the  benefit  of  such  a  multiplication  by  bring- 
ing forward  a  very  simple  case.  Let  it  be  proposed  to 
evaluate  1  —  a2)-**  by  employment  of  the  binomial 
theorem.     Bv  direct   use  of  this  the  coefficient  of  a20    is 


by  4.     For  bU)  the  constants  have  the  values    a  =  >2 
.(•'-.  i       j    (-  1-     Thus  here  p,  has  the  value 


KJ['+V]K] 


15.17     33      ,  .        , 

-jr-j — xx-  ,     out    11    we    consent     to   write    the    expression 
2.4 .  .  21 l  ' 

thus    il  -  a2)    3  (1  —  a-i'    and    develop   only   the    latter 

factor  we  have  a  coefficient  of  the  same  power  of  o  ^ 

2  I     20 


'he  ratio   of   the-  twe 


ffl  .     .     .     17678835      ..         .. 
oemcients  is  — ;   thus,  the 


advantage  of  the  latter  course  is  relatively  enormous. 
Nevertheless,  the  pure  mathematician  regards  both  series 
as  equally  convergent,  the  limit  of  convergence  in  both 
being  the  same,  viz.,    a  —  1. 

Walker  employs  the  symbol  0  which  is  the  tangent 
of  the  angle  of  which  o  is  the  sine.  Here  we  must  explain 
a  peculiarity  in  the  arrangement  of  his  tallies.  By  re- 
moving as  a  factor  the  proper  power  of  (32  it  will  be  per- 
ceived that,  when  n  =  2,  he  has  a  term  in  /3-2;  when 
ii  =  3,  an  additional  term  in  0~4,  and  so  on  till  when 
ii  =  7,  he  has  terms  in  p1-14,  (3  l2.     ,1  ".     We  have 

„"  +  --•' ■/;»/.-■    =  a   2">  f"\\  +  ha?+    .   .    \ 

where  m  is  0  or  a  positive  integer.  Now  Wtalker,  when- 
ever no  negative  powers  of  a-  would  thereby  be  intro- 
duced, always  makes  the  multiplication  involved  in  the 
second  members  of  these  equations  by  employing  the  first 
factors  just  as  they  stand;  but  when  negative  powers  of 
,i  arise,  he  eliminate--  them  by  menas  of  the  relation  a~-  = 
1  +  |8~"2,    which  gives 


F-+  0* 


&<  =   p  +  2f3*+  06 


p  =  02  +  3)3J  +  :^'; 


etc. 


However,  with  Walker  there  is  no  extra  computation 
involved  in  this  elimination,  as  the  proper  coefficient  is 
found  by  proceeding  in  a  diagonal  line  leading  upwards 

through   his   columns  Of  difference-.      In  some  cases,  it   is 

:  iry  to  prolong  the  column-  of  difference  upward 
by  adding  a  certain  number  of  zeros  to  the  main  column. 
This  it  i-  never  necessary  to  do  if  one  uses  the  method  oi 
multiplying  by  1  -  a2  the  necessary  number  of  times  in 
succession. 

The  method  of  computation  followed  by  Walker  was 
purely  arithmetical.     Be  firsl   computed  the  coefficients 
of  the  developments  of  the  b  to  eighteen  place-  of  decimals 
I.     i  rrier  has  given  them  to  twelve.  Annals  de  I'Obser- 
I'uin.   II ).      Then  differentiated  the  ex- 
pressions -even  times  in  succession,  then  differenced  the 
iicient-  only  once  for  the  first   derivative-  but 


going  up  to  seventh  differences  for  the  seventh  derivatives. 
Then  his  work  was  about  concluded,  but  he  had  still  to 
get  the  logarithms  to  be  inserted  in  his  tables.  Thus, 
although  each  coefficient  is  rigorously  equal  to  a  vulgar 
fraction.  Walker  had  no  information  on  the  terms  which 
compose  it. 

The  sheet-  containing  Walker's  computations  were. 
for  some  time,  preserved  in  the  office  of  the  American 
Ephemeris,  hut  are  now  lost.  An  abstract  of  the  results 
was  published  in  the  American  Ephemeris  for  1857,  but, 
unfortunately,  a  regard  for  the  breadth  of  page,  led  the 
compiler  to  reduce  all  the  decimals  to  five  places.  This 
is  insufficient  for  investigations  of  the  perturbations  of 
the  solar  system.  It  has  seemed  to  me  that  the  method 
oi"  Walker  has  many  advantages  over  the  methods  of 

recursion   now    generally   employed,    the   chief  of   which    is 


N°-  660 


THE    ASTRONOMI C A  L    JOURNAL 


95 


that  you  can  derive  any  coefficients  you  want  without 
having  to  deal  with  any  that  precede  in  the  natural  order. 
Hence  it  seemed  that  a  recomputation  of  these  tables 
would  be  a  service  acceptable  to  astronomers.  In  this 
work  1   have  not  employed    the   arithmetical    method  of 


Walker,    save   occasionally   for   verification,    preferring 
generalized  forms. 

The  values  of  the  !>' '  have  l>een  given  by  Leveebier, 
in  their  case  there  is  no  need  of  adding  anything.  For 
the  first  derivative,  by  differentiation,  we  have 


aDb<j> 


3.5.  ■  (2j-  1)    , 
4.6. 2j 


S   .    ,    ,  2/  +  1 


.,        1.3(2,/+  l)(2/  +  3)  I 

u  +  2)a-+^[2j  +  2){2j  +  i)  t./  +  4.a    +   .   .   .     ^ 


From  which,   i  being  counted  from  the  first  significant  term, 

'J         L)  {2i  +  j)  (2i  +  2j  -  1) 


2i(2i+j  -  2)  (2/  +  2j) 
Let   us  multiply  (he  series  within  the  brackets  by   1  -  a?  :  the  last  factors  of  each  coefficient,  in  their  order,  are 


4+j 


Ar 


-1  . ,,  +  1 1 


8  (j  +  2) 


6  +  j 


-'./- 


L2(j  +  3) 


8  + ./  -  2? 
16(j  +  4)    ' 


The  table  of  factors  by  which  the    coefficients  of   the 

series  for  1)' '    must  be  multiplied  in  order  to  obtain  the 
coefficients  next  following  in  t  1   —  a-    a  Db       is 
j 

0  *,*,*,*,    rV   •••• 

1  1  .'!  .'.  7  :• 

1  8       '         '.'  -I       '  I    S      ■         S,.      ■  1     .■!! 

•*  Til  32    .   i;u    •   58    ■    I   I  5     ■     •     •     • 


The  rest  can  be  readily  filled  in  from  the  formula. 

For   the  second   derivatives  of  '<"    1    have   found   the 
general   formula. 

..        (2»  -  5)  (2»  +  2/  -  5)      /(/) 


a  (2i  +  2j) 


/(i-  i) 


where 


/(i)  =  (Hi/-  +  20i  P  +  (16/  -  72/  +  20/  -18)i+  3j  (./  -  1)  (2./  -  3)  (2./  -  1) 


This  formula  is  true  without  any  exceptions,  bu1  if  must      Walker's  virtually   beginning  the  horizontal   line  with 
be  borne  in  mind  that  i  is  counted  from  the  first  term  of  6 


whether  it  disappears  by  being  twice  differentiated  or  not. 
After  the  expansion  of  a"  (1  —  a2)2  D- h''  has  been 
found  by  means  of  the  values  of  /  ',".  in  order  to  get  the 
proper  value  of  the  second  coefficient  of  Walker's  table 
we  must  augment   n,'J)  by  a  unit    (this  is  on  account   of 


P~°-  =  "and  we  recall  that  a'-ji' 


02  +  /34 


The  third  derivatives  of  the  hl>>  are  naturally  more  com- 
plicated than  the  second;  hence  the  information  about 
them  is  less  complete.  For  the  first  four  values  of  j  we 
have  found 


(2t  -  3)2(1  l 


2i  (2i  -ft      II 


11) 


(2i  -  3)  (2j        l      11/-  2) 
2\  (2i  -F6     11    -  13) 


(2/  -3)-  (38/+  1) 
■2    i  2%  +  4)  (38/  -  37)  ' 

(2/  -  3)  (2/  -  1)  (23/  -  1) 
2t  (2/  +  6)  (23/  -  24) 


From  ,/  =  4  to,/' =12,  //,■''  has  the  factor 

/(/. 


(2t-7)  (2*+2j-7) 


beside    the   factor    , 

/('   -    1 

several  values  of  ./  are 


2i  {2i  +  2j) 
fhe  forms  of  ,/'  ( i)  for  the 


=    4 


=   6 


=  8 


/(/)  =    398/:< 

/(/)  =  1228/3 

/(/)  =    878/3 

f{i)  =    476/3 

/(•/)  =    310/3 


l(.)71r+  I573i 

7'.)68r  +  L385t 

7017/-  -  5735t 

.visb'  -  10007/ 

Ki.V.t/'  -  L3747i 


L050 
L5750 
34650 
45045 
60060 
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;mh,  7519,1   3073991   L392300 

j   =  10   /(,)  =  2414r'-  58029/-  -  302915*  -  1453500 

5836i  172101,- 

j  =  L2  f\          20821  74349i 


L093075i 
5537011 


5595975 
3018410 


The  nine  Functions  denoted  by/(i)  appear  irregular, 
hut  this  is  caused  bj  the  throwing  oul  of  integral  factors 

in  order  to  reduce  t     to  it-  lowest  tonus.     II  these 

are  restored,  being  severally  in  order  6,  3,  6,  15,  30,  3,  6,  3, 
10,  being  differenced,  the  coefficients  of  Is  show  a  con- 
stat second  difference  of  2SS,  the  coefficients  of  >-  a 
constanl  fourth  difference  of  -  1152,  the  coefficients  of  i 
istani  fifth  difference  of  -  5760,  and  the  absolute 
terms  a  constant  sixth  difference  of  14400.  Thus  it  is 
plain  thai  /   1 1  is  an  int. -oral  function  of  j. 

I  or  the  fourth  derivatives  of  b  we  shall  not  attempl 
any  general  formulas  nor.  beyond  j  =  2  any  formula  for 
n,.     For  j  =  0  .  we  have 


-'    -5)»/(i) 

2     2  !     I  I 


/!/)  =  i2ti/i--  472,  +27 


For  j  =  1,   we  havi 

Mi    = 

For  j  =  2,  we  have 


(2/-  3)2  (50/  +  3) 
2/ (2/ +  6)  (50?        17 


2 


3)/(t) 


2/(2/  +  6)/ (i-  L) 


/(,)  =  S74/-  -  L0551       6  . 


For  the  Walker  coefficients  of  a"  (1  -  a')"  1>"I>  '  we 
musl  refer  to  the  tables  given  further  along.  The  matter 
has  proved  so  refractory  thai  the  n,  could  not  be  found  as 
a  function  of  i.  Two  tables  are  devoted  to  this  object. 
The  second  gives  the  numerical  coefficient   of  the  first 

1 


Ir  b 


The    first 


significant  term  of   the  function 

n  ■ 

table  supplies  the  means  of  deriving  a  certain  number  of 
terms  in  the  Walker  manner.  The  process  will  be  readily 
understood  by  an  example.  Suppose  we  wish  to  obtain 
the  numerical  factors  of  the  terms  of  ._.'.,  a'  I)'  b  ;  .  In  the 
second  table  in  the  column  headed  n  =  4,  and  horizontal 
line  answering  to  j  =  3  we  get  the  fraction  t£|  In  the 
first  table  under  the  heading-  b4(8),  we  find  a  set  of  numera- 
tors in  the  column  headed  N,  and  a  set  of  factors  For  a 
denominator  headed  D.  The  series  represented  by  its 
numerical  coefficients  is 


175  [  109        29J_ 

28  L  40         40-4 


65  1525 

+  40.4. T(i   +  40. 1. 10.01 


5355 


+ 


5313 


10.4.16.64.8       40.4.16.64.8.2 


+ 


•] 


Accordingly,  it  we  subtract  the  logarithm  of  128  from 
that  of  175  we  have  the  number  0.18582808  which  stands 
first  in  the  lih<  of  the  third  table  with  bt  3  .  If  the  loga- 
rithm of  \"„'  is  added  to  this  we  have  0.57119459  standing 
second  and  so  on. 

With  regard  to  the  lasl  table  of  this  article  very  slight 

modifications  have  been  made  in  Walker's  form  of  it,  in 

order  that   those  who   have   been   accustomed   to  use   the 

former  editii  ■>■  no  difficulty  in  using  this.     The 

nliuim  of  the  table  contains  the  designation  of  the 


function    /»',.' 


a   l>  b    .     The  second  the   power  of 


a  which  is  a  factor  of  the  whole  series.     The  factor  which 

multiplies  each  numerical  coefficient   is  put   at   the  head  of 

the    column    in    each    division    of    the    table    precisely    in 

on.     In  the  first   six  columns  Walker's 

five  decimal-  have  been  increased  to  eight  decreasing  by 

time  till  in  the  ninth  column  the  number  is  the 

-  in  the  original  edition.    In  this  ./'  was  limited  to  9, 

this  contains  three  more     Th<   original  edition  contained 

fourteen  columns.     This  is  an  unnecessary  extension  and 

I  have  suppressed  the  last  fivi    modifying  the  form  of  the 

general  ninth  term  SO  that  the  remainder  of  the  series  may 


be  approximately  taken  into  account  as  a  geometrical 
progression.  The  disposable  constants  in  the  form  of  the 
term  have  been  given  such  values  as  may  lead  to  the  closest 
representation  of  the  remainder  of  the  series  between 
a  =  0.55  and  a.  =  0.75;  the  term  is  insignificant  when 
a  <  0.55.  In  the  first  three  divisions  of  the  table  it  has 
bi  en  supposed  sufficiently  accurate  to  assign  the  exponent 
2  to  a  in  the  denominator.  But  in  the  following  divisions 
a  greater  degree  of  precision  is  attained  by  making  the 
exponent  have  a  somewhat  different  value.  In  one  line 
of  the  table,  that  pertaining  to  b6(7),  it  was  found  im- 
possible to  follow  this  method  of  accounting  for  the  re- 
mainder of  the  series,  and  a  couple  of  terms  involving 
powers  of  (o  —  0.05)  was  substituted.  Walker's  table 
loses  nothing  of  precision  by  this  cutting  off  of  five  terms 
a1  the  end.  The  degree  of  precision  attainable  by  the 
use  of  the  Formulae  of  this  table  is  indicated  by  saying  that 
error  of  each  function  should  not  exceed  a  ten-millionth 
part  provided  a  does  not  exceed  0.7. 

It    remains  to  say   that   negative  characteristics  have 
been  avoided  by  the  addition  of  ten.     No  confusion  need 

result  fr this,  the  user  of  the  table  has  only  to  remind 

himself   that    everj    characteristic  greater  than   five  has 

been   augmented   by   ten. 
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The  I>"   of  Larger  subscrip  \   have  not  been 

treated  in  this  article  for  two  reasons.  First,  their  use 
in  astronomy  is  not  imperative,  they  can  be  avoided  by 
a  suitable  arrangement  of  our  formulae.    Second,  the  labor 


involv  ious  matter.     This  improvement  of 

Walkeb  table  has  cost  as  much  labor  as  would  be  nec- 
essary to  construct  anew  a  table  of  logarithms  of  num- 
bers to  seven  decimals. 


'<,  ■ 

>>> 

4 

N. 

D. 

X. 

D. 

IV. 

D. 

N. 

D. 

1 

109 

40 

23 

4 

53 

24 

7 

6 

2 

291 

4 

293 

8 

L261 

475 

3 

65 

16 

583 

4 

102:59a 

221 

5757 

4 

1525 

til 

1709 

256 

96 

191929 

5 

5355 

s 

2943 

4 

79S127 

8 

222547 

11 

6 

5313 

2 

5775 

4 

605319 

2 

2046057 

32 

7 

12441 

4 

4840979 

16 

| 13858247 

.V. 

D 

11 

L6 

677 

56 

174.-. 

48 

882029 

176 

340395 

1 

9029329 

104 

9452103 

32 

.V. 

D. 

5 

12 

7337 

1120 

-3253 

4 

3831347 

18752989 

52 

292569201 

64 

419756911 

4 

.V. 

1>. 

41 

11  is 

1187 

L6 

-54347 

176 

L56 

8261333 

s 

63310527 

1123551)35 

64 

.V. 

1 

100 

-6262 
2837909 
4244139 

1292100(17 
11070  1115 


I). 

8 

160 

33 

410 
10 

128 
34 


N. 

1>. 

11 

288 

8945 

88 

-112533 

26 

1806071 

16 

43291957 

256 

1397300715 

130 

1919149785 

4 

.V. 

-1 

529 
-107871 
1050: 

070000055 

L284510015 

33430713010 


D. 

36 

44 

364 

1024 


70 


'<-.  ' 

.V. 

1). 

.V. 

1). 

N. 

l). 

N. 

I). 

X. 

D. 

151 

48 

197 

10 

1 

1 

4S7 

to 

53 

12 

3047 

200 

2189 

s 

200 

04 

4071 

4 

585 

8 

54117 

51 1 1 

1181 

10 

21 

10 

37703 

16 

16773 

64 

131103 

16 

2991 

16 

1315 

256 

04 

1635 

16 

1059975 

32 

24735 

32 

435 

1 

46705 

S 

1271 

2 

14107125 

4 

11095 

64 

36939 

2 

4543 

8 

N.         D- 


69 

703 

22967 

268553 

11003 
9779 

70701 


bs  ' 


6,(8) 


&.UH 


.V. 

D. 

N. 

I). 

10 

3 

29 

10 

2321 

128 

343 

8 

25707 

14 

23409 

112 

3170333 

3S4 

122831 

16 

-775937 

11 

-OS  4 -,.-,7 

44 ! 

79391 

32 

104 

1581905 

2 

17987105 

32 

N. 

D. 

9 

8 

3379 

280 

71770 

48 

264 

104 

1 57502535 

8 

301098339 

32 

.V. 

D. 

89 

120 

1901 

10 

8515 

10 

832241  132 

-45399995  104 

-122251521  32 

-1364806271 

64 

N. 

D. 

1 

2 

1557 

384 

749 

11 

629693 

416 

-852221 

2 

1024 

22047 1248 

17 

N. 

D.  1 

75 

224 

1033 

S 

—  577 

22 

1409639 

20S 

-277835107 

256 

-2937849087 

136 

-2353231775 

4 

A". 


31 

1543 

-25347 

7252091 

-3248731759  544 

-1015037575      4 

-3113324 1S25  152 


D 


144 
22 
104 
L28 


1: 

w» 

&«<2 

/, 

&6<5> 

N. 

D. 

N. 

D. 

D. 

AT. 

D. 

.V. 

D. 

.V. 

D. 

279 

10 

109 

IS 

1 

37 

6 

69 

4 

89 

1  1 

21140 

40 

9007 

80 

3093 

64 

1977 

32 

8 

12399 

04 

42631 

40 

1777 

28 

21047 

10 

112375 

112 

L38977 

01 

91227 

8 

19987 

16 

31341 

128 

2700:; 

256 

41845 

96 

899465 

981585 

32 

83889 

32 

2S725 

4 

0100 

1 

86193 

7 

17251 

0 

2007 

1 

19008 

48891 

8 

34043 

32 

6e " 


&«(7) 


AT. 

D. 

12 

1 

5575 

1 2S 

17  s;,:; 

2 

1706427 

128 

490911 

1 

37319 

32 

33553 

2 

37 

8 

1493 

16 

52221 

28 

21 122s 1 

64 

11457239 

22 

:;ssi  1433 

208 

18959975 

4 

60<8> 


X. 

D. 

61 

24 

4819 

40 

7710:; 

16 

1040021 

24 

17077  170 

88 

192857235 

104 

468780491 

32 

.V. 


6r,(I0) 


&„<'» 


D. 


120    so  11 

87]       I  2183 

133823  102  400! 

20560293  286  821437 

38321785     16  -189455 

84197147      4  3218581763 

2984520403  512  3710575087 


N. 


D. 

10 

128 

3 

352 

26 

1024 

17 


N. 

D. 

131 

168 

6365 

32 

32358 

11 

9387479 

410 

-52291267 

32 

S69 16082873 

loss 

11736633821 

2 

''6 

.V. 

9 
199 

5413 

9202893 

-103118071 

7963041700 

81732000525 


D. 

.v. 

D. 

N. 

D. 

16 

L43 

20 

487 

20 

14 

10171 

80 

26447 

16 

88 

75937 

196 

434]  L3 

20 

004 

242059 

128! 

14 100  10 

890 

32 

336699 

12 

692067 

4 

OS 

2278235 

16 

152 
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\ 

D 

\ 

i>. 

257 

32 

19 

2 

L0371 

20 

L9357 

96 

ill      128695 

L6 

13213 

12  6182505 

32 

544385 

64     260978 

21 

590835 

4 

1474351 

64 

5064309 

8 

b,  ' 


\. 

D. 

241 

28 

80329 

1 28 

334455 

4 

2951545 

24 

215677 

II 

8984283 

L28 

\. 

D. 

323 

11 

9617] 

64 

1  132125 

s 

38026905 

:;■_' 

I L808357 

I 

535723 

:;•_> 

3217207 

Hi 

67<7> 


.\ 

I). 

.'.17 

64 

6693 

4 

307047 

32 

122565 

2 

18169005 

160 

271005 

12 

35545135 

64 

A. 

D. 

127 

s 

9833 

II, 

88053 

1 

6535383 

64 

23015511 

6 

S721!):.  1!) 

16 

386679 

1 

6,<8> 


A. 

73 

D. 
12 

L9337 

Sil 

L34931 

4 

L2601993 

96 

3675569885 

572 

2513551569 

L6 

-302648449 

4| 

N. 

101 

8161 

735933 

18395477 

3787830085 

3102402885 

-785N<>8(>8!)41 


D. 

48 
20 
CI 
78 

L76 
4 

512 


A. 

D. 

13 

20 

2887 

32 

20051 

6 

5344375 

352 

L05460625 

52 

3073080373 

1 28 

1613509 

L36 

'>:" 


179 

10579 

7li:.  IS 

17(171127 

2219624275 

16756388817 

L938494328393 


i>. 

120 
32 

7 
352 

no 
i.i 

102 


\ 

13 

1217 

427)07 

100449179 

80939789 

29595202359 

4220730422727 


D 

12 

56 

44 

3328 

4 

544 

228 


It  is  necessary  to  have  the  value  of  the  numerical  Factor  !  This  is  given  in  the  following  table.     Two  dots  between 

,       .       a"  _„,.  two  odd  or  two  even  numbers  signify  the  product  of  all 

of  the  first  significant  term  of  Leverriers  oj  =    -,l)bu'.  \    .        ,,               .  •           ,    ,            ,     ,.    ...             , 

uj  mi  in-      ir-1                                                          ni  (]1(.  (),|,i  (ir  even  integers  between  the  limiting  numbers. 


0 

2 

1 

1 

2 

3 

1 

:; 

3.5 

4.6 

3. 7 

4 

4. .8 

7. 

3..   9 

4    .10 

3     11 

6 

1       12 

7 

.;     L3 

4. 14 

s 

:;     L5 

1     L6 

9 

:;     17 

l     18 

10 

3     L9 
1     20 

11 

3     21 
4.  .22 

12 

3     23 

1      21 

1 

3 
2 
1     3.5 


4 

:;     7 
1  6 


:; 

9 

1 

s 

3 

11 

1 

10 

:■; 

13 

1 

12 

3. 

15 

4 

14 

3. 

17 

4. 

10 

3 

10 

1 

IS 

3 

21 

1 

20 

3 

23 

4 

22 

1 

3.3 

3  3 

3   .",   7, 

2 

23 

25 

2s 

3  3 

3 

: 

.5.5 

3.5 

23 

•_>■ 

26 

26 

3 

22 

4 

5 

24 

1 

2' 

:>  .9 

3.5 

23 

5 
23 

5.5.7 

27 

5.7 

27 

1 
2s 

3. .7 

1 

1  ' 

5.7 

5  7 
26 

3.7.9 

27 

1 
23 

3     9 

1  6 

1 
2" 

5     9 

1 

1 

27 

5  7  9 

7  9 

2T 

1 
2 

3      11 
4.  .    8 

1 
24 

5     l  1 
4.6 

1 
■_>'. 

5     II 
4 

1 

2s 

7.11 

1 

3     L3 

1 

5.  .13 

1 

5..  13 

1 

7 .  .  13 

1 

2 

1       10 

24 

4. .8 

27 

4.6 

28 

4 

2io 

1 

3     L5 

1 

5     1 5 

1 

5     L5 

1 

7..  15 

1 

2 

4.  .12 

24 

1        10 

27 

1       8 

28 

4.6 

2io 

1 

3.  .17 

1 

7.     17 

1 

5     17 

1 

7..  17 

1 

2 

4.  .14 

2' 

1       12 

27 

1        10 

2 

4..   8 

2io 

1 
2 

3     10 

1       10 

1 

2; 

:,     10 
1      14 

1 
2' 

5     L9 

1       12 

1 
28 

7.  .19 

1      10 

1 
2' 

1 
2 

3      21 

1     is 

1 
2 

5. .21 
4. .16 

1 
27 

5.  .21 

1     11 

1 
28 

7. .21 
4.. 12 

1 
2io 

1 

3     23 

1 

5. 23 

1 

:,     23 

1 

7. 23 

1 

2 

4.  .20 

2 

4. .18 

27 

1       10 

2» 

4.  .14 

2'" 

5 . 5 

52.72 

28 

2io 

.V   7' 

52 . 7 

2io 

..in 

3  .5.7 

5.7.9 

29 

2s 

3  7-  9 

3.7.9 

2io 

2io 

7.9 

7.9.11 

3.72.11 

210 
3.7.11 

29 

.7.11.13 

3.7. .15. 

4 
3.7. .17 

4.6 
3.7.11    . 19 

1  ..8 
3.7.11. .21 

4..  10 
3.7.11. .23 

4. .12 


2" 
3.7.11 

2io 

3.11.13 

28 
3.11.13 


^.3.11.  .15 


.3.11. . 17 
3.11    .19 


2'1 

1_ 

2"  '      4.. 8 

1_     3 . 11 . . 23 

2U 


4.6 
3.11.    21 


4. .10 
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Coefficients  of  the  Peeturbative  Function. 
Logarithm  of  the  Coefficient  of 


a 

a2 

aJ 

a4 

a1' 

a" 

a' 

a^ 

a1 

a1" 

a" 

a1- 

0.30103000 
0.00000000 

9.87506126 
9.7958S002 
9.73788807 
9.69213058 
9.65434202 
9.62215734 
9.59412861 
9.56930503 
9  54702863 
9.52682525 
9.50834184 


0  09897000 

9.57403127 
9.49485002 
9  13685807 
9.39110058 
9.35331202 
9.32112734 
9.29309862 
9  26827503 
9.24599864 
9.22579525 
9.20731185 
'.i  L9027851 


■   0 

00000000  rc9 
17609126  re9 
27300127  rc9 


0 

0. 

0. 

0. 

0. 

0.43249327 

0 


33994806 

39110058 

3249327 


(l9 


54702863 
56821793 
58752309 


a2/32 

00000000 
09691001 
39794001 
70570339 
85183142 
94538779 
01336396 
06639736 
111'.  171  IS  12 
14622198 
17773381 
20541949 
23008906 


9.87506126 
0.27300127 
0.51603932 
0.69213058 
(i  83043328 
0.94437663 
L.04128664 
1.1 2561 175:; 
1.20024115 
1  26718794 
1.32788578 


9.69897000 
0.05115252 
0.05115252 
9.93418272 

w.9.26616185 
d9.95537201 
nO.23758129 
re0.42343238 
ra0.56384213 
n0.67736240 
rc0.77295437 
rcO.85567186 


(1,79588002 

0.33994806 
0.69213058 
0.95537201 
L.16622538 
L.34231664 
L.49358431 
I  62620988 
L.74430919 
L.85076452 


9.57403127 

0.09691001 

0.32415379 

0.43685807 

0.47328734 

0  13249327 

0.26313539 

9.41803735 

ra0.31942756 

n0.72311989 

nO.97333653 

nl. 16155436 


9.44909253 
9.36991129 
9.31191934 
9.26616185 
9.22837329 
9.19618860 
9.16815988 
9  l  1333630 
9.12105990 
9.10085652 
9.08237311 
9.06533977 
9.04954550 

9.09691001 
8.67094128 
ra8.29073004 
(18.87619077 
M9.09007059 
d9.21790785 
d9.30733906 
n9.37528537 
n9.42964303 
d9.47470223 
n9.51303696 
(19.54630436 
re9.57562939 

a2/S< 
9.83727270 
8.97197128 
8.88179465 
9.45059789 
9.80328103 
0.04258628 
0.221  10251 
0.3634  !  I  18 
0  18097171 
0.58106284 
0.6681  1901 
0.74517830 
0.81  120077 


0.0.. 115252 
0.20242020 
0.20454389 
0.20849804 
0.25967972 
0.36691520 
0.51010988 
0.66493582 
0.81651989 
0.95858189 
1  08943670 
L.20936046 
1  31932357 


9.29073004 
9.23273809 
9.18698060 
9.1  1910201 
9.11700736 
9.08897863 
9.06415505 
9.04187866 
9.02167527 
9.00319186 
8.98615852 
8.97036426 
8.95564100 

a«/32 
8.67094128 
8.38764005 

dS.36307186 
(18.64651668 
(i8.80498198 
re8.91288737 
d8.99357398 
((9.05739082 
W9.10981136 
n9. 15406633 
(19.19221301 
d9.22563676 

a4/34 
s  73788807 
8.42106381 
s  16682130 
8.76421701 
9.03428880 
9.24641215 
9  H531  110 
9.55386543 
9.67058528 
9.77106186 
9.85906944 
9.93724614 
0.00749552 

a2|36 

.i  72529894 

8.87619077 

8.76785120 

S.61808897 

(19.13114982 

n9.75886093 

reO.13116696 

dO  10413231 

raO.62117304 

rcO.80174115 

rt0.95647698 

dl.09190196 

dl.21232373 


9.17474615 
9.12898865 
9.09120009 
9.05901541 
9.03098669 
9.00616310 
8.98388671 
8.9636S332 
8.94519992 
8  92816658 
8.91237231 

s  gj  176  I'M  15 

8  88386077 

a8/32 

8.38764005 

8.17474615 

7.50573936 

«7.94507206 

(18.31082738 

raS.49881787 

(18.62346306 

d8.71544408 

d8.84649653 
d8.89598189 
H8.93845788 
d8.97553583 

a6/34 
8.18003174 
8.04085257 
s  15895188 
S.40060902 
8.62921182 
8.82002991 
8.97808572 

9  1110092:: 
9.22482476 
9.32388683 
9.41132579 
9.48942620 
9.55988917 


a4|36 

8.  L8IO6I1  1 

8.22648914 

8.27694175 

8.23947147 

d7.37139316 

(18.71324310 

M9.14641227 

n9.44053009 

(( 9. 6,6824  60  1 

n9.S5540774 

(i.0.01475099 

nO.15365994 

mi. 2768.-,;:,  I 


9.08323116 
9.04544260 
9.01325792 
8.98522920 
8.96040561 
8.93812922 
8  017025s:-; 
8.89944243 
8  88240909 
8.86661482 
8.85189156 
8.83810328 
8.82513830 

a10(32 

8.17474615 

8.00404992 

7  54713205 

nl  55386543 

d8.03098669 

(18.24920115 

n8  38965205 

(18.49195710 

//S  .-,716102.". 

(i8.63634458 
(18.69052356 
(18.73689135 
(18.77726349 

a8/34 
7  79630393 
7.71S77741 
7.91227954 
s  L3889208 
8.34725665 
8.52417909 
8.67355540 
8.8011171  I 
8.91161636 
9.00863845 
9.09485037 
9.17225190 
9.24236477 

7.81900382 

7.76615151 

7  90367937 

7.93255550 

7.58249030 

(17.96824181 

»s  7,2170720 

»s.s.-,l70lll 

(19.09429476 

(19.28983694 

(19.45461663 

(19.59738944 

re9.72351520 


9.0070540 

8.9432851 

8.9754694 

S.915256 

8.9474406 

8.890432 

8.9226171 

8.868156 

8.9003407 

8.847953 

8.8801373 

8.829469 

8.8616539 

8.812436 

8.S446205 

8.796642 

v  8288263 

8.781918 

8.8141030 

8.768130 

8.S003147 

8.755165 

8.7873497 

8.742931 

s  77.',  1  153 

8.731349 

a12/32 

8.0040499 

7  sii  1526,0 

7.5081079 

,,7  1278967 

(17.7843144 

hS.0350392 

n8  10110271 

(18.30291  10 

d8.3894936 

718.4595314 

d8.5179803 

d8.5678872 

(18.6112585 

a10/?4 
7.5021051 
7.5111344 
7.7059184 
7.9295290 
8.1278967 
s  201,1077 
8.4392940 
8.5624686 
8.6699370 
8.7648749 
8.8496629 
8.9261048 
8.9955877 

7.3523121 

7  1065615 

7.5999265 

7.6735527 

7.5216807 

(»7.1481001 

(18.0228302 

re8.3984586 

d8.6603355  1 

«S.S66167S 

»9.0373299 

(19.1844702 

»i9.3137975 


aul32 

7.861526 

7.739165 

7.449130 

R6.475459 

d7.557918 

d7.845160 

(18.016556 

re8.137825 

(i8.230883 

H8.305840 

(18.368220 

(18  121379 

(18  167505 

7.263040 
7.310619 
7.528311 
7.753111 

7.016617 
8  10007:1 
8.2  184  16 
8.368232 
8.473175 

8.649638 
s  725064 
8.793810 


S.S8723[1  - 
8.86240(1  - 
8.84013[1  - 
8.81992[1  - 
8.80144[1  - 
8.78441[1  - 
8.76861[1  - 
8.75389(1 
8.74010(1  - 
8.72714(1  - 
S, 71400(1  ■ 
8.70332(1  - 
8.60232(1 

alo02 

7.73916[1  - 

7.63195(1 

7.38528[] 

6.32160 

((7.34280(1  ■ 

re7.67277[] 

n7.86013[l 

re7.99046[l 

((8.08968(1  ■ 

((8.16925(1. 

((8.23529(1  ■ 

((8.29147(1 

d8  34014[1 

a14/34 
7.06151[1 
7.13710(1 

7.37231(1 

7.59981(1  ■ 
7.79115(1 
7.95108(1  - 

S.OS68S(l  - 
8.20422(1 

8.30716[1  ■ 
8  39863  1 
8.48079  1 

8.62325[1 


■  9.95214a2 
9.95459a: 
9.95654a2 

■  9.95818a2 
9.95957  a2 
9.96073a: 
9.96173a2 

■9.96262a2 
9.96340a2 
9.96410a1 
9.96474a2 

■  9.96529a: 
■9.96578a2 


9.89641a2 

9.90770a: 
■  9.9371Sa: 


988851 
110547 
343012 
.449130 
.383169 
,627307 
.-,66066 
.01561  I 
.302194 
520319 
.698823 
.850854 
.983685 


a12(36 

6.69023(1 

6.85861(1 

7. 12007[  1 

7.25095(1 

7.23566(1 

6.90555(1 

,,7,0070,',.! 

((7.67302(1 

(i7.99132[l 

(18  22395[1 

(18.41078(1 

(i8.56821[l 

(l8  Tllis.V  1 


9.78645a2 
9.84038a2 

■  9.86046a2 
•9.86954a2 

■  9.S7544a2 
-9.87991a; 

■  9.88345a2 
-9.88624  a 
■9.88835a2 


9.83130a2 
9.85240a2 
9  86486a 
9.86810a 
■9.86757a 
-  9.86582a2 
•9.86427  a2 
9.86260a2 
9.86113a2 
9.85992a2 
9.85900a2 
9.85835a2 
9  85792a1 


9.76828a2-06] 

-9.79885a205]-1 
-9.81905a-"11]-1 

-  9.83677a2-04]-1 

-  9.86405a2-02]-1 
-9.94797a1-88]-1 

-  8.9905a0-5]"1 
-9.67860a2]"1 
-9.73288a':,1,]-  ' 
-9.75366a2044]-1 

0  70  Kin2-05]-1 
-9.77105a205]-1 

-  9.77581  a2-062]-1 


100 


T  II  I'.    A  S  T  R  0  N  0  M  1  C  A  L    J  0  l"  H  X  A  L 


N°   660 


Coefficients  oi    ink  Pertitrbativi    Function.      Continued. 

LOG  \HIHI\1     OI       I  III       C    .11    I  III   1KNT    (II 

a808 
6.996642 
7.120409 
7.339295 
7  1 12628 
7. .".I  ill:; 

7  654033 
7.906688 
8.202144 

8  |S ISSN 

s  738401 
8.962652 
9.161641 
9.339602 


Func- 
tion 

&" 

P" 

•r 

0s 

a2/3« 

a'^s 

a^s 

a   J 
a  ' 

9.44909253 
0.06888129 
0.38937376 

ii  31930129 
n  391961  i:: 
0.39367801 

9.63976460 

s  70s  11 72'. ' 
8.67906441 

S.28112440 
8.06718150 
8.12366286 

7  5387081 

N 

7.6935464 

. 

a 

0  13582808 

0.571  I'M.".'.' 

0.39560109 

s  540501  17 

8.10467798 

7.747077(1 

a-' 

V  7.'.7svsn7 

ii  19755592 

0.69960571 

m  196  14666 

8.45518020 

8.08916841 

7.7798701 

a:i 

0.73516521 

o  810574  13 

0.36988160 

9  19807933 

8.37632211 

7.9552044 

a4 

n  89738007 

0.92279566 

0.25811026 

9.79878339 

8.82167185 

S2SOII17'.! 

a' 

L. 16622538 

1  00349808 

1.04450604 

9.77447156 

0.23264633 

9  21708665 

8.6237256 

ofi 

l  13922665 

1  05901541 

1  17634590 

raO.221051  16 

(i  56948496 

'i  54320062 

8.9301788 

a7 

1.05715015 

1  31  169703 

,,n  72990922 

ii  si  169608 

'J  81556918 

9.1948450 

a^ 

1  86924793 

0.96615794 

1.45488488 

.  1  0402  1708 

1.07742931 

0.04810030 

'.i  1243971 

a9 

2.04533919 

1  59304437 

nl.27777058 

L.27910552 

0.25053795 

9.6258817 

2.20294704 

reO.64664  154 

1.72664754 

.,1  17499518 

1  15707422 

0.42961402 

9.8049291 

6.57323[] 

«;.77_'7r,[l 
7.03705[1 
7J77i»:;|i 
7.27309]] 
7.  ins:; i[i 
7.62047[1 
7.87784[1 
8.13714(1 
8.37784]! 
8.59521(1 
S.79049[l 
sum;  17' I 


9.67535a207]-1 

9.72402a206]   ' 

•  9.75466a2-08] 

•  9.78080a2-046] 
9.80074a204]-  ' 
9.80507a206]-  ' 
!i  7ssr,s«J",17l 

'jjr,.-.:;.^2-075]- 
•9.74501a''07fT 

9.73202a 

9.72391a2076] 
■9.71917a2075] 

'.171  17  la''"7"! 


P2 

F 

n~> 

a 
a" 
a:i 
a4 
a5 
a" 
a7 
a8 
a9 
a'" 

9.69213058 
ii  13249327 
i'i|  137663 
L.34231664 
1.66967557 
1.94842917 
J  I'M  16722 
2.  10706702 

9  13685807 
ii  16925183 
0.62788968 
0.95537201 
1  20265465 
L.39346916 
1  53988433 
L.64739918 
1  71628047 
1.74006623 

■->' 


"■■ 

a  -' 

a  ' 

a 

a5 

a3 

a: 

as 

a" 

a7 

a8 

n  16725538 
I  04128664 
1  19358431 
1.86924793 


9.39110058 
0.19841006 

1  13236711 
1.44640524 
L.70108404 
I  91064061 


_•  191  16722  2.08342924 
2  l7HH::sl  2.22413634 


- 

a 

«' 

a* 

9.62215734 
ii  19721860 
1  12560753 


9.35331202 
0.22421733 
0.82287107 
1  28136021 

1  651  I '.'-'17 
1.95864834 
2.21901097 

2  14182913 


9.36991129 

(H)'.H  I07(i:.!  I 

0.52232704 
n  si  134646 
1  03393593 
1.21383719 
1.37246078 
1  52085681 
1.66535646 
I  sns',i_>:;i:. 
1.95222954 
2.09464778 


86 


9.31191934 
0.11125989 
0.62788968 
1.00167203 
i  29337692 
1  53410521 
I  74197234 

1  92845249 
2.10109169 

2  26480637 
2.42261887 


9.26616185 
0.131  16327 
n  71638651 
1.15602468 

2.05507967 
2  28047669 
2. 18545258 
2.67556420 


0.06888129 
0.46025753 
0.69213058 
0.84243919 
0.95413647 
1  04293489 
1.11208541 
1.15733150 

I  16682499 
1.11243901 
0.89615709 

ra0.35688235 
nl.29317508 

08 
9.29073004 
0.07783613 
0.56719184 
0.90131036 

II  1H7:;727 
1.33948871 
1  19781326 
I  63073256 
L.74196670 
1.83166387 
1  89674618 
I  92959695 
1.91272115 


9.23273809 
0.09007059 

1  06632228 
1.38404815 
1.64159819 

5576  II  .  ; 
2.04299911 

2  20399460 
2.34401  169 
j  16439463 
2.56470553 


£j!0 

0.56661700 
0.60294708 
0.60403690 
0.60499402 
0.60541137 
0.60571065 
m;issii7C>7 
0.67310128 
(i  795  I'.i777 
0.98192954 
1.20171080 
1.42675111 
1.64250179 

0.53221  126 
ii  si  123263 
0.99611928 
1.12396533 
1.22271356 
I  30313546 
1  :>7IHI7>JS() 
1.43145909 
1.49172629 
1.56179637 
1.65294830 
1.77307093 
1.92205417 


0.07783613 
0.61923706 
0.99485373 
I  26969867 

1  18196763 
L  .65389495 
1.79803224 
1.92197846 
2.03105538 

2  L2986649 
2  22:;2:;2(>2 
2.31663151 
2  U600815 


a2|310 

9.57048251 

s  7:;2sdi22 

8.60610991 

s.  17IU270S 

8.39019840 

8.31746357 

H8.96613656 

^9.77565869 

re0.29900896 

rcO.70170290 

al.03210417 

rel.31319036 

rcl.55815349 

n  80983990 

0.82829631 

0.82892957 

i)  82941034 

0.82963492 

iis'_>:i7'.iiiiiii 

n  82989485 

0.82336469 

0.78492296 

0.62809282 

n9.60090675 

„l  013801  13 

.,  I  16631  160 

0.9321  1217 
II  1996453 
1.29971125 
I  U088905 
1.49937297 
I  57285503 

i  i 

1.69057677 
I  73854  I  si  i 
1.77793954 
L.80242299 
1.79655339 
1.72016383 


a'ff1" 

8  1175132 
7.9323377 
7.9945764 
7.9887115 
7.9797962 
7.9628551 
6.470931  I 
8.5878328 

9  L663877 
/,'.i  5832857 
n9  .-9195288 
fiO.2038938 
nO.  17)11 1st 

a2/312 
9.5122156 
8.6762455 
8.5440832 
8.4181130 
8.3343137 
8.2638851 
8.2056721 
9.0355502 
9.7984041 
0.3678845 
0.8207653 
1.1978432 
1.5215499 

I  0547304 
1.0641609 
I  0645128 
I  0647551 
1.0648734 
[.0649535 
l  0650085 
1.0650498 
1.0683579 
I  0891873 
1.1596966 
i  1139  149 
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SETII    CARLO   CHANDLER 


In  the  death  of  Doctor  Seth  Carlo  Chandler  on  December  31,  1913,  the  Astronomical  Journal  lost  not  merely 

an  associate  editor,  but  the  man  who  for  years  stood  behind  the  journal,  its  editor,  a  heavy  contributor  of  articles, 
and  even  backing  it  financially  from  his  private  purse.  If  the  Astronomical  Journal  was  the  pet  undertaking  of  its 
founder  Dr.  B.  A.  Gould,  it  in  no  less  measure  became  an  object  of  absorbing  interest  to  Doctor  Chandler  when 
he  assumed  the  responsibilities  of  the  editorship,  upon  the  death  of  the  founder  on  November  26,  1896.  Until 
the  year  1905  the  Astronomical  Journal  flourished  under  the  care  of  Doctor  Chandler,  but  ill  health  overtook  him 
at  this  point,  and  though  at  times  he  was  able  to  perform  his  editorial  duties  there  were  periods  of  some  duration 
when  no  copy  of  the  Journal  appeared.  Finally  in  1009  Doctor  Chandler  turned  the  Journal  over  to  Professor 
Lewis  Boss,  bu1  urged  by  the  new  editor  consented  to  retain  his  connection  with  the  Journal  as  an  associate 
editor. 

Doctor  Chandler  was  born  at  Boston,  Mass.,  September  IT.  1840.  the  son  of  Seth  Carlo  and  Mary  (Cheever) 
Chandler.  He  was  educated  in  the  English  High  School  at  Boston,  during  his  graduating  year  performing  some 
computations  tor  Prof.  Benj  \mi\  Peirce.  After  graduation  in  1861  lie  worked  for  some  time  with  Dr.  B.  A.  Gould 
as  private  assistant,  and  joined  the  U.  S.  Coast  Survey  as  aid  in  1864,  at  a  time  when  the  longitude-determinations 
of  the  Coast  Survey  were  being  developed  by  Doctor  <  rOULD.  He  was  offered  an  opportunity  to  accompany  Doctor 
Gould  on  hi,-  expedition  to  Cordoba.  Argentina,  but  declined  the  offer  to  accept  a  position  as  actuary  with  the  Con- 
tinental bile  Insurance  Co.,  taking  up  his  residence  at   New  York. 

On  October  20,  1870,  Doctor  Chandler  married  Miss  Caroline  M.  Herman  of  Boston,  who  with  five  daughters 
survives  him. 

In  1877  he  returned  to  Boston  to  accept  a  position  as  consulting  actuary  for  the  Union  Mutual  Life  Insurance 
Co.,  of  Boston,  a  position  he  held  for  several  years. 

It  was  about  the  time  he  moved  to  Cambridge  in  1881  that  hi'  became  associated  with  the  Harvard  College  Obser- 
vatory, and  resumed  his  astronomical  work.  Realizing  the  necessity  of  the  telegraphic  transmission  of  certain  astro- 
nomical observations  and  discoveries,  Doctor  Chandler  with  Mr.  John  Ritchie  formulated  a  code  which  for  many 
years  distributed  the  desired  information  to  observatories  all  over  the  United  States.  It  was  during  his  connection 
with  Harvard  College  that  he  constructed  the  Almucanter,  for  which  he  received  a  medal  from  the  Massachusetts 
Charitable    Mechanics    Association. 

From  1886  on.  Doctor  Chandler  became  a  private  investigator.  To  enumerate  the  long  list  of  his  investigations 
is  impossible  in  these  pages,  but  their  general  character  may  be  summed  up.  Among  his  earlier  papers  cometary 
articles  occupy  a  prominent  position.  Perhaps  the  best  known  of  these  is  his  identification  of  Comet  '/  1889  with 
Lexell's   comet   of    1770. 

]\o  soon  became  interested  in  variable  stars,  their  classification  and  the  general  laws  pertaining  to  stellar  varia- 
tions, publishing  at  intervals  catalogues  of  variable  stars,  and  adding  a  great  store  of  knowledge  to  this  subject. 
An  interesting  paper  on  this  subject  was  a  treatment  of  Algol  showing  the  possibility  of  a  triple  system,  the  binary 
system  revolving  about   another  invisible  star  with  a  period  of  about  one  hundred  and  thirty  years. 

Perhaps  Doctor  Chandler  is  best  known  for  his  discovery  and  subsequent  elaboration  of  the  variation  of  lati- 
tude. From  the  treatment  of  a  long  li-t  of  catalogues  he  established  beyond  a  doubt  the  existence  of  a  real  peri- 
odic change  in  the  position  of  the  Earth's  axis. 

There   were   many  other   papers   by    Doctor   Chandler  dealing  with  a   variety  of  subjects. 

Some  years  previous  to  his  death  Doctor  Chandler  was  employed  upon  the  formation  of  a  standard  system 
of   magnitudes   derived   from   a    systematic    treatment    of   various   catalogues.      The   discussion  attempted   to   rid   the 
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observations  of  all  known  sources  of  error.  While  the  catalogue  was  never  printed  it  is  hoped  thai  the  labor  was 
far  enough  advanced  so  that   it   may  be  completed  and  published. 

Jusl  previous  to  his  death,  Doctor  Chandleb  had  been  working  up  another  article  dealing  with  latitude  varia- 
tion, and  it   i-  probable  that   the  discussion  was  far  enough  advanced  to  he  recovered  and   published. 

In  all.  Doctor  I  HANDLES  wa-  the  author  of  over  1  wo  hundred  astronomical  papers.  This  fact  will  suffi- 
ciently  account  for  a  very  busy  life.  A  man  possessed  of  great  nervous  energy,  he  was  accustomed  to  work  at  forced 
speed  whenever  anything  new  or  interesting  came  to  his  notice.  Thus  he  would  sit  at  his  desk  for  hours  on  end, 
barely  partaking  of  nourishment,  in  order  to  complete  a  comet  orbit  as  soon  as  the  necessary  data  were  at  hand. 

Bui  in  spite  of  his  great  scientific  activity  he  was  always  interested  in  outside  affairs.  Much  of  his  time  in 
later  years   was  taken  up  with  the  management  of  the  family  estate. 

Personally  Doctor  Chandleb  was  an  interesting  and  entertaining  man,  a  good  conversationalist  with  a  store 
of  information  to  draw  upon,  witty  and  with  a   keen  sense  of  humor. 

In  1904  he  moved  from  Cambridge  to  Wellesley,  Mass.,  and  it  was  at  the  latter  place  thai  he  succumbed  rapidly 
to  an  attack  of  pneumonia  after  an  illness  lasting  live  days.  Doctor  Chandler  had  apparently  so  far  improved 
in  health  during  recent  years  that  his  sudden  death  came  as  a  distinct  shock.  The  Astronomical  Journal  has  lost  a 
friend  who  can  not   lie  replaced. 

In  1895  Doctor  Chandler  received  the  Watson  Medal  of  the  National  Academy  of  Sciences,  and  in  1896  he 
received  the  gold  medal  of  the  Royal  As1  ronomical  Society.  He  received  the  degree  of  LL.D.  from  DePauw  in 
1891.  He  \\a-  a  member  of  the  National  Academy  of  Sciences;  F.  A.  A.,  vice  president,  1886;  Astronomical  and 
Astrophysical  Society  of  America:    and  foreign  associate  of  the  Royal  Astronomical  Society. 
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(INSTANTS    AND    EPKEMERIS    FOR     8     OF   DECEMBER,    1914, 

By  F.  E.  SEAGRAVE. 
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MEMOIK   ON   THE   THEORY   OF   DETERMINING   ORBITS, 

By  F.  R.  MOULTON. 


NOS^lA?   s 


1.     Introduction. 

The  theory  of  determining  orbits  has  been  the  subject 
of  such  a  multitude  of  papers  that  still  another  should  not 
be  added  without  good  reasons. 

One  of  the  reasons  for  this  paper  is  that  an  attempt  is 
made  to  clarify  the  problem  mathematically.  In  spite 
of  the  fact  that  it  involves  only  the  theory  of  the  problem 
of  two  bodies  and  some  of  the  fundamental  principles  of 
implicit  functions,  the  complexity  of  its  explicit  develop- 
ment is  so  great  that  beginners  often  complain  that  its 
form  is  repulsive  and  that  it  is  difficult  to  seize  on  its 
essentials.  The  solution  of  the  problem  depends  upon 
two  sets  of  conditions,  the  geometrical  and  the  dynamical- 
They  are  very  simple  when  they  arc  imposed  directly  and 
separately,  as  they  are  here.  The  resulting  equations 
contain  all  there  is  in  the  problem,  if  there  are  no  disturb- 
ing forces,  and  they  arc  subject  to  no  artificial  difficulties. 
If  there  are  disturbing  forces,  as  there  might  be  exception- 
ally, they  can  be  taken  into  account  by  adding  simple 
terms  to  the  same  equations.  With  the  perturbations 
taken  into  account  the  equations  contain  all  that  is  in  any 
theory  of  orbits  —  in  fact,  all  there  is  in  the  problem. 

The  solution  of  the  fundamental  equations  is  a,  purely 
mathematical  problem.  The  notations  in  general  use 
are  very  poorly  adapted  to  showing  what  its  essentials 
are,  and  they  are  responsible  for  a  large  part  of  the  diffi- 
culties. The  equations  are  treated  here  so  as  to  make 
all  the  operations  in  standard  mathematical  form.  In 
particular,  one  of  the  important  steps  in  finding  the 
solution  is  simply  a  matter  of  determinants,  and  the  use 
of  this  notation  not  only  simplifies  the  work  but  leads  to 
important  practical  advantages.     Another  mathematical 


theory  which  is  involved  is  that  of  implicit  functions,  but 
heretofore  it  has  been  obscured  by  the  many  equations, 
the  complex  notation,  and  the  so-called  "successive 
hypotheses"  in  computing  the  final  result.  This  part  of 
the  work  is  developed  here  so  that  its  essentials  arc  on  the 
surface,  and  this  leads  to  a  solution  in  series  in  which  uo 
successive  approximations  arc  required;  or  in  the  ter- 
minology of  ('haulier*,  to  a  "direct  analytical  solution." 
This  solution  is  not  to  be  recommended  in  practice  any 
more  than  a  series  solution  of  an  algebraic  equation  would 
be  recommended  when  the  roots  could  be  found  more 
conveniently  by  Newton's  or  Horner's  methods;  but 
it  is  important  in  showing  exactly  what  is  involved  and 
the  limitations  to  which  all  methods  arc  subject.  It  is 
only  to  be  expected  that  an  analytic  solution  exists,  be- 
cause all  the  functions  involved  are  analytic  functions. 

A  second  and  chief  reason  for  publishing  this  paper  is 
to  show  precisely  where  the  results  in  orbit  calculation 
become  poorly  determined,  to  define  the  extent  of  the 
indetermination,  and  to  make  use  of  the  fact  that  the 
final  results  are  only  partially  determinate  to  abbreviate 
the  computation.  This  statement  requires  a  little  ex- 
planation. Everyone  has  noticed  that  if  several  orbits 
of  a  comet  or  small  planet  are  published  they  generally 
dit'ter  considerably  among  themselves.  This  divergence 
of  results  is  not  to  be  explained  by  errors  of  the  observa- 
tions, or  of  the  computations,  but  by  the  inherent  partial 
indetermination  of  the  problem.  For  example,  three 
orbits  of  Comet  a  1913  (Schaumasse),  all  computed  by 
members  of  the  astronomical  department  of  the  Uni- 
versity of  California,  and  published  as  Lick  Observatory 
Bulletins,  Nos.  227  and  228,  gave  results  as  follows: 


T 

ID 

ft 

i 

<i 

I. 

May  17.9103 

57°27'.6 

317°00'.0 

153°33'.9 

1.4400 

II. 

May  Hi.2792 

54  35  .9 

315  42  .8 

152  43  .1 

1.4528 

III. 

May  15.14920 

53    1     18".5 

315    4      49".0 

152  21      7".l 

1.45790 

*  In  an  important  memoir  in  Meddelande  from,  Lunds  Astr.  Obs.,  No.   16,  Charlikb  shows  how  the  method  of  LaGRANGB  leads  to  a 
"direct  analytical  solution." 
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Tin-  firsl  orbit   was  based  on  three  observations  which 
were  very  near  together;   the  second,  on  one  of  the  first 

three  .mhI  mi  two  others  made  a1  intervals  of  two  days; 
and  the  third,  from  tin-  ol  observations  cover- 

ing an  interval  of  thirty-six  day-      It   is  verj    probable 
that  the  high  order  of  excellence  of  the  work  for  which  the 
ley  computers  have  long  been  noted  has  been  main- 
tained in  the  present  cases,  and  that  the  large  discrepancies 

»    the   three   -et-   of   elements   are  due   entirely    to    the 

partial  indetermination  which  will  he  shown  to  be  Eunda- 
i  in  the  problem,  and  which  no  ail  dice  can  remedy. 

The  fact  that  the  observations  may  he  very  closely 
-  nted  l>y  a  -et  of  elements  is  no  guarantee  of  the 
exactness  of  the  latter,  as  seem-  generally  to  have  been 
supposed.  The  greatesl  difference  between  the  computed 
and  observed  coordinates  in  the  case  of  the  second  ele- 
ments above  is  only  8",  while  in  the  case  of  the  third  it  is 
only  5".7,  yet  the  differences  in  the  angular  elements  of 
the  two  set-  are  from  22'  to  1°  34'.  The  reason  for  this 
phenomenon  is  explained  and  illustrated  in  section  2  in  a 
simpler  problem  which  has  intimate  relations  to  that  of 
determining  orbits. 

It  i-  shown  how  to  determine  almost  at  the  beginning 
of  the  computation  the  extent  to  which  (lie  final  results 
will  be  indeterminate;  and  the  work  is  so  arranged  that 
the  number  of  place-  employed  in  all  the  calculal  ions  may 
he  reduced  correspondingly  without  impairing  the  accu- 
racj  .  The  practical  computer  will  recognize  at  once  what 
i  amount  of  labor  will  be  saved  if  four- or  five-place 
table-  may  he  used  in  place  of  six- or  seven-place  tables. 
The  reasons  why  so  many  place-  are  now  almost  invari- 
ably used  in  the  computations  are  that  there  has  been  no 
adequate  theory  of  the  degree  of  determination  of  the 
results  to  serve  a-  a  guide,  and  that  all  the  treatises  on 
orbits  give  model  computations  at  least  to  >ix,  and  generally 
ii.  places  even  though  the  final  results  may  not  be 
correct  beyond  three.  These  models  would  be  humorous 
if  it  were  not  for  the  fact  that  to  employ  a  smaller  number 
of  pf  ces  in  any  of  the  methods  in  common  use  would 
result  in  loss  of  accuracy  in  the  final  results. 

It  i-  important   to  know   under  what   circumstances  a 

method  of  determining  orbit-  fails,  and  the  answer  to  this 

on  i-  given  in  full  in  section   11.      In  order  that  it 

may  not  be  supposed  that  certain  special  cases  which  may 

re  peculiar  to  the  method  of  this  paper,  it  is  shown 

that  they  occur  also  in  the  methods  of  Laplace  ami  of 

in  fact,  due  to  essential  peculiarities  of 

the  problem. 

Another  important   question  is  that  of  the  convenience 

method  of  computing  orbits.     The  chief  advantage 

of  that  presented  here  over  those  in  use  is  that  generally 

nearly  all  the  work  can   be  done  with   four- or   five-place 

without  lo  icy.     The  work  is  so  arranged 


that  in  the  successive  approximations  all  those  quantities 
winch  depend  only  on  the  observed  coordinates  and  the 
positions  of  the  observer  are  combined  in  functions  winch 
nv  computed  once  for  all.  In  this  respect  the  original 
method  of  Laplaci  suffers  by  comparison  with  that  of 
( i  \i  ss.  The  practical  features  which  have  been  mention- 
ed an'  desirable,  but  the  differences  of  opinion  represent- 
ing the  merits  of  other  methods  indicates  that  it  is  inad- 
visable to  make  comparisons.  BauSCHINGEB  concludes* 
from  a  very  wide  experience  in  computing  orbits  that  the 
method  of  Gauss  is  much  superior  to  that  of  Laplace 
and  its  modifications:  and  Leuschneh  is  equally  suref 
that  the  method  of  Laplace  as  modified  by  Harzer  and 
himself  is  superior  to  that  of  Gauss.  It  should  be  remem- 
bered in  considering  such  claims  that  a  great  deal  depends 
upon  the  computer's  familiarity  with  all  the  formulas  of 
a  method,  and  rarely  would  he  have  an  equally  detailed 
knowledge  of  just  the  best  arrangement  and  mode  of  pro- 
cedure for  two  different  method-. 

2.    Solution   of  Linear  Equations  Having   a  Small 
Determinant. 

In  order  not  to  break  the  continuity  of  the  argument, 
a  short  preliminary  discussion  of  the  solution  of  ordi- 
nary linear  equations  having  small  determinants  will  be 
given.  In  this  discussion  the  interest  will  be  centered  on 
the  question  of  the  degree  of  accuracy  of  the  final  results, 
and  on  the  possible  means  of  reducing  the  number  of  places 
used  in  the  computations. 

I  on-ider  first  the  trivial  example 

Ul-   —   lr)  X   =   C2  —  d2  , 

where  a,  h,  c,  and  </  are  given,  say  by  observations,  accu- 
rately to  only  six  places,  and  where  the  value  of  x  is 
required.  Suppose  further  that  a  and  c  are  nearly  equal 
to  b  and  d  respectively.  Suppose,  for  example,  that  the 
first  two  significant,  figures  are  the  same.  If  a2,  62,  c",  and 
il2  are  to  be  computed,  seven-place  tables  must  be  used  in 
order  to  secure  accuracy  in  the  sixth  place.  But  the 
differences  a2  —  lr  and  c2  —  it'  will  be  known  accurately 
only  to  four  significant  figures.  Hence  x  is  defined  only 
to  four  places,  though  from  the  logarithm  of  the  quotient 
(c2  —  d2)  -5-  (a2  —  b2)  it  could  be  taken  out  to  six  places. 
One  might  thoughtlessly  conclude  from  the  fact  that  the 
data  are  given  to  six  places,  thai  X  has  been  derived  to 
six  places,  and  that  the  result  satisfies  the  equation  to  six 
places,  that  X  is  determined  to  six  places.  The  error  of 
the  conclusion  is  obvious  in  so  simple  a  problem. 

*  Festschrift  Heinrich  Weber  (1912). 

f  The  Laplacian  Orbit  Methods,  Proceedings  of  ///.  Fifth  Inter- 
national Congress  of  Mathematics  (1913),  pp.  209-17. 
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Now  suppose  the  coefficients  are  factored  into 
„■:  _  h-  =  (a  -  b)(a  +  b),      c2  -  d2  =  (c  -  rf) (c  +  d) 

The  differences  a  —  b  and  c  —  d  will  be  given  only  to  four 
places.  Consequently  no  accuracy  is  gained  by  using  the 
sums  a  +  b  and  c  +  d  by  which  they  are  multiplied  be- 
yond four,  or  at  the  most  live,  places.  That  is.  when  the 
coefficients  are  factored  before  the  computation  is  made 
the  value  of  x  can  be  found  by  using  five-place  tables  with 
all  the  accuracy  with  which  it  is  defined  by  the  data  of 
the  problem;  but  if  the  coefficients  are  not  thus  factored, 
seven-place  tables  must  be  employed. 

There  is  a  general  proposition  of  computation  which  is 
important  in  the  present  connection.  Suppose  the  prod- 
uct .Vi  -V-j  .  .  .  A",,  is  to  be  formed  and  these  numbers 
are  given  only  to  >h  ,  .  .  .  ,  nk  significant  figures.  Sup- 
pose ?!_,-  is  the  smallesl   of  m '■■.:■      Then,  in   the 

computation  of  the  product,  no  accuracy  is  gained  by 
using  more  than  iij  places  (or  ns  +  1  places  so  that  errors 
may  not  accumulate  in  the  lasi  place)  in  any  of  the  N\,  .  ■  , 
N,  ,  no  matter  to  how  many  significant  figures  they  may 
lie  given. 

Suppose  x,  y,  and  ;  are  defined  by  the  equations 

(  .34622a;  +  .35381?/  +  .36518z  =  .24561  . 
■\  .89318  x  +  .90274;/  +  .91143  s  =  .62433, 
(  .22431. r  +  .23642//  +  .24375,:    =  .17145  , 

where  the  coefficients  and  right  members  are  furnished  by 
observations,  and  are  subject  to  errors  not  exceeding  five 
units  in  the  sixth  place.  There  is  no  trouble  in  solving 
these  equations  by  successive  elimination  of  the  unknowns, 
as  is  customary  in  the  method  of  least  squares.  The  re- 
sult which  is  obtained  with  seven-place  tables  is 


1.027066.       y  =  +  2.091902. 


=  -  0.380515- 


These  results  satisfy  the  equations  exactly  to  the  last 
place.  Moreover,  if  either  x,  y,  or  z  alone  is  changed  by 
so  much  as  one  unit  in  the  fifth  decimal  place  the  equa- 
tions are  no  longer  exactly  satisfied.     One  is  tempted  to 


draw  the  conclusion  that  x,  y,  and  :  are  detennini 
curately  to  at  least  five  significant  figures.     Rut 


1.023053  .       y  =  +  2.082886 
1.031079  ,       y  =  +  2.101038  , 


=  -  0.375479 
=  -  0 


also  exactly  satisfy  equations  whose  coefficient^  and  right 
members  differ  from  these  by  less  than  five  units  in  the 
sixth  place.  The  variation  in  x  is  about  one  per  cenl .  and 
in  z  it  is  two  and  one-half  per  cent.  That  is,  the  value-  of 
and  z  are  subject  to  uncertainties  which  are  about 
one  thousand  times  what  might  be  expected  from  the  first 
results.  The  reason  for  the  great  uncertainty  in  the 
results  is  that  the  determinant  of  the  coefficients  is  small. 
In  order  to  investigate  the  uncertainties  in  the  solutions 
of  linear  equations  consider  the  three  equations  (the  'li- 
eu—ion  is  similar  for  any  number). 


a  t  ,c  +  6,  y  +  Cj  2  =  ill  ,      ) 
i;.:  .»•  -j-  bn  \i  +  0;  z  =  ck  ■ 

03  .'•  +  63  y  +  C3Z  =   0*3  ■         ) 


(1) 


where  the  <i.  .  b{  .  r,  .  and  </.  are  supposed  to  be  given  by 
observations  to  a  certain  number  of  places.  Suppose  the 
determinant 

»i  .  h  .  <•] 
I)  =       «•> ,  b2 .  ''..  (2) 

a .:  .    &3  ,   c3 

is   distinct    from    zero.     Then,    by   the    theory    of    linear 
equations,  the  solution  of  (1),  regarding  the  o,  . 
and  '!,  as  exactly  known,  is  unique,  finite,  and   definite. 
The    assumption    that    the  a,  .  b,  .  <\  ,  and  <L  are   exactly 
known  is  equivalent  to  assuming  that  the  digits  in  the 
omitted  places  (supposing  the  numbers  are  all  written  as 
decimals  1  are  all  zero.     Let  the  exact  values  of  the  coeffi- 
cients be    u,  +  a,,    b,  +   ft,    c,  +  7,.  and  r/,  +   i 
1,  2,  3).  where  the  a.,  ft,  7,,  and  5,  are  unknown  nut  do 
not   exceed   five  units  in  the  first   neglected   place.      Let 
.r0 ,  ?/o  ,  and   z0   represent    the   solution    of   equatiot 
under  the  assumption  that  the  coefficients  are  exact.     Let 
.r„  +  £,3/0+ f,    Zo  +  f    be  the  true  value-  of  the  un- 
known quantities.     They  satisfy  tin 


(a,  +  o,)(x0  +  f)  +  (&i  +  ft)  (1/0  +  f)  +  -    1(20  +  f )  =  d,  +  S, 

(0=  +  a2)(.To  +  {)  +  (62  +  ft)  (2/„  +  J)  +  (C2  +  72)  (*•  +  f)   =  <h  +  h 
(03  +  a3)(Xo  +  Q  +  (63  +  ft)  (t/o  +  f)  +  (c3  +  73)  (Zo  +  f)   =  d3  +  <53 


On  substracting  equations  (1)  from  these  equations  and 

solving  for  £,  it  is  found  that 


(3)    *  = 

<5i  - 
52- 

s3- 

diXo  -  ft  J/o 
a*Xo  —  ftj/o 
a3X0  —  ftt/o 

-  7iZo,      bi  +   ft  ,      Ci 

-  72Z0  ,      62  +   ft.  ,      C2 

-  73Z0  ,      63  +  ft  ,     c3 

+  7i 

+  72 

+   73 

Oi  +  ai  , 

02  +   02  , 

03  +  a.,  , 

61  +  ft  ,          Ci  +  71 

62  +    ft  ,            C2  +  72 

bs  +  ft  ,          c3  +  73 

The  uncertainty  in  x  due  to  the  unknowns  «,  .    /■ 
and  5,  is  £,  which  vanishes  with  these  quantities.     The 
problem  is  to  find  how  large  a  numerical  value  £  may  have. 
Unless  D,  equation  (2),  has  one  or  more  significant  figures 
distinct  from  zero  the  problem  is  indeterminate,  for  other- 
wise the  denominator  of  (3)  may  be  positive,  negate 
zero.     Suppose  I)  has  one  or  more  significant  figun 
zero;   then  in  determining  the  limit  on  the  first  significant 
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figure  of  (■,  which  is  all  thai  is  desired,  the  a, ,  0,.  y,  of  the 

denominator  and  of  the  second  and  third  columns  of  the 

numerator  may  be  neglected.     Under  this  hypothesis  as 

value  of  D,  at  leasl  the  firsl  significant  figure  of  -,  is 

mined  by 


(4) 


M 


8, 

—  a,  .r0  —   0i  i/o  —  ; 

bi, 

C] 

Ss 

-  o-  xB  -  0i  2/0  ~  72  Zo  , 

bi  . 

Ca 

S3 

—  03  X0  —    03  2/o  —  73  Zo  , 

bt, 

C3 

D 
The  maximum  value  of  £  is 


l  +  |*o|  +  |2/o|  +  |*o 


(  J  |  bs  r,  -  b8  ca  |  + 


&  c       b]  c3 1  +  |  b,  a  -  b2C] 


where  5  is  the  common  greatesl  numerical  value  the  »,  . 
j3, ,  7, .  and  8   ran  take,  and  where  \  Xo  |  ,  [  2>2  Cs  —  63  c-j  |  , 

.  .  .  are  the  numerical  values  of  xo,  bid  —  bid 

There  arc  similar  expressions  for  >)  and  f,  bu1  £,  17,  and 
f  can  not  in  general  simultaneously  have  their  greatest 
values  because  the  -inn-  of  all  of  these  quantities  are  fixed 
by  the  condition  that  £,  for  example,  shall  have  its  greatest 
numerical  value. 

[f  in  the  numerical  example  which  has  been  considered 
5  is  taken  as  five  units  in  the  sixth  place,  it  is  found  from 
(4)  that  t  lies  between  plus  and  minus  five  units  in  the 
third  place.  That  is,  £  has  a  range  of  ten  units  in  the 
third  place.  In  the  two  solutions  of  the  problem  last 
given  there  was  a  difference  in  the  values  of  a;  of  eight  units 
in  the  third  place,  or  only  four-fifths  of  the  possible  varia- 
tion. The  value  of  y  is  uncertain  nearly  to  two  units  in 
the  second  decimal,  and  :  to  one  unit  in  the  second  decimal. 
It  is  seen  from  1  bow  a  .small  value  of  D  gives  a  large 
uncertainty  £  in  the  value  of  x. 

\w  interesting  point  is  illustrated  by  the  numerical 
example  which  has  Keen  solved.  The  solution,  regarding 
the  digits  beyond  the  fifth  place  as  unknown,  is  determinate 
only  to  two  place--,  yet  tin  equations  are  mil  in  general 
exactly  satisfied  if  x,  y,  ■  the  fifth  decimal. 

since  any  digits  in  the  fifth  place  in  the  solution  are  per- 
missible, the  fad  thai  a  solution  does  not  exactly  satisfy 
the  original  equations  does  not  prove  that  it  is  not  correct 
so  tar  a-  it  is  determinate;  and  the  fad  that  it  does  exactly 
satisfy  the  equations  does  not  prove  thai  it  is  correct  be- 
yond where  it  ceases  minate.  That  is,  when 
the  determinant  of  a  linear  system  is  small  the  test  of 
accuracj  of  the  solution  by  direct  substitution  loses  much 
value.  The  situation  i-  almost  exactly  analogous 
in  the  theory  of  orbits  where  linear  systems  of  equations 
tially  of  the  type  considered  here  are  involved,  though 
the  fact  is  obscured  by  the  complexity  of  the  ordinary 
formulas.  The  determinant  is  always  small  when  the 
observations  are  near  together,  and  sometimes  when  they 
are  far  apart.  If  the  determinant  is  small  the  solutions 
of  these  linear  equations  are  poorly  determined,  and 
the  element-  are  subjeel  to  corresponding  uncertainties. 
The  fact  that  the  element-  may  satisfy  the  observations 
within  the  Limits  of  their  errors  i<  no  proof  whatever  thai 
1  hey  have  bet  n  determined  with  a  high  degree  oi  accuracy. 


To  give  under  these  conditions  a  model  computation  with 
the  elements  carried  out  to  seconds  and  tenths  of  seconds 
of  arc  is  to  violate  the  ordinary  common  sense  of  the 
problem. 

That  the  solution  of  a  linear  system  of  equations  is 
poorly  determined  when  the  determinant  of  its  coefficients 
is  small  can  be  made  intuitionally  clear  by  geometrical 
considerations.  For  simplicity  consider  equations  (1). 
Each  one  taken  separately  is  the  equation  of  a  plane;  the 
point  of  intersection  of  the  three  planes  is  the  solution  of 
the  equations.  The  coefficients  of  x,  y,  and  2  are  pro- 
portional to  the  direction  cosines  of  the  normals  to  the 
planes.  Consider  those  normals  which  pass  through  the 
origin.  These  normals  cut  the  surface  of  the  unit  sphere 
whose  center  is  at  the  origin  in  points  whose  coordinates 
are  proportional  to  the  coefficients  of  x,  y,  ::  or  equal  to 
them  when  the  equations  have  been  multiplied  by  such 
factors  that  in  each  of  them  the  sum  of  the  squares  of  the 
coefficients  is  unity.  Then  the  determinant  D  is  numeri- 
cally six  times  the  volume  of  the  tetrahedron  whose  four 
vertices  are  the  origin  and  the  three  points  on  the  unit 
sphere.  The  determinant  is  small  when  the  volume  of 
the  tetrahedron  is  small,  which  happens  if  the  three  points 
on  the  sphere  are  near  together  or  if  they  lie  nearly  on  a 
great  circle.  In  the  former  case  the  three  planes  are 
nearly  parallel,  and  it  is  clear  from  the  geometrical  situa- 
tion that  large  uncertainties  in  their  common  point  of 
intersection  correspond  to  slight  uncertainties  in  the 
positions  of  the  planes.  In  the  second  case  the  line  of 
intersection  of  any  two  planes  is  nearly  parallel  to  the 
third,  and  again  small  displacements  of  the  planes  in 
general  produce  Large  changes  in  their  point  of  intersection. 

Since  when  the  determinant  of  a  linear  system  of  equa- 
tions is  small  the  solution  is  defined  only  to  a  small  num- 
ber of  places,  the  question  arises  whether  it  is  not  possible 
to  make  use  of  this  fact  in  such  a  way  that  the  computa- 
tions can  be  made  with  shorter  tables  without  impairing 
the  real  accuracy  of  the  final  results.  Xo  such  abbrevia- 
tion can  be  made  if  the  solution  is  made  by  successive 
elimination  of  the  unknowns,  but  by  determinants  it  is  a 
simple    matter.     Suppose    the    determinants    are    small 

because  the  successive  columns  are  approximately  equal, 
as  they  are  iii  case  of  the  determinants  which  arise  in  the 
theory    of    orbits.      Then     by     taking    differences    of    the 
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columns,  or  differences  after  multiplying  by  simple  factors, 
the  determinants  can  be  transformed  so  that  they  have 
one  or  more  small  columns.  Since  in  their  expansions  one 
factor  comes  from  each  term  in  each  column,  it  is  sufficient 
to  use  tables  having  one  more  place  than  the  number  of 
significant  figures  in  the  smallest  column. 

For  example,  in  the  numerical  equations  which  have 
been  considered,  the  value  of  x  is 


.24561  ,  .35381  ,  .36518 
.62433,  .90274,  .91143 
.17141,     .23642,     .24375 


.34622 ,  .35381  ,  .36518 
.89318,  .90274,  .91143 
.22431  ,     .23642 ,     .24375 


In  order  to  secure  the  value  of  x  to  two  places  from  these 
determinants  as  they  stand,  it  is  necessary  to  use  six-place 
tables  because  of  the  cancellation,  in  both  numerator  and 
denominator  of  approximately  equal  terms  having  opposite 
signs.  This  corresponds  exactly  to  the  process  of  the 
successive  elimination  of  the  unknowns.  But  if  in  the 
numerator  determinant  two-thirds  of  the  third  column 
is  substracted  from  the  first  column,  and  if  the  second 
column  is  substracted  from  the  third  column  and  if  the 
resulting  third  column  is  subtracted  from  the  resulting 
first  column;  and  if  in  the  denominator  determinant  the 
second  column  is  subtracted  from  both  the  first  and  third 
columns,  and  if  the  resulting  third  column  is  added  to  the 
resulting  first  column,  the  values  of  the  determinants  are 
not  changed,  and  the  expression  for  x  becomes 


-.00921,  .35381,  .01137 
+  .00802  ,  .90274  ,  .00869 
+  .00158,     .23642,     .00733 


+  .00378,  .35381,  .01137 
-.00087,  .90274,  .00869 
-  .00478  ,     .23642  ,     .00733 


Since  the  first  columns  contain  only  three  significant 
figures  it  is  sufficient  in  the  computation  to  use  four-place 
tattles  in  which  all  the  numbers  are  given  on  two  pages. 
The  result  to  three  places  is  x  =  —  1.03,  and  this  is  as  far 
as  the  solution  is  definite  and  is  as  accurate  a  value  as 
can  be  obtained  from  the  data  with  any  number  of  places. 
The  determinant  expressions  for  y  and  z  can  be  treated 
similarly. 

Suppose  the  solution  of  the  linear  equations  is  computed 
from  the  transformed  determinants  by  abbreviated  tables 
depending  on  the  degree  of  determination  of  the  result, 
and  let  it  be  x0,  y0,  z0.  This  solution  will  not  in  general 
satisfy  the  determining  equations  to  more  places  than  it 
is  given.  Suppose  the  left  members  of  (1)  give  d/0'  , 
d2m  ,  and  d»m  when  the  solution  x0,  y0,  z0  is  substituted 


in  them.  Let  d{  —  d,m  =  <5,<0)  ,  which  in  general  will 
be  small  compared  to  d,.  Let  .t  =  x0  +  £  ,  y  =  2/0  +  v, 
z  =  Zo  +  f  be  a  solution  which  satisfies  equations  (1)  to 
the  last  place.  On  substracting  the  corresponding  equa- 
tions in  Xo,  2/0,  and  z0,  with  r/,'01  in  tin-  right  members,  it 
is  found  that  £.  ;;,  and  i"  are  defined  by 


ai  £  +  hv  +  ci  f  =  5i,("  , 
a2£  +  627,  +  c2r  =  52«», 
a3  £  +  bz  r,  +  e3  f  =  63(0) . 


(5) 


These  equations  can  also  be  computed  by  the  use  of  the 
short  tables.  The  denominator  determinant  is  already 
known  from  the  preceding  computation,  and  if  the  5,(0) 
are  very  small  a  very  few  places  in  the  tables  are  sufficient 
for  computing  the  numerator  determinants.  If  ar0  +  £  , 
j/o  +  t]  ,  and  z0  +  j"  do  not  exactly  satisfy  equations  (1) 
the  process  may  be  repeated.  If  the  determinant  D  is 
very  small  it  may  well  be  necessary  to  do  so.  Eventually 
results  will  be  obtained  which  will  exactly  satisfy  the 
original  equations,  but  they  art'  not  in  general  exact  be- 
yond the  point  where  they  cease  to  be  determinate,  that 
is  beyond  ,r„,  //„,  and  z0. 

One  might  ask  why  these  supplementary  solutions 
should  be  made,  even  though  they  secure  results  which 
exactly  satisfy  the  equations,  if  they  belong  to  a  part  of 
the  solution  which  is  essentially  indeterminate.  Obvi- 
ously there  is  no  sensible  reason  for  going  to  the  trouble 
of  making  them.  But  the  corresponding  thing  is  done  in 
the  determination  of  orbits,  and  it  is  for  the  purpose  of 
making  the  matter  clear  that  it  is  considered  in  this  simple 
problem  where  it  is  not  obscured  by  complicated  formulas 
and  a  multitude  of  supplementary  considerations.  The 
fact  is  that  all  methods  of  determining  orbits  from  three 
observations  which  are  near  together  involve  a  partial 
indetermination  which  is  exactly  comparable  to  the  one 
under  consideration  here.  The  indetermination  is  funda- 
mentally in  the  problem  and  can  not  be  avoided.  This 
means  that  the  elements  are  determined  in  this  way  only 
approximately.  But  when  the  elements  are  given  there 
is  no  indetermination  in  computing  the  apparent  position 
of  tin'  body.  Consequently,  if  the  elements  are  computed 
only  to  the  extent  that  they  are  determinate,  they  will 
in  general  not  give  results  in  exact  agreement  with  the 
observations.  The  reason  is  that  not  all  of  the  six-fold 
infinity  of  sets  "of  elements  within  the  limits  of  their  deter- 
mination are  compatible  with  the  observations;  but  there 
are  infinitely  many  sets  of  elements  which  give  theoretical 
positions  agreeing  with  the  observational.  To  make  the 
essence  of  the  matter  clear  consider  the  linear  system  (1). 
When  the  determinant  of  its  coefficients  is  small  x,  y,  and 
z  are  determined  only  to  a  small  number  of  places  —  in 
the  numerical  example  to  three.  But  x,  y,  and  z  can  not 
be  given  arbitrary  values  beyond  the  points  at  which  they 
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to  be  determinate,  for  tin-  numerical  values  of  the 
left  membi  i  i   sensitive  to  individual  changes  in 

the  unknowns.  Similarly,  while  the  elements  of  an  orbit 
are  poorly  determined  by  observations  which  are  close 

her,  ihf  theoretical  positions  are  sensitive  to  ch  ingi 
in  the  individual  elements.    Though  the  elements  may 
aged  individually  beyond  the  point  a1   which 
they  cease  ;  i  inate,  if  the  observations  are  to  be 

satisfied,  yel  they  can  be  changed  collectively  in  infinitely 
many  way-  without  destroying  the  harmony  between 
theory  and  observation. 

:;.     'I'm    i  •     i         [cal  Condi  noNS. 

Suppose  the  observations  arc  made  at  U,tz,  and  fe. 
Lei  the  corresponding  polar  coordinates  with  the  observer 
as  the  origin  be  respectively  (pi,  cm,  Si)  ,  (pg,  av>,  ^2)  and 
(p3,  a3,  83),  where  the  p,  are  the  unknown  distances.  In 
general  the  observations  will  be  expressed  directly  in  a 
and  r"i.  the  right  ascension  and  declination.  Let  the 
direction  cosines  of  the  observed  body  be  represented  by 
\,  p,  and  i',  with  subscripts  corresponding  to  those  on  the 
t.     Therefore 


(6) 


X,    =   cos  6,  cos  a,  ,       (i  =    1,  '2.  3), 
=  cos  0,  sin  a,  , 
sin  0,  . 


-  P,  =  c; 
(  Vi  =  si 


It    is  supposed    that    the  a(,  and  o,  have   been   corrected 
for  precession,  etc 

Let  the  rectangular  geocentric  coordinates  of  the  Sun 
referred  to  the  equator  system  I"  A  '  .  )', ."",  and  /,'"  . 
They  are  of  course  given  in  the  American  Ephemeris.  Lei 
AA\  ,  A)'  ,  and  \7.  represent  the  geocentric  coordinates 
of  the  observer  referred  to  the  same  axes.  Let  ft  repre- 
the  observer's  sidereal  time  at  tf,  I  his  geocentric 
latitude,  and  rE  lite  radius  of  the  Earth.  It  will  generally 
be  sufficiently  accurate  to  use  the  mean  radius  of  the 
Earth,  though  the  radius  to  the  observer  is  the  exact 
quantity  in  question.  It  follow-  thai  rB  ,  ft  and  /  are  the 
geocentric  polar  coordinates  of  the  observer  referred  to  the 
:es.     Then 


■ 


(  i  A',  =  / ,  cos  I  ■ 

-.   A  }',   =   TB  COS  1   -ill    "    . 

(  AZi  =  rE  sin  / . 


(i  =  1,2,3), 


If  the  observations  are  made  at  different  places  correspond- 
ing different  values  of  r3  and  /  must  be  used. 

Let     X,  .      )'    .     and      '/ ,    represent     the     heliocentric    co- 
ordinate- of  the  observer.     They  are  given  by 


- 


V.              X         •    A  A,  , 

" 

1                  )               A  V,  , 

/.,            Z/»  +  A  Z(  . 

L,  2,3  , 


finally,  let  x  ,  y  .  and  :  represenl  the  heliocentric 
coordinates  of  the  observed  body  at  the  epoch  /.. .  They 
are  respectively  equal  to  the  sums  of  the  corresponding 
heliocentric  coordinates  of  the  observer  and  the  coordi- 
nate- of  the  observed  body  with  respect  to  the  observer 
as  an  origin.  Hence  the  geometrical  conditions  to  which 
the  coordinates  of  the  observed  body  are  subject  are 


-  A,  p  +  .< ,        A 

-  ft  p  +  y,  =  r, , 

-  v,  P  +  z<  =  Z, 


(i  =  1,2,3), 


(9) 


These  equations  are  subject  to  no  errors  of  parallax  be- 
cause the  geocentric  coordinates  of  the  observer  have  been 
introduced.  The  only  correction  that  remains  to  be  made 
to  them  is  for  the  time  it  takes  light  to  go  from  the  ob- 
served body  to  the  observer.  Matters  will  be  arranged 
so  that  it  will  be  necessary  to  make  almost  no  alterations 
in  the  computed  quantities  in  applying  this  correction. 

4.  The  Dynamical  Conditions. 

It  will  be  assumed  that  the  observed  body  revolves  about 
the  Sun.  though  the  formulas  all  hold  whatever  may  be 
the  center  of  attraction.     Let 


k  Vl  +  m  (I  -  t0)  =  t, 


(10) 


where  I  +  in  is  the  sum  of  masses  of  the  Sun  and  observed 
body,  and  tu  is  the  origin  of  time.  Then  the  differential 
equations  of  motion  are 


d2x 


(r2   =   X2  +   if  +  Z-  =   U    ') 


=    -    II   II  , 


(ID 


[f  any  other  body  than  the  Sun  has  sensible  effects  the 
corresponding  terms  can  be  added  to  the  differential 
equations;  it  causes  no  difficulty  except  the  greater  com- 
plexity of  the  formulas.  In  general,  a  comet  or  planetoid 
is  not  subject  to  great  enough  disturbing  forces  to  make 
it  advisable  to  take  them  into  account;  but  under  the 
special  conditions  in  which  the  observational  dafa  are  very 
accurate  and  the  perturbing  forces  are  very  large  it  might 
be  advantageous  to  take  them  into  account.  The  reason  is 
thai  svhile  1  hen  results  would  be  small  in  the  short  interval 
covered  by  the  observations,  the  elements  are  very 
sensitive  to  slight  differences  in  observed  positions  when 
the  observations  are  near  together. 

Inasmuch  as  the  observed  body  will  not  be  at  infinity 
or  in  collision  with  the  Sun,  it  follows  from  the  general 
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theory  of  analytic  differential  equations  that  the  solution 
of  (11)  is  developable  as  a  power  series  in  r  of  the  form 


(12) 


(  x  =  Xo  +  J',,'  r  +  \x"  r2  +  \x"'  t3  + 
]  y  =  yn  +  y»'  t  +  hj0"  t-  +  iy0'"  t3  + 

(z    =    20   +  2o'   T  +  W  T2  +   J20'"  T3  + 


The  domain  of  convergence  of  these  series  depends  only 
upon  to  —  T,  which  is  the  time  from  perihelion  passage  to 
the  origin  of  time,  the  major  axis,  and  the  eccentricity  of 
the  orbit.  These  elements  of  course  are  not  known  in 
advance,  and  hence  the  range  of  validity  of  the  series  is 
not  known  in  advance.  But  a  complete  discussion  of  the 
singularities  of  the  functions,  which  define  the  true  circles 
of  convergence  for  any  origin,  was  given  by  the  writer  in 
the  Astronomical  Journal,  Vol.  XNIII,  Nos.  537-538(1903), 
where  a  solid  foundation  was  laid  for  all  work  in  this  do- 
main. It  was  there  shown  that  the  circles  of  convergence 
of  (12)  are  smaller,  the  smaller  the  major  axis  (parameter 


if  e  =  1),  the  greater  the  eccentricity,  and  the  nearer  the 
body  is  to  its  perihelion  at  /0.  Tables  III  and  IV  of  that 
paper  give  by  inspection  the  general  order  of  the  results 
which  arise  in  practice.  If  the  major  axis  is  2.65  astronom- 
ical units  and  the  eccentricity  does  not  exceed  0.4,  num- 
bers suggested  by  the  planetoids,  the  series  converge  when 
I  he  body  is  in  any  part  of  its  orbit  if  /.  —  to  does  not  exceed 
one  hundred  and  sixty-three  days.  If  the  orbit  is  a  para- 
bola  whose  perihelion  distance  is  unity,  the  series  converge 
Ut  —  to  does  not  exceed  fifty-four  days.  These  limits  vary 
directly  as  the  three-halves  power  of  the  major  axis  and 
perihelion  distance  respectively.  In  practice  the  series 
must  not  only  converge  but  they  must  converge  rapidly. 
It  is  evident  from  the  results  which  have  been  given  that 
they  will  sat  isfy  this  condition  for  the  short  intervals  which 
are  ordinarily  used  in  the  determinatidn  of  orbits. 

It  is  found  by  forming  the  successive  derivatives  of  (11) 
iliii  equations  (12)  become 


(13) 


.r  =  /  xo  +  g  x'o 

>.i  =  f  2/0  +  g  y'o 

z  =  /  2„  +  g  Zo 

/  =  1  -  \ut"  - 

g  =  t  —  ', " ";;  — 


iU('r3  —  Jj(u"  —   »2)r4  —  TiTr(w"'  —  4wm')t5  +   . 
i'j"'-4  -  riiA?i<"  -  n-]r'  -    ;i1;,l(2/('"  -  3«V 


where  now  .ru,  ?/,>,  z0  enter  in  u  instead  of  x,  y,  z.  Lagrange 
has  expressed  the  derivatives  of  u  in  terms  of  u  and  two 
auxiliaries*  p  and  q  defined  by 

\rP   =   ij-      =  X0  -To    +  J/0  J/0    +  2  2  0  , 

d2r2 

r'(l  =  h  -ru  =  £o'2  +  Vo'-  +  20 2  —  r02u  . 


(14) 


Since  2r'-p  and  2r2g  are  the  first  and  second  derivatives 
of  r2  they  vanish  when  the  observed  body  is  at  an  apse  of 
its  orbit,  and  they  are  permanently  zero  in  the  case  of  a 
circular  orbit.  In  the  asteroid  orbits  they  are  in  general 
small  because  they  carry  the  eccentricity  as  a  factor. 

The  expressions  for  /  and  g  become  as  a  consequence  of 
equations  (14) 


./"=!- 

-  \ut"  +  \upr  +  ,,V(3wg  -  Xhutf 

g  =  t  - 

-  },ur-  4-  \npr'  4-  T£tf(9wg  —  i5up 

(15) 


Consequently,  when  Xu,  //„,  :,/.  .</,,',  :„'  are  known,  the  series 
/  and  g  are  known  for  any  value  of  r  for  which  they  con- 
verge. Their  values  at  /,  ,  (■■  ,  and  I.,  can  be  indicated  by 
the  corresponding  subscripts. 

On  using  equations  (13)  equations  (9)  become 


r  "' t'  +   l(7»/r!  —  3upq  —  irp)rb  4- 
2  4-  U2)rb  +  J¥(14wp3  _  (rupq  —  u2p)r6 


+ 


(16) 


Xl  Pl  +  /l  -fii  +  01  .Ti 
A2  P2  +  U  xo  +  f/2  .r, 

X3  ps  +  /3  .?•„  +  g-i  x, 

ah  pi  +  .A  2/0  +  f/i  y< 
m  P2  +  h  2/o  +  02  2/1 

M3  P3  +  h  ?/0  +   03  VO 

"1  Pl  +  /l  2o  +  J7l  20 
Vt  Pi  +  h  20  +  02  z, 
"3    P3  +  f3  Zo   +  03  20 


=   X2 

=  x3 

=  Yi, 
=  Yt, 
=  Y3 

=  Zi, 

=  z,, 

=  z3. 


Oeuvres  de  Lagrange,  Vol.  I\',  pp.  500,  514;   Charmer,  Medde- 
landefrar  bunds   Istro.  Obs.,  No.  lii. 


In  these  equations  xB,  //„.  2o,  xa',  2/o'j  and  z0'  are  entirely 
unknown.  When  they  have  been  found  the  elements  can 
be  determined  without  ambiguity  or  numerical  indeter- 
mination.  The  only  exception  to  this  statement  is  that 
the  perihelion  is  poorly  determined  if  the  eccentricity  is 
small,  and  the  nodes  are  subject  to  large  uncertainties  if 
the  inclination  is  small.  The  distances  pi,  p2,  and  p3  are 
also  unknown.  It  would  not  be  necessary  to  determine 
them  if  it  were  not  for  correcting  for  the  time  required  for 
light  to  go  from  the  observed  body  to  the  observer.  Only 
the  first  terms  of  the  series  /1  ,  /2 ,  fz ,  01 ,  02 ,  and  03  are 
known,  but  the  coefficients  of  the  terms  of  higher  degree 
involve  only  x0 ,  yo ,  z0 ,  x0' ,  y0' ,  and  z0' .  Thus  in  the 
nine  equations  (16)  there  are  exactly  nine  unknown 
quantities.  The  problem  is  to  solve  them  for  these  un- 
knowns. 


lit) 
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To  recapitulate,  equations  (9)  are  the  complete  ex- 
pressions of  the  exact  geometrical  relations  which  arc  in- 
volved, and  every  method  of  determining  orbits  depends 
either  upon  them  or  upon  some  of  their  special  conse- 
quences. Equations  13)  are  the  complete  expressions  of 
the  dynamical  relation-,  developed  in  scries.  All  methods 
involve  corresponding  series.  And  in  addition  to  them, 
the  original  method  of  Lapla<  e  and  its  modifications  by 
Harzeb  and  Leuschneb  contain  corresponding  develop- 
ments for  the  coordinate-  of  the  observer.  This  is  a 
detect  of  these  methods  because  logically  the  motion  of 
the  observer  ha-  nothing  to  do  with  the  orbit  of  the  ob- 
d  bodj  only  the  positions  of  the  observer  arc  really 
involved.  Hut  in  the  Laplacian  methods  it  i-  necessary 
to  develop  -eric-  for  the  motion  of  the  observer.  This 
motion  depend-  upon  the  revolution  and  rotation  of  the 
Earth,  the  fact  that  possibly  the  observations  have  been 
made  at  different  observatories,  a-  Poincare  has  remark- 
ed'-, and  the  fact  that  the  center  of  gravity  of  the  Earth 
and  Moon  describes  the  Earth's  elliptic  orbit,  as  Bruns 
has  insisted. t  The  alternative  is  to  make  complete,  and 
sometimes  repeated,  corrections  for  parallax  as  Letjsch- 
m  i;  has  done  in  his  computations.}  Whichever  of 
these  method-  is  employed  it  i-  necessary  to  obtain  not 
onlj  the  position  of  the  observer  a1  t  he  epoch,  hut  also  al 
least  the  components  of  velocity  of  the  Earth. 

.j.    The  Determinant  of  the  Coefficients  ok  (16). 

Since  the/,  and  the  g,  are  approximately  known  when 
the  time-intervals  arc  short,  it  might  he  supposed  that  if 
all  hut  their  lirst  terms  were  neglected  the  solution  of  ( Hi! 
would  give  approximate  values  of  the  unknowns  p,  ,  p2 , 
lo  ,  z0 ,  and  z0',  which  enter  linearly.  The 
degree  of  approximation  in  the  result  depends  to  a  large 
extent  upon  the  determinant  of  the  coefficients.  And 
whether  the  solution  i-  approximate  or  not  there  can  he 
no  objection  to  solving  equations  for  the  unknowns  so  far 
a-  they  appear  explicitly  (linearly),  for  this  process  is 
equivalent  to  forming  linear  combinations  of  the  original 
equations.  The  only  precaut  ion  necessary  i-  not  to  divide 
through  by  the  determinant  of  the  coefficients  in  case  it 
i-  zero.  Consequently,  the  first  problem  is  the  discussion 
of  the  determinant  of  the  coefficients  of  I  Hi  . 

Suppose  tic  unknown-  in  (16)  are  arranged  from  lefl 
to  righl  in  the  order  p]  .  &  .  p3 .  ■<       i  <•!  .  to  ■  and 

Suppose  also  that  t2  is  taken  as  the  origin  of  time,  or 
t0  =  [.,.  Then  7-2  =  0,  (j-2  =  0,  and/-  =  1,  and  the  deter- 
minant of  the  coefficients  of  the  unknown  quantities  is 

*  Bull  ■  ol    Will     L906),  pp.  161-187. 

f  Bauschingeb  i'   347. 

litems  of  tin  I         '  i    VI 1.  Part  I. 


A  = 


X,  ,0  ,(•  ,  /',  ,  </,  .  0  ,  0  .  II  ,  (I 

0    ,  \-     ,  I)    ,   1   .   II   .   II   .   II   .   I)   .   (I 

0,0,  \a  .  h  ,  93  ,0,0,0,0 

Mi  .11  .  (I  .  It  .  0  ,  /',  .  '/,  .  (»  .  II 
II  .  II  .  U  .  I  ,  II  ,  II  ,  II 


M3,0,  0  ,/:*,(/:,,  II  .  (I 


n  .0  ,0  ,  0  .  (I  ,0.0  .  /,  .  ,,, 


II 


0,0,0,0,0,1,0 


(17) 


(I  .  (I  .  n   ,0,0,0,0,  /:,  ,  f/3 

Some  general  properties  of  A  follow  immediately  from 
1 17).     It  is  homogeneous  of  the  third  degree  in  the  X,  ,  m.> 

and  v,  ,  and  of  the  third  degree  in  (h  and  ;/:l  because  each 
term  of  the  expansion  has  one  lac-tor  from  each  column. 
It  is  a  symmetrical  function  of  X,,  n, ,  and  v,  because  if 
these  letters  are  cyclically  permuted  the  original  form  of 
the  determinant  can  be  restored  by  an  even  number  of 
permutations  of  rows  and  of  columns.  There  is  no  term 
which  involves  X,  Xj  X:i  as  a  factor  because  the  co-factor  of 
the  third  order  minor  which  gives  this  product  has  two 
columns  of  zeros.  There  is  no  term  which  involves  X,  X2 
as  a  factor  because  the  co-factor  of  the  second  order  minor 
which  gives  this  product  has  two  columns  whose  elements 
are  all  zero  except  the  first.  It  follows  from  these  facts 
and  the  symmetry  of  A  that  every  term  of  its  expansion 
has  a  factor  X,  n,  vt,  where  no  two  of  the  /,  j,  k  are  the  same. 
When  </,  is  put  equal  to  zero,  A  becomes 
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This  determinant  is  zero  because  the  elements  of  the  third 
column  are  all  zero.  Therefore  gi  is  a  factor  of  A.  Simi- 
larly, (jt  and  also  /  (is  —  /3  (li  are  factors  of  A.     Therefore 

A  =  -gigMigs-frgdAi,  (18) 

where  A-  involves  only  the  X,  ,   /j,  ,  and  v, . 

Let  F  =  1  +  /  +  /3  ,  G  =  </i  +  f/3  •  Suppose  the 
second  and  third  rows  of  (17)  arc  added  to  the  lirst,  the 
fourth  and  sixth  to  the  fifth,  and  the  seventh  and  eighth 
to  the  ninth.  Then,  if  the  resulting  fifth  and  ninth  rows 
are  brought  to  the  second  and  third  row  places  respectively, 
the  determinant  takes  the  form 


A  =  + 
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/'■ 

,  ('• 

0 

X, 

,  II 

1 

0 

,0 

0 

0 

,  0 

0 

0 

,  \3 

h 

<73 

,0 

0 

1) 

,0 

Mi 

0 

,  0 

0 

0 

ft 

</l 

0 

,0 

0 

0 

.    M3 

0 

0 

./;. 

08 

0 

,0 

V\ 

0 

,  (» 

0 

0 

0 

0 

/■, 

<>1 

0 

v« 

,  o 

0 

0 

0 

0 

1 

,  o 

(19) 
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Tlii-  leading  third-order  minor  of  (19)  involves  the  X,, 
p.,  ,  and  v,  in  precisely  the  form  that  it  has  been  shown 
tin  \  occur  in  the  expansion  of  A.  Moreover,  tin'  co-factor 
of  this  minor  is  the  coefficienl  of  A2  in  (18).  It  will  be 
shown  that  the  determinant  equals  precisely  the  product 
of  this  third-order  minor  and  its  co-factor,  by  proving  thai 
the  coefficienl  of  every  term  which  involves  a  X,,  ni}  or  v, 
no1  occurring  in  the  first  three  rows  is  zero.  For  this 
purpose  consider  the  term  \zniv*K  ■  where  K  is  a  function 
of  the/,  and  </,  and  where  at  least  one  of  X2  ,  m  ,  v3  comes 
from  the  last  six  rows.  There  are  three  of  these  terms. 
viz.,  \2  from  the  first  row,  m  from  the  sixth  row,  and  v3 
from  the  third  row;  \2  from  the  fourth  row,  m  from  the 
second  row,  and  v3  from  the  third  row;  and  \-2  from 
the  fourth  row,  hi  from  the  sixth  row,  and  v3  from  the 
third  row.  The  coefficient  K  is  the  sum  of  the  three  deter- 
minants which  remain  when  the  columns  and  rows  from 
which  \2  .  mi  i  and  v3  have  been  taken  are  suppressed, 
the  signs  being  determined  by  the  general  rule  of  signs  of 
co-factors.     The  resulting  expression  for  K  is 


0  ,0  ,F,G  ,0,0 
1,0,0,0,0,0 

h  .  <h  .  o  ,  0  ,  0  ,  0 
0,0  ,/3, ff3,0,0 

0,0  ,0,0  ,.A , f/1 

0,0,0,0,1,0 


F,G,0  ,0,0,0 
h,gt,0  ,0,0,0 
0  ,0  ./,,!7,,0  ,0 

0   .0   ./';,,  f/3,0  ,0 

0,0,0  ,0,A  ,«/ 
0,0,0,0,1  ,0 


F,G,0  ,0,0  ,0 
0,0  ,F,G, 0,0 
h,g3,0  ,0  ,0.0 
0,0  ,f3,gs,0,0 
0,0  ,0  ,0  ,f,,(/, 
0,0  ,0,0,1  ,0 


The  first  and  third  of  these  determinants  can  be  added, 
after  the  first  two  rows  of  the  first  are  interchanged,  by 
taking  the  sum  of  the  elements  of  the  first  rows.  The 
result  is  the  negative  of  the  second  determinant  because 
it  becomes  identical  with  it  by  an  even  number  of  permuta- 
tions of  rows  and  of  columns,  and  by  expressing  F  and  G 
in  terms  of  flu-  /<  and  the  •/,.  Consequently  K  is  zero. 
In  a  similar  manner  it  can  be  shown  that  the  coefficient 
of  every  term  which  involves  at  least  one  of  X,,  p., ■,  p,  from 
the  last  six  rows  is  zero.     Therefore  the  determinant  A  is 


Xl    |   \2   ,   X;s 

Pi  .  M-i  .  W 

l'l     .    ''■-'    .    !'.'! 


-g-i03(l  ,3)A2 


(211)     A=    -0103(/lff3-/30l) 

It  follows  from  (15)  thai 
(21) 

(/  0i  =  n  —  h'Ti*  +  \wpriA  +  T;,„i0//i/  -  45wp2 

I  +  u-)  rx5  +  3'4  (14wp3  —  Oupq—  u2p)ti6  +  . 

.)    03  =  t3  —  Jmt33  +  luj)T3i  +  TlT,(0iiq-4oup- 

+  iis)T35  +  2^1  Hup3  —  Oupq— u2p)r36+  . 
(1,3)  =  (t3-  n)\l  -  Iu(t3  -  n)c  +  lup(r3  -  r,)2 
(t3  +  n)  +  .  .  .  }  . 


Therefore  since  n  and  r;  are  distinct  from  zero,  but  small 
and  opposite  in  sign,  A  is  not  zero  unless  A2  is  zero.  Since 
PiXt  =  ?i  ,  piyui  =  171  ,   ■   •   •   ,  it  follows  that 


P1P2P3A2  = 


€1 ,  h  ,  & 

h    ■    f2   •    <  :; 


(22) 


where  the  £,■  ,  rj, ,  i:,  are  the  rectangular  coordinates  of  the 
observed  body  at  t,  with  respect  to  the  observer  as  an 
origin.  This  determinant  is  numerically  six  times  the 
volume  of  the  tetrahedron  whose  vertices  are  the  observer 
and  the  three  positions  of  the  body  relative  to  the  observer. 
Therefore  A«  is  distinct  from  zero  unless  the  three  observed 
positions  of  the  body  lie  on  the  arc  of  a  great  circle. 

6.     The  Determinant  A2  in  the  Methods  of  Gauss 
and  Laplace. 

The  lacl  that  the  case  is  exceptional  and  the  treatment 
must  be  modified  if  A->  is  zero  at  once  raises  the  question 
whether  or  not  the  difficulty  is  not  artificial,  and  whether 
it  arises  in  other  methods  of  determining  orbits.  The 
same  determinant  appears  in  the  method  of  GaUSS,  though 
usually  in  a  more  complicated  form.  It  has  been  clearly 
and  fully  treated  by  Bauschinger,  in  his  Bahribestimmung, 
p.  258,  where  it  is  represented  by  K.  But  in  the  method 
of  Laplace,  it  does  not  explicitly  appear,  especially  when- 
approximate  expressions  for  the  derivatives  arc  used, 
though  it  is  involved  as  will  be  shown. 

In  the  method  of  Laplace  and  its  modifications  the 
determinant 


D  = 


X  ,  X'  ,  X" 


arises,  where  the  single  and  double  accents  indicate  first 
and  second  derivative-  respectively.  The  values  of  the 
direction  cosines  X  .  p.  ,  v  and  their  first  two  derivatives 
are  to  he  determined  from  three  sets  of  values  of  X  ,  y. .  v 
furnished  by  the  observations.  The  value  of  X  for  any 
t  not  too  remote  from  the  epoch  is  given  by 


(r  -   T->)   (t 


3) 


(n   —    T2)    (Ti   —    T3) 


Xi  + 


+ 


(r- 

n)  (r  - 

n) 

(r2- 

Tl)   (t2   - 

-  r3) 

(r- 

r.)  (r  - 

r2) 

(t3    —    Tl)    (t3    —    T2) 


There  are  corresponding  expressions  for  p.  and  v  having 
precisely  the  same  coefficients.  The  values  of  X  ,  X'.  and 
X"   for    t  =  0,   for  which   l>  is  used,  are 


ill' 
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I    X' 
X" 

P 

I   Pl' 

r 

I  /v 

Then 


=  P,  X,  +  /'   \         /'   \ 

=  P,'  x,  +  /','  x,  •  /• '  \  . 

•  /"'  .v. 

■    /'■■  = 

/■  .' 
/• " 


T2  T3 

(ti  - 

To)    (tj 

2 

-     T3) 
Tl   To 

-       —    To) 
To) 

"  .     -     To) 

2 

,, 

-  n)  (t2 

- 

r3) 

-  1  r,  4- 

2 

r») 

ri)  (ts  -  r3) 


r2) 
the  determinant   />  becomes 


I)  = 


PX   ,     PX'  .     PX" 
Pm  .     /V  ■     Pm" 

Pk     ,       Pv'    ,       P/' 


where 


P   X  =  P,    X,  +  P2   X,  +  Pa    \ 

P'     X      =      P,'    X,     +     7Y    X,     +     /';;'     X, 

P"X  =  P,"X,  +  P2"X2  +  P-,"\, 


The  determinant  />  factors  into 


D  = 


/':    .    P'.P," 
P.    .    /'    '    .    /"' 


Xi    .    \2    ,    \:; 
i'l    .    V-l   ,    V3 


The  second  of  these  two  factors  is  A2l  and  therefore  the 
i  of  Laplace  is  subject  to  the  same  difficulty,  when 
A2  vanishes,  thai  the  method  developed  here  and  thai  of 
<;m  ss  encounter.  The  first  of  the  two  factors  of  D  reduces 
to 

+  2 

r  r3  —   T2) 

whicl  i        ad  disl  ind  from  zero. 


ri    A2    Vanishes 
':.~f.u\  ed  Body  Men  es 


PERMANENTI/i     ii\i.i 
VLONG   THE   ECLIPTIC. 


It  follows  from  the  geometrical  interpretation  of  A2  thai 

it  is  a  ;ero  ii   the  observed  body  moves  along  the 

ecliptic.     Ii  may  be  zero  if  this  condition  i-  nol  satisfied, 

for  ii  is  possible  for  three  observed  positions  to  lie  on  the 

i  greal  circle;    bul  it  will  be  shown  thai  ii  is  no1 

ile  for  all  its  positions  to  lie  on  the  arc  of  a  greal  circle 

with  respeel  to  the  Earth.     In  this  discussion  the  position 

body   will  be  taken  with  respeel   to  the 


cent  it  of  the  Earth  rather  than  with  respeel  to  some  point 
on  the  surface  of  the  Earth. 

The  geocentric  coordinates  of  the  observed  body  are 
denoted  by  J,  ij,  j",  ^s  heliocentric  coordinates  by  x,  y,  :, 
and  the  heliocentric  coordinates  of  the  Earth  by  .V,  )'.  /. 
Therefore  £  =  x  -  X  ,  i\  =  y  -  Y  ,  f  =  z  —  Z.  The 
condition  thai  the  apparent  motion  of  the  observed  body 
shall  be  in  the  are  of  a  great  circle,  that  is,  that  its  orbit 
relative  to  the  Earth  shall  be  in  a  plane  passing  through 
the  Earth  is 

o{  +  br,  +  cf  =  a(x-X)  +  b(y-Y)  +  c(z-Z)  =  0 .     (23) 

where  a,  b,  and  c  are  constants.  Since  this  equation  holds 
for  all  values  of  the  time  its  second  derivative  also  is  zero. 

Hence 

a(x"  -  X")  +  b(>,"  -  Y")  +  c(z"  -  Z")  =  0  .      (24) 

But  since  both  the  observed  body  and  the  Earth  move 
around  the  Sun  in  accordance  with  the  law  of  gravitation, 
it   follows  that 


k- 


X"  = 


1:-  X 
R3 


where  for  simplicity  in  the  formulas  it  is  supposed  that 
the  masses  of  the  Earth  and  observed  body  are  negligible 
in  comparison  to  that   of  the  Sun.     Then  equation  (24) 

becomes 


•D-iMs-a+'O-i]- 

It  follows  from  (23    and  (25)  that 


(25) 


/.    :    C 


Y  ,    z  -  Z 
Y_     z__Z_ 

U'    r      ft3 


z  -  Z 
i   _  7. 


lint 


-  Y 

_  Y 
II 


Y  ,Z 


1  I 

r3        R- 


and  similar  reductions  for  I  he 
fore  the  proportion  becomes 


ot  her  determinants 


1.1 

: 

z    ,  X 

■>■ 

!l 

Y 

/ 

■     Z..X 

X 

r 

'here- 


(26) 
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It  follows  from  this  proportion  that  x,  y,  2  and  X,  Y,  Z, 

satisfy  the  equations 

{  a  .r    +  b  if   +  c  z    =  0  , 
\aX  +  bY  +  cZ  =  0. 

That  is.  equations  (23)  imply  that  the  observed  body  and 
the  Earth  move  in  the  same  plane  with  respect  to  the  Sun. 
Hence  the  only  case  in  which  the  observed  body  moves 
permanently  in  the  arc  of  a  great  circle  is  that  in  which 
the  plane  of  its  orbit  is  the  same  as  that  of  the  Earth.  If 
A2  should  be  zero  for  three  observations  of  a  body  not 
moving  in  the  plane  of  the  ecliptic,  there  would  be  other 
epochs  at  which  it  would  not  be  zero.  The  problem  of 
determining  the  orbit  of  a  body  moving  in  the  plane  of 
the  ecliptic  requires  separate  treatment. 

8.     Solution  of  Equations  1  Hi)  foe  pi  .  p2 .  and  p3 . 

It  is  necessary  t<>  solve  equations  (16)  for  xa,  !/0,  Zo,  r,,'. 
!ln',  and  z0'  in  order  to  determine  the  elements,  and  for 
Pi,  p2,  and  p.j  in  order  to  correct  for  the  time  aberration. 
It  is  simplest  to  solve  first  for  pi,  p2,  p3.  Since  the  origin 
of  time  is  taken  so  that  to  =  t2  it  follows  that  ,r0  =  x*  , 
2/o  =  y-2 ,  .  .  .  ,  rii'  =  z2  ,  /s  =  1 ,  (h  =  0.  Therefore 
after  m  .  p2  ,  and  p3  have  been  computed,  £2  ,  g/2  ,  and  z2 
can  be  uniquely  determined  from  the  second,  fourth,  and 
eighth  equations  respectively;  and  then  the  derivatives 
can  be  found  from  the  remaining  equations  with  the  great- 
est ease  because  only  one  occurs  in  each  equation. 

The  solution  of  equations  (16)  for  p,  .    p2  .   and  p3  is 


(27) 


Spi 

A,. 

Apa 

a 

P2 

A 

P3 

A 

-Y,.n 

,  0 

./.  ,01 

,  0 

II 

.0 

.0 

A'-  .  X- 

,  0 

,1,0 

.  II 

0 

.  0 

0 

X,  .  0 

,  X3 

.  /t  ,  08 

,0 

1) 

.  I) 

0 

Y:  ,0 

,  0 

,0,0 

,  f, 

01 

.  II 

0 

r, ,  p. 

.  0 

,0,0 

.  1 

1) 

,  0 

0 

Y3  ,  i) 

•  Ms 

.  II  ,  II 

,f. 

03 

,0 

0 

Zi  ,0 

.  0 

,0,0 

,  0 

It 

,f1 

01 

Z2    ,    Vl 

,  0 

,0.0 

,  0 

0 

,  1 

0 

z3 ,  0 

,    "3 

.  0  ,  0 

,0 

0 

.  /l 

03 

where 


(28)       APl  = 


and  then1  are  corresponding  expressions  for  Ap2  and  Ap^,. 
These  determinants  are  very  easy  to  reduce.  Moreover, 
SpA  can  be  obtained  from  ±pi  simply  by  interchanging  the 
subscripts  1  and  3,  and  changing  the  sign,  and  a  corre- 
sponding relation  exists  with  Apo  if/2  and  </2  are  left  in  as 
general  symbols  until  after  the  reduction.  On  expanding 
(28)  with  respect  to  the  elements  of  the  first  column  and 
noting  the  relations  among  the  coefficients,  it  is  found 
that 


A2pi  =  - 


Xi,\2,\3\         (/lgl-/lgl 

1  1  •  M2  ■  Ps      +   — 

Zl  ,     1'2  .     V3 


(29) 


x2 ,  x2 ,  x3 

Yt  ,    M2  ,    P3 
Z->  ,    V2  ,    V3 


+ 


X, 

.  x, 

x3 

Y3 

M2 

JU3 

z3 

.     ^2 

,    "3 

The  corresponding  expressions  for  p2  and  p3  are 


A2P2=     + 


03 


C/i  03  —  /a  ffi) 


X,  ,  X2  ,  X., 

Ml  ,  Y2  ,  M3 
i'i  .  Z<  ,   v3 

0i 

h  03  -  /3  0 

A2p3  =    +    — 
0i 

Xi  ,  X2 ,  A 1 

Ml  ,  M2  ■   E 
Vl  ,    V2  ,    Zl 

x, ,  x.. ,  X2 

X 

Ml  .  M 
I'l   ,    V 

•  ,  Yn 

. ,  z2 

(30) 


Xi  ,  Ai ,  X3 

Pi .  Ei .  p:i 

V]   .    Z]   ,    P3 

Xi  .  A3  .  X.i 

Pi     .    E;    .     p;; 
I'l    .    Z3     ,     l';i 


(/l03    ~/3  0l) 
01 


X,    .    X2    .    X3 

Pi ,  p2  .  E3 
"1  ,  v2  ,  Z3 


9.  Reduction  of  the  Expressions  fob  pi  ,  p2  ,  and  p3. 

It  might  be  supposed  that  approximate  values  of  pi  ,  p2  , 
and  p3  can  be  obtained  from  equations  (29)  and  (30)  by 
using  only  the  first  (known)  terms  of  the  expansions  of 
the  coefficients.  It  will  be  shown,  however,  that  this  is 
in  general  not  the  case. 

Consider  first  A2,  which  is  a  factor  of  the  left  members 
of  these  equations,  and  which  is  defined  in  (20).  The 
direction  cosines  X,,  p,  .  and  r,  can  be  developed  as  con- 
verging power  series  of  the  form 


X,  =  X2  +  ih  n  +  a-  n2  + 

X3  =  X2  +  ai  t3  +  a2  T32  + 

Mi  =   M=  +  bi  t\  +  6j  r,-  + 

M3  =    M2  +   hi   T3  +   b2  T32  + 

v\  =  Vi  +  c,  n  +  c2  n2  + 

f3  =    f2  +  Ci  73   +  C2  r3-  + 


(31 


Since  these  are  the  parametric  equations  of  the  apparent 
position  of  the  observed  body  the  convergence  is  not 
limited  by  points  of  inflection,  cusps,  or  loops  in  the 
apparent  orbit.  On  making  use  of  these  series,  the  ex- 
pression for  A2  becomes 

(32) 

X2  +  a,  n  +  a2  r  12  .   .   ,  X2  ,  X2  +  rti  73  +  a2  t3-  .   .  I 
M2  +  b\  n  +  b2  t{-  .  .   ,  p2 ,  p2  +  b,  73  +  62  T32 .  .     . 

V2    +    Cl  71   +  C2  7i2     .     .     ,    V2  ,    Vi   +    Cl  T3   +   Ci   732  .     . 

Substract  the  second  column  from  each  of  the  others;  then 
7i  and  73  can  be  removed  as  factors  from  the  first  and  third 
columns  respectively.  Substract  the  resulting  first  column 
from  the  resulting  third  column.  Since  t3j  —  nJ  is  di- 
visible by  73  —  7!  ,  the  resulting  third  column  is  divisible 
by  7:i  —  7,  :  and.  as  these  operations  have  not  changed 
the  value  of  the  determinant.  A-  takes  the  form 


II I 
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An    =     7 


'■'.:  m   . 

.  .  x, 

a 

6|    +   h  T,  . 

•  .  m 

.  b 

Co    7,    . 

.  <••_ 

Xi  +  \         2XS  .  \.  .  \3  -  X2 


Mi  +  M3 


-  2, 


Ms 


,,., 


Ther  I  the  third  order  in  the  small  quantities 

,  and  t3. 
It  will  be  more  convenienl  in  reducing  th    righl  mem- 
bers of   29)  and   30)  to  use  in  place  of  n  and  ra  the  quanti- 
ties r  and  <-.  where  the  latter  are  defined  by 


:;i 


-U)    =    T3-    Ti    =    2T    . 

(  T]  =   —  r-r-e,T3=+T+e 


When  i  he  successive  observations  are  equidistant  t  is  zero; 
when  they  are  separated  by  approximately  equal  intervals 
<■  \-  small.  The  latter  condition  will  generally  be  satisfied 
in  practice.  It  will  be  supposed  in  order  to  have  a  guide 
in  making  the  expansions,  that  e  is  of  the  numerical  order 
In  r  and  e  the  expression  for  A2  becomes 


35 


A2  =  -  27.  t*  -  O 


"l 

—  02T  . 

,   X2 

.  ":•  • 

bj 

&2T    . 

■  M'J 

.  h  ■ 

C] 

—    Cj-    . 

•  Vs 

.  Ci   . 

Therefore  A2  is  expansible  as  a  power  series  in  t  and  t  and 
the  term  of  lowest  degree  in  this  expansion  is  of  the  third 
order. 

( lonsider  the  right  member  of  the  first  equation  of  (30). 
Both  the  coefficients  of  the  determinants  and  also  the 
determinants  can  be  expanded  as  converging  power  series 
in  7  and  t.  Therefore  the  right  members  can  be  developed 
as  power  series  in  t  and  e.  Since  the  left  member  starts 
with  a  term  of  the  third  order,  the  right  member  will  also 
start  with  a  term  of  the  third  order.  It  will  be  shown 
that  the  term-  of  lowest  i third)  order  in  the  right  member 
depend  not  only  upon  the  first  terms  of  the  expansions  of 
.efficients,  which  are  known,  but  also  upon  the  second 
term-,  which  involve  the  unknown  u  =  \/r-?.  For  this 
reason  the  second  terms  may  not  be  neglected  in  making 
the  first  approximation  to  the  solution. 

li  follows  from  equations    15)  and  (34)  thai 

+  03  I  <  U.T2    p  UTt    n 

-ft9i        2  "•"  2 7  "*"    4        +    12   W  ' 


2        27  +     I 


Q 

12 
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P  =    I    -    -  -  2/,  e 

■   •   , 
Q  =   1  -  -,  -I      p  '.  (37w 

7"  e 

.... 


where  all  terms  up  to  the  sixth  order  have  been  written. 
On  making  use  of  these  development-  the  expression  for 
A2P2  becomes 


A2P2  =lK+£-Ki  +  ^ 

2t  I 


PK2  +  ^QK] 


(37) 


K  = 


X2  = 


A 

.  \, 

z 

.   M3 

.  v3 

_2 

A 

.  X, 

1, 

.  Ma 

,  "3 

A', 

.  X., 

K, 

.  Ms 

+ 

Z: 

■    "3 

X,  .  A      x 

-2    mi,  Yt,  M3J  + 

i'i  ,  Z-i  .  i':i 

X 1    .  A  ;;  ,    X.i 

Ml  ,  T3  ,  M3      ■ 

i'l    .  '/.      . 


\\    .   A  :i  ,   X;; 

Ml    ■     >        ■    /':: 

i'i  .  Z3  ,  ;'.-, 


X, 

A, 

X: 

Ml 

I 

M3 

"1 

v.. 

?3 

(38) 


Since  these  determinants  have  two  columns  in  common, 
they  can  be  added  giving 


A',  = 


A2  = 


Xj    +    X3    -    2X2  .    X;;    -    X, 
F,     +    )';;    "    2Yi    .    MS    -    Ml 

Zi  +  Zs  —  2Z->  ,  cj  —  ^1 


A 
V, 
7,. 


A',  +  X, 
Fi  +  1"3 

Z,  +  Z3 


x3 


(39) 


The    quantities    A",  .  A",;  ....  can    be    expanded    as 
power  series  in  7  and  e  of  the  form 


1  Xi  =  X,  +  A,(  -  7  +  e)  +  A2(  -  7  +  €)"+    •    .    - 
(X3  =  X2  +  Ax(t  +  e)        +  .l.(r  +  «)2      +    .    .    . 


(40) 


Therefore  the  second  column  of  the  expression  for  K  is  of 
the  second  order,  and  the  third  column  is  of  the  first  order. 
Therefore  A.  which  is  the  first  known  term  in  the  right  mem- 
ber of  the  expression  for  A2P2  .  is  of  the  third  order.  The 
determinant  /\i  is  of  the  second  order,  and  in  the  known 
part  of  the  right  member  it  is  multiplied  by  a  term  of  the 
first  oiiler.  Therefore  the  known  part  of  the  right  mem- 
ber of  the  expression  for  A_.pj  is  of  the  third  order.  Since 
/\'j  is  of  the  first  order,  while  I'-  is  of  order  zero,  the  third 
term  of  the  expression  for  A2P2 ,  which  involves  the  un- 
known it  =  1//'./  ,  is  also  of  the  third  order  and  must  be 
retained  even  in  the  first  approximation.  The  last  term 
of  the  right  member  of  (37)  is  of  the  fifth  order  and  may 
be  neglected  in  a  first  approximation,  and  sometimes 
altogether. 

In  order  to  put  the  expressions  for  A2pi  and  \:p3  in 
such  a  form  that  they  can  be  computed  accuratelj  with 
four  or  five-place  tables  let 
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/i  9 1  -  /s  ffi 


fx  i?3  ~  /a  ffi 


1  +-+^Ur(rP+  JeQ) 

T 

2  _   9  -  +   /•',    , 

r 

2 


(41)      J 


1-1+  \ut\tI>  -  \tQ) 

T 

■>e 

=  2  +  -  +  /•    , 

T 

-Tl    -J  +  J«r(rP-  J*Q)] 
[~1  +  -'    +   U,r{rP  +  ieQ)\ 

L        T  J 

2e 

=   -  1  +  -  +  Gx  , 


1   +-  +  \ut(tP+  heQ) 


1    --    +iur(rP  -   hQ) 


1  -  ^  f  G3 


where 


r 


Fi   = 


-2-   ur[\    -*)(tP+    JtQ) 


I  +e  +  i,/r(r/'+  JeQ) 

T 


A3    = 


(42)   + 


ff3   = 


I 


l  --+  1«t(tP  -  HQ) 

r 

-  2-'  +  JwreQ  -  nt(rP  +  leQ) 

T 

1   +'  +    \urirl'  +  hQ) 

T 

-  2-,  -  iureQ+  uc  (tP  -   hQ) 

T^ 

1-1+  A»7  (tP  -   LcQ) 


With  the  developments  of  (41)  the  expressions  for  A2p, 
and  A2p3   [equations  (29)  and  (30)]  become 


These  functions  are  all  of  the  second  order  and  Gx  and  G3 
vanish  with  e.  Therefore  when  the  intervals  between  the 
successive  observations  are  very  nearly  equal,  the  terms 
which  involve  G]  and  G3  will  generally  be  insensible. 


A2pi  =    A'*  +  2  -  Kt  +  Fj  A,  +  Gfi  I  Kt  +  X.) 

T 

A2Pa  =     A0  +  2  *  A*T  +  Ft  A,  +  Gz  I  A,  -  A,), 

A: 


A, 


A,     = 


- 

A",  +  A3  -  2.Y,  . 
F,  +  F3  -  2F,  . 

Z,      +    Z;      -     2Z,     . 

X, 

M'2 
J>2 

\       .v., .    X,  .    x3 

-     Xn 

Y3 

z, 

-  F2   .        jli2  ,        M3 

—  Z2  .      v-i  ,      r3 

—    I»2 

x3  -  x2 

M3    —    M2 


A*     =   - 


K-     = 


K.     = 


A"- 
F2 
Z, 

.v.. 

Fs 

Z, 


,    x3 

.         M3 
,         "3 

x3  - 

Y3  - 
Z3  - 

,     Xi 


-  x2 1 

-  m    ■ 

-  ,., 

2X2  .  X, 
2F2  ,  mi 
2Z,  ,      v, 


X2  -  X, 

M2  —   Ml 


.    x2 

-  x, 

,     M2 

—  Ml 

)        ^2 

—  I'l 

-    Xl 

—    Ml 

—    "1 

(43) 


After  ii  has  been  found  these  equations  approximately 
determine  pL  and  p3;  and  the  determination  is  exact  when 
a.  i>.  and  g  are  known. 


10.       Approximate  Determination  of  p2  and  r2. 
Since  w=  !//••/.  equation  (37)  can  be  written  in  the  form 


A2P2  =  JX'+s-X,  +  -, 

Zr  J  2 


•  -^Pi&  +  gQ*. 


-#-$)[' 


A2  +  |  A,  I  +  * , 


(44) 


where  *  includes  the  unknown  terms  of  higher  order 
which  may  be  neglected  in  the  first  approximation. 
( Jenerally  e2/r2  may  also  be  neglected  at  first. 

Let  R2  represent  the  distance  from  the  observer  to  the 
Sun.  i  the  known  angle  at  the  observer  between  p2  and 
/,'..  and  v-  the  unknown  angle  at  the  observed  body  be- 
tween p2  and  r2.  Then  it  follows  from  the  geometrical 
relations  that 
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X-  (iiil  («>•_>  <><;:> 


15) 


Kj  cos  \j,  =    —  X_>  A' -j  —  ju>  Fj  —  v«  Zi  , 

-   +  s») 


p.,  =   R2 
r,  =  R. 


sin  4 

sin  >," 


Substitute  these  expr<  —ions  for  />•  and  rs  in  (44)  and  lei 

.V  sin  //;   =    /i\.  sin  i£   , 
A'  en-  ;//    =     R    Ci '-  j 

=    N  Aj  Rj3  sin3  ; 


16 


■IS,       2t  A2 


where  the  sign  of  A'  is  taken  so  that  .1/  shall  be  positive. 
Then  the  equation  which  defines  <p  is 


R 


sin1  v-  =  .1/  sin  (<p  +  w> 


where  >//  and  M  an'  known,  at  leasl  excepl  lor  the  terms 
of  higher  order  in  *  which  must  he  neglected  in  a  first 
approximation. 

Equation  (47)  is  encountered  in  one  form  or  another  in 
all  general  methods  of  determining  orbits.  It  was  ex- 
haustively discussed  by  Benjamin  Peihce,  especially 
from  the  geometric  point  of  view,  and  his  results  are  in- 
cluded in  the  appendix  (pp.  308-313)  for  Davis'  edition 
nt  (  l\i  ss'  Thrnrin  Mollis*  It  has  either  one  or  two  ad- 
missible solutions  according  to  the  position  of  the  observed 
l.ndv.i 

It  follows  from  (36),  (37),  and  (44)  that  the  first  un- 
known term  in  *  is  —  \wp-i3  Kj  ,  and  since  this  must  !>■ 
neglected  in  the  first  approximation  it  determines  the 
order  of  the  error  in  the  result.  Since  K\  is  of  the  first 
order  this  term  is  of  the  fourth  order.  And  since  p  is 
proportional  to  the  derivative  of  /'"  with  respect  to  t  ,  by 
1  I  I,  it  carries  the  eccentricity  of  the  orbit  of  the  observed 
body  as  a  factor.  For  this  reason,  if  the  observed  body 
is  a  small  plaint,  the  term  in  question  is  really  of  the  fifth 
order.  The  numerator  of  the  expression  for  .1/.  equations 
16),  is  of  the  third  order  because  of  the  factor  A...  and  the 
denominator  <t»  is  of  the  third  order.  Hence  the  error  in 
.1/  is  of  the  first  order,  or  of  the  second  order  if  /;  is  sup- 
posed to  be  of  the  firsl  order.     The  error  in  <p  is  in  general 

*  Th«-  second  method  given  there  seems  to  be  identical,  except  for 
nces  ei  in, i  ition,  with  the  method  of  Bernstein.     Note  l>* 
finer  and  Bern   pein,  Bulletin  o)   Vm.  Math  Soc.Vol    Will 
pp.  1(58-9. 

.ii.it,  Meddi  la  Morium,  No.  45. 


of  the  same  order  as  the  error  in  .1/.  The  most  unfavor- 
able case  is  that  in  which  there  are  two  root-  of  i  17)  in  the 
neighborhood  of  w/z.  An  error  of  the  first  order  in  ^ 
introduces  an  error  of  the  first  order  in  p»  and  /'.j,  equations 
(45);  and  the  errors  in  pi  and  p:i,  equations  (43),  are  of  the 
same  order. 


1.      Tiii';  Special  (  !ase  A. 


0. 


It  was  shown  in  section  5  that  Jkj  is  distinct  from  zero 
unless  the  three  apparent  positions  of  the  observed  body 
lie  on  tin1  are  of  a  great  circle.  Suppose  A2  is  zero  and 
consider  the  problem  of  determining  r2  ,  Pi  ,  pt  ,  and  p3. 

If  A"  and  the  first  two  terms  of  <I>  are  large  compared  to 
*  the  value  of  r2  is  determined  from  the  first  equation  of 
(44),  and  then  p2  is  given  by  the  second  of  (45).  In  order 
to  obtain  p,  and  ps  equations  which  correspond  to  these 
can  be  developed  taking  t\  and  t3  respectively,  instead  of 
t-i,  as  origins  of  time. 

There  is  a  special  sub-case  in  which  both  A"  and  * 
vanish,  viz.,  that  in  which  the  apparent  positions  of  the 
observed  body  are  the  same  at  /,  and  /,,,  because  under 
these  conditions  the  third  columns  of  A...,  A",  A",  ,  and  A"_> 
are  all  zero.  But  even  in  this  case  the  problem  is  in 
general  not  indeterminate.  Each  of  the  determinants 
contains  as  a  factor  the  sine  of  the  angle  between  pi  and 
P:i,  as  can  easily  be  seen  by  taking  the  plane  through  the 
positions  of  the  observed  body  at  ti  and  /;!  as  the  ,r//-plaiie, 
and  directing  the  .r-axis  to  the  position  at  t,.  After  this 
factor  is  removed  the  determinants  will  not  in  general  be 
zero,  and  /'•:  can  be  determined  as  before.  If  they  are  zero, 
the  problem  is  indeterminate  because  the  determinants 
contain  no  other  common  factor.  If  the  observed  posi- 
tion at  ti  is  distinct  from  those  at  ti  and  ti  the  distances  pi 
and  p.-i  are  found  just  as  when  all  three  positions  are  dis- 
tinct. If  the  observed  position  at  U_  is  identical  with  that 
at  U  or  <3  the  corresponding  factor  must  be  removed  from 
the  equation  where  its  value  is  zero.  If  the  observed 
positions  at  all  three  epochs  are  the  same,  the  zero  factor 
must  be  removed  from  each  of  the  equations  correspond- 
ing to  the  first  of  (44).  In  general,  it  is  not  only  not  fatal 
if  the  three  observed  positions  lie  on  a  great  circle,  but 
they  may  even  be  identical. 

12.     Reduction  of  the  Time. 

There  are  three  methods  of  making  correction  for  the 
time  required  for  light  to  pass  from  the  observed  body  to 
the  observer  which  were  clearly  set  forth  by  Gauss  in  the 
Theoria  Motus,  Arts.  71  and  IIS.  The  third  method  is 
preferable  to  the  others  for  present  purposes,  because  in  it 
only  the  times  of  the  observations  are  changed.  Since 
the  observed  data  and  the  coordinates  of  the  Earth  are 
unaltered  it  will  not  lie  necessary  to  recompute  any  of  the 
determinants. 
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Light  travels  an  astronomical  unit  in  498.65  seconds. 
Therefore  if  the  distances  pi  ,  p2  ,  and  p3  are  expressed  in 
astronomical  units,  the  corrected  times  of  the  observa- 
tions are 


(,  -  498s.65  Pl ,         h-  4988.65  p2 , 


h  -  498s.65  p3 . 


With  these  corrected  values  of  the  epochs  of  the  observa- 
tions new  values  of  r  and  e  arc  to  be  computed.  The 
subsequent  changes  in  pi  .  p2  ,  and  p3  in  general  will  be  so 
small  that  the  time  will  require  no  further  corrections. 

13.     Computation  of  3%  ,  y2 .  and  g2. 

Since  g»  is  zero  the  second,  fifth  and  eighth  equations  of 
(  L6)  give  respectively 


-is 


(      X2    =    X2p2    +   X2 

-.    )h  =  p.p.,  + 

(     Zi    =    ?2l 


+   Z2    . 


These  equations  define  x2  ,  t/2  ,  and  22  with  the  same  order 
of  accuracy  as  that  to  which  p2  is  known.  But  it  should 
lie  noted  that  though  pi  may  not  have  been  determined 
to  many  places,  or  even  if  it  is  not  possible  to  compute  it 
to  many  places  because  A2  is  small,  yet  x2  .  y2  .  and  22  may 
be  determined  so  that  all  three  equations  arc  satisfied  to 
the  number  of  places  given  by  the  observations. 

14.     Computation  of  x%  ,  y2  ,  and  z«. 
The  first  and  third  equations  of  (16)  give 


<      ffl  .T2' 

(        </3  Xi 


Xx   -  J\  .T2  +   X,  pi    , 

A'3  —  fz  X2  +  X3  p3  , 


either  of  which  uniquely  defines  x2'.  There  are  correspond- 
ing equations  for  y2  and  z-£.  In  general  the  two  values 
•of  :r2'  .  //■/  and  z2  will  not  be  exactly  the  same,  especially 
in  the  first  approximation.  If  they  fail  to  agree  rather 
closely  the  approximation  is  not  sufficiently  exact.  If 
■<■/  .  y2  .  and  ,:■■'  arc  determined  by  the  first  equation  of 
(49)  and  the  corresponding  ones  for  //■/  and  :■/  so  as  exactly 
to  satisfy  the  equations  to  the  number  of  places  given  by 
the  observations,  then  the  elements  based  on  them  and 
the  .i'_.  ,  y2  ,  and  z2  ,  defined  by  (48),  will  exactly  represent 
the  observations  at  U  and  U.  ■  But  there  will  be  differences 
at  t3  unless  the  values  of  x2  ,  y2  .  and  z2  determined  by 
the  third,  sixth,  and  ninth  equations  of  i  16)  are  the  same 
as  those  which  were  used. 

In  the  first  approximation  it  is  advantageous  to  use  the 
average  of  the  two  values  of  .('•/  determined  by  (49),  or 
what  is  essentially  the  same  thing  (including  y2   and  z%) 

(gs  -  gi)x2'  =  X3  -  Xi—  (f3  -/i)  .r2  +  X3p3  -  XlPl  , 
(49)  -\  (g3  -  gjyj  =  Y3  -  F,  -  (/a  -  /, )  //2  +  p:tp3  -  MlPl  , 

1/3  —  fifi)z2'    =   Z3  —  Zi  —  (/3  — /,)  22  +  v3p3  —  Vipi   . 


It  is  found  from  equations  (15)  and  (34)  that 

(50) 

;/:;  —  {I]  =  '2t[[  —  ,';/(  r-  —  hut2  +  11  p  t1  e  ~) 

+  tIuIK"  -  45p2  +  9g)  r4  .  .  .  ]  , 

fi  —  fi   =  2t\—  nt-\-  \upr-+  ^up(-  +  ,;(/("  —  15//-'+3fy)T-e    | 

-  i//  l>\u  -  7/>-  4-  3g)  t4  +  .  .  .  .  1  .       J 

The  errors  in  Xi  .  jh:  .  Ss  .  U  .  p\  .  ps  .  and  p3  are  of  the  first 
and  second  on  Ins  respectively  according  as  the  eccentricity 
is  large  or  near  zero.  It  is  important  to  find  whether  or 
not  .r.'  ,  ij-i  ,  and  z»  are  determined  by  (49)  with  the  same 
order  of  accuracy.  The  difference  173  —  f/i  is  of  the  first 
order  and  /3  —  /,  is  of  the  third  order.  Therefore  the 
error  in  .r/  coming  from  (/3  — /1)  .r2  is  two  orders  higher 
than  that  in  .r_.  .  and  no  difficulty  arises  from  this  term. 

The  errors  coming  from  the  terms  X3p3  and  Xipi  are  one 
order  lower  respectively  than  those  in  p3  and  pi.  It  will 
be  shown  that  in  the  difference  X3ps  —  Xipi  the  error  of 
lowest  order  cancels  out  so  that  the  order  of  accuracy  of 
x^  is  actually  the  same  as  that  of  X2  ,  pi  ,  pa  .  Inasmuch 
as    V   =Xi+  (X3  —  Xi),  it  follows  that 


X3P3  —  Xipi  =  Xi(p3 


4-  (X3  —  Xi)p3 


The  difference  X3  —  Xi  is  of  the  first  order,  and  therefore 
the  error  coming  from  (X3  —  Xi)p3is  of  the  same  order  as 
that  of  ps.      It  follows  from  (43)  that 

A2  (pa  -  Pl  )   =  Ke  -  K3  +  —  {K-,  -  Kt  )    +  /•';;  K. 

T 

-  FiK,  +  G3(KS-KJ  +  (-',(/v4  +  A',)  . 

The  only  errors  to  which  the  right  member  of  this  equation 
is  subject  are  in  Fi  ,  F3 ,  Gx  ,  and  G3.  The  terms  of  lowesl 
order  in  these  quantities  are  seen  from  (36)  and  (42)  to 
be  respectively  —  ut-  ,  —  ut-  ,  —  sure  +  l<//>rl,  and 
+  3UTt  —  %upr3.  Hence  it  is  found,  on  making  use  of 
the  expressions  for  A"3 ,  .  .  .  ,  A'8  in  (43).  thai  the  term 
of  the  lowest  order  in  the  right  member  of  A2(p3  —  pi) 
which  is  subject  to  the  errors  of  the  first  approximation  is 

As  ,  X2  ,  Xi  -T-  X3  —  '_Xj 

}"■:  ,  p2  ,   pi  +   p3  —  2p2 

Z-2    •    I'l    1     V\    +    V3    —    2^2 

This  term  is  of  the  fourth  order  and  all  other  terms  are  at 
least  of  the  fifth  order.  Since  A2  is  of  the  third  order  the 
coefficient  of  u  in  the  expression  for  Xi(p3  —  pi)  is  of  the 
first  order.  Hence  the  error  in  .r:',  so  far  a-  it  depends  on 
the  error  in  \3p3  —  Xipi  .  is  of  the  same  order  as  the  error 
in  11. 

15.     The  Second  and  Higher  Approximations. 

Suppose  Xi  ,  1/2  ,  z«  ,  x2  ,  //■•'  .  and  z2'  have  been  deter- 
mined in  the  first  approximation  up  to  small  quantities  of 
the  first  order.     Then    u  =  l/r23  ,  p,  and  9  can  be  com- 
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puted  from  (11)  and  (14)  to  the  same  order  of  accuracy. 
Also  P  can  be  determined  up  to  the  third  order  and  Q  up 
to  the  first  order  by  equations  (36).  Therefore  *,  equa- 
tion (44),  is  determined  up  to  terms  of  the  sixth  order,  or 
one  higher  than  in  the  firsl  approximation.  Therefore 
the  second  approximation  is  actually  more  accurate  than 
tin  first,  and  the  process  maj  be  continued  until  all  terms 
of  any  desired  order  are  included. 

The  method  of  approximation  of  Gauss,  depending  on 
the  ratios  of  the  triangles  between  the  heliocentric  radii 
to  the  corresponding  sectors,  can  also  !»■  used  because  it 
follow-  from  equations  1 13)  that 


51 


-  0i 


.A f?3  -  hgi  = 


(*i  yi.  -  x«  2/0 

XttUa    —  Xa  ,'/ii 
(■>•■:  y3 


.r„  y0 

(.1-,  !h 


x0  !/0 
is  2/0 


Xo  .'/ 


Xq  j/o 


The  denominators  are  twice  the  areal  velocity  of  the  body 
in  its  orbit,  and  therefore  g,  ,  «/  ,  and  /,  g3  —  f3  gx  divided 
by  m  .  r3  and  2t  are  the  ratios  of  <  rAUSS.  It  was  of  course 
to  be  expected  that  such  relationships  should  appear  since 
all  methods  involve  the  same  fundamentals. 

Suppose  the  successive  approximations  have  been  carried 
so  far  that  all  sensible  terms  in  the  series  have  been  in- 
eluded.  The  question  is  whether  or  not  the  theoretical 
positions  will  agree  with  the  observed.  It  should  be 
noted  that  Xi  .  </-j  .  Zi  .  .'••/  ,  //•/  ,  and  :•/  are  equivalent  to 
the  six  elements  of  the  orbit,  which  are  numerically  well 
mined  from  them.  The  series  /,  and  r/,  furnish  a 
direct  method  of  computing  theoretical  positions  which 
are  equivalent  to  the  ordinary  elements  for  short  enough 
intervals  of  time.  Consequently  the  whole  question 
reduces  to  that  of  finding  whether  equations  (16)  are 
satisfied. 

It  follows  from  the  method  of  determining  .c:  ,  z/2  .  and 
Zs  that  the  observations  at  l-:  will  be  exactly  satisfied  even 
in  the  firsl  approximation.  Each  of  the  quantities  ,r2' , 
//■/  ,  and  :/  was  determined  from  the  difference  of  two 
equations.  Consequently  these  equations  will  not  nec- 
essarily be  exactly  satisfied:  but  if  it  is  desired  Xi  ,  //•_.'  , 
and  :■/  can  be  so  determined  that  one  of  each  pair  will  be 
fulfilled.  With  this  determination  of  the  arbitraries  the 
theoretical  and  observed  positions  will  agree  at  two  of  the 
date-  of  observation,  and  in  general  the  correspondence 
will  be  very  close  for  the  third  because  they  were  involved 
symmetrically  in  the  computations  down  to  the  last  step. 
In  the  method  of  Gauss  the  calculations  are  arranged  so 

thai  the  first  and  third  positions  are  satisfied,  and  the  tesl 

orbit  is  the  comparison  of  theory  and  observation 

at  the  second  date.     In  the  method  of  Laplace  the  geo- 


centric distance  and  its  derivative  at  the  second  date  are 
computed  from  determinants,  and  then  the  coordinates 
and  velocities  at  the  second  date  are  determined  from  the 
geometric  relations  connecting  the  Sun,  observer,  and 
observed  body  and  the  derivatives  of  these  relations.  It 
follows  that  the  derived  elements  need  satisfy  onlj  the 
second  observation.  This  is  the  reason  the  method  of 
Laplace  has  given  unsatisfactory  results  in  practice.  It 
does  not  mean  that  t  he  elements  found  by  it  are  necessarily 
much  in  error:  they  may  be  in  fact  as  nearly  correct  as 
those  which  satisfy  the  observations.  The  question  is 
analogous  to  that  of  solving  equations  (1).  If  y  and  z 
are  found  from  the  determinants  and  x  is  then  computed 
from  one  of  the  equations,  the  other  two  will  not  in  general 
be  exactly  satisfied.  If  only  z  is  computed  by  deter- 
minants and  X  and  y  are  then  determined  from  two  of  the 
equations,  these  two  will  be  exactly  satisfied  unless,  indeed, 
n  happens  that  the  determinant  of  the  coefficients  of  x 
and  y  in  them  is  small.  Moreover,  the  third  equation 
will  in  general  be  more  nearly  satisfied  than  when  y  and  z 
are  computed  by  determinants.  But,  as  was  explained 
in  discussing  equations  (1),  the  fad  that  they  are  exactly 
or  nearly  satisfied  does  not  prove  that  the  solution  is  very 
exact   when  their  determinant  is  small. 

In  Leuschnee's  modification  of  the  method  of  Harzer, 
which  has  for  its  basis  the  method  of  Laplace,  four 
of  the  six  quantities  are  determined  by  successive  dif- 
ferential corrections  so  that  the  first  and  third  observa- 
tions shall  be  satisfied.  The  second  observation  in  general 
is  not  exactly  satisfied,  but  adjustments  can  be  made  so 
that  it  will  be  fulfilled.  This  procedure  brings  theory 
and  observation  into  harmony,  whereas  the  original  method 
of  Laplace  does  not  in  general  do  so.  But  when  the 
intervals  between  the  observations  arc  small,  so  that  A; 
is  small,  the  advantage  of  Leuschner's  procedure  as 
compared  with  that  of  Laplace  is  only  apparent,  because 
tlie  elements  are  partially  indeterminate  as  was  explained 
in  discussing  equations  (1):  and  the  fulfillment  of  the 
obsen  at  ions  is  no  test,  of  the  accuracy  of  the  results.  The 
three  sets  of  elements  quoted  in  the  introduction  suffi- 
ciently illustrate  the  point. 

If  it  is  desired  small  corrections  to  the  approximate 
values  of  pi  ,  p;  ,  pi  ,  .)••.  ,  j/2  ,  z-2  ,  .<»'  ,  y%  ,  and  z2'  can  be 
determined  so  that  all  of  equations  (  Hi)  will  be  satisfied. 
The  only  difficulty  arises  when  the  Jacobian  of  flu1  function 
of  each  line  with  respect  to  these  nine  quantities  is  very 
small.  This  happens  only  exceptionally,  as  will  be  shown 
in  the  next  section.  Consequently  there  is  in  general  no 
difficulty,  except  the  labor  of  making  the  differential 
corrections,  in  deriving  elements  which  will  exactly  satisfy 
all  three  observations.  But  to  make  the  adjustments  is 
justifiable  neither  t heuret ically  nor  practically,  because 
the  accuracy  is  only  apparent,  and  even  if  it  were  not  so 
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it  would  nut  be  required  by  observers.  The  place  for 
tin1  fine  adjustments  is  in  the  definitive  determination  of 
the  orbif  based  od  all  valuable  observational  data. 

Hi.     A  General  Analytic  Solution. 

The  method  of  approximation  to  the  solution  of  ana- 
lytic functions  which  has  been  used  is  closely  related  to 
that  of  direct  power  series  developments,  and  the  two 
processes  are  valid  under  the  same  conditions.  In  the 
present  case  some  preliminary  transformations  and  con- 
siderations are  necessary  to  bring  the  problem  directly 
under  the  general  theory  of  implicit  functions;  probably 
this  is  the  reason  thai  the  problem  has  been  treated  this 
way  only  by  Lagrange.*  The  method  of  Lagrange 
has  been  completed  by  Charlieh  in  Meddelande  from 
Lunch  Observatorium,  No.  46. 

Suppose  equations   ilti)   considered  as  a  linear  system 

in  pi  ,  p2 r2'  are  solved  lor  these  quantities.    After 

the  solution  let  the/,  and  </,  he  expressed  in  terms  of  x-2  , 
I,    .  :L.  .  .>■■•'  .  ///  .  and  :•_•'.     The  result  will  have  the  form 


A2  pi  =  <pi  (.(■•_.  .  ij. 


(52) 


iiX2  =   .A  (■''-  •  !h  ,  >  ■  Xz   •  ))■>'  ,Zi) 


A?  z2'   =   <Pa  '•''-  •  '/-  •  '■-  ■  ■•'■'  ■  ll-i   ■  22')  • 

It  was  shown  in  section  '.»  that  A2  is  of  the  third  order 
in  ti  ,  7-:  .  and  t3  ,  or  in  -  and  \/t.  It  is  convenient  lor 
present  purposes  to  define  c  .  a,\  ,  "_•'  .  W  ....  by 

e      =  C  t-  , 
I    X,    =  X*  —  Oi't  1 1  —  e  7)  . 
\  \3    =   \2  +  <h'r  (1  +Ct)  -  OjV  (1   +  C  r)  , 

(53)         w   =  ix2  -  Wt  (1  -  c  t)  , 

J   «    =    M2  +  Wt  (1   +  C  7)   -  62V  (1  +  C  7)  , 

J       Vl       =     V2     —    Ci    7    (1     —    C    7)    , 

\    v*    =   v,  +  Ct'r  (1  +  C  7)  -  C2V  (1  +  C  r)  . 

The  constants  c  .  Oi'  ,  o4  ....  are  uniquely  determined 
and  they  are  of  order  zero.  On  using  these  expressions 
for  Xi  ,  X3  ,  .  .  .  the  determinant  A2  becomes 


(54)   A,  =  7*(l-cV) 


X-  , 

II-.' 

M2  , 

w 

'''J       • 

''■■ 

7J(l-r'rA, 


Since  A2  is  of  the  third  order  in  7  the  determinant  A2C0)  is 
of  order  zero. 

'Collected  Works,  Vol.  IV,  p,   I'.ir,  ;,:;_>. 


Suppose  all  the  determinants  entering  the  right   mem- 
bers of  equations  (52),  which  involve  A"i  .  1",  ,  Z,  .   .   .   .   , 

are  developed  in  a  similar  manner.     Since  pL :•/ 

are  of  order  zero  in  r,  that  is  since  they  <lo  not  approach 
zero  as  a  limit  as  the  intervals  between  the  successive 
observations  approach  zero  as  a  limit,  the  right  members 
are  divisible  by  r3.  It  was  shown  in  (37'  and  (43)  that 
the  terms  of  lowest  (third)  order  in  the  expressions  for 
A-:pi ,  A-:p2 ,  and  A2  p.?  do  not  involve  x/  ,  //•/  ,  and  ;./  .     It 

is  true   also  of  the   expressions   for   A2  .r-: A2  :/. 

Consequently  equations  (52)  can  be  written  in  the  form 


-V"  p, 


ir,  ./,,..:,!    =    v'i'nr  +  . 


A.2(0)*2  -  *  °   fa.y,,  si)   =    ft»>T  +  .  .  .  ,         1-      55 


'   fa.yt,*)    =    v-...  "  r  +  .  . 


J 


"here  v-,  ' v',, '    are  regular  analytical  functions  of 

•i'2 ,  ,'/2  •  -'l<  •  x2'  .  //•/  .  22'  .  and  where  the  right  members  are 
infinite  power  series  in  7. 

The  solution  of  equations     55)   is  only  a   problem  of 
implicit   functions.     Suppose  that  for   r  =  0  a   solution 
15)  is 

P,    °       ■       P2     =    p2  °      .       p3   =    P.""     .     ) 

56 

Then  the  corresponding  general  solution  has  the  form 

Pi    =   Pi""  +  Pi'^r  +  p,1-1  t-  +    .    .    .    ,    \ 

fc'  =  Z2<0)'  +  Z2(1''  +  Z2(2''  r2  +    .   .   . 


P2 

=    P2   " 

.       P:>   =    P3lu 

!h 

.    -  =  -->'"* 

'/•-> 

=    J/2   ° 

:„ 

(57) 


provided  the  Jacobian  of  the  left  members  of  (55)  with 
respect  to  pi ,  p2  ,  ■  •  •  .  22'  is  distinct  from  zero  for  px  = 
Pi<0)  ,  P2  =  P21"1  ,  •  •  •  ,  z2'  =  ;•/"".  If  the  Jacobian  is 
zero  the  solution  in  general  is  expansible  as  a  power  series 
in  some  fractional  power  of  7,  the  fraction  depending 
upon  supplementary  conditions.  In  all  cases  the  solution 
exists  either  in  integral  or  fractional  powers  of  7.  The 
series  really  involve  two  variables,  7  and  c.  In  general 
the  case  of  two  independent  parameters  presents  difficulties 
when  the  Jacobian  vanishes,  but  in  the  present  case  the 
convergence  is  not  imperiled  by  small  values  of  c  because 
c  occurs  only  where  it  is  multiplied  by  some  positive  power 
of   7. 

Since  pi  ,  p2  ,  p.-,  ,  x2'  .  //-'  ,  and  g2'  each  appear  but  unci' 
and  to  the  first  degree  in  the  left  members  of  (55),  the 
Jacobian    reduces   to 
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It   follows  from  the  second,  fifth,  and  eighth  equations 
thai 


W  V"-' 


The  quantitj  ,•    '    is  needed  only  so  far  as  it  involvi 
■■.  and  '    .     h  is  seen  from  equations  (37)  and  (39)  thai 

so  far  as  v--/"'  involves  .r   .  h-  .  and  :■•  its  value  is 


I    rr 


where  Ki  '   \<  the  pari  of  /w  of  order  zero  which  remains 
after  .    has  been  divided  out. 
The  determinanl   J    (A2C0))6  therefore  becomes 


+ 
+ 


3X2X2  ".,-. 

l 

4r25 
4  >y> 


+ 

+ 


3  Xq/Vq  "")/■.: 
4  r25 

I 

4>y 


3X2iC2(0)22 


A.^  °      I 


which   red'. 


■ 


"   I8    A.. 


1     f   "2Z2) 


4  /-..:' 


It  follow-  from  the  second,  fifth,  and  eighth  equations  of 
l  16) 

-  m  2/2  +  f2  z->  =  p2  +  Xo  A'2  +  &  Yi  +  )•   '/. 
=  p-'  —  Ri  cos  i/-     . 
Therefore 


58 


J 


+    (pi  -    /i'j  COS  i/  ) 


3  A 


4r. 


[f  cither  of  the  two  factors  of  J  is  zero  the  solution  as  a 
power  series  in  -  in  general  Tails,  [f  the  first  factor  is  zero 
(the  case  in  which  the  apparent  motion  of  the  observed 
body  is  in  the  arc  of  a  great  circle!  the  equations  for  p, 
no  longer  involve  these  quantities.  If  the  second 
factor  is  zero  the  solution  for  7  -  0  is  multiple.  Since 
Pi  •  pt  '/  .  ///  .  and    ;•/    are    uniquely    deter- 

mined by  equations  13  18  .  and  (50)  after  r2  has  been 
computed,  the  multiplicity  all  lies  in  the  determination 
of  '.,  .  ie  of  :■•  is  determined  from  the  first  of  I  14 1 

and  the  geometrical  condition  that  the  Sun.  observer,  and 
dy,  shall  form  a  triangle  at  t  =  U  ;  or 


-  K 


*  =  0 

4r»3 
2-  -  R  2R       cosi£  =  0 


The  Jacobian  of  these  functions  with  resped  to  p2  and  r« 
1  cond  factor  of  (58).     Perhaps  this  is  the 


easiest  method  of  approach  to  the  condition  for  multiple 
solutions.  However,  the  discussion  which  has  been  given 
furnishes  directly  all  the  conditions  under  which  the  form 
of  the  solution  changes. 

In  Meddelandi  (ran  Lunds  Observatorium,  No.  46, 
Chakliee  has  given  the  "singular  surfaces"  on  which  the 
Lagrangian  solution  fails,  li  corresponds  to  the  second 
factor  of  (.">!S)::".  The  condition  was  arrived  at,  however, 
through  explicit  development  of  the  series. 

Suppose  the  second  factor  of  (58)  is  zero.  The  solutions 
will  then  in  general  be  developable  as  power  series  in  \Jt. 
There  will  be  two  exact  solutions  of  the  equations  both  of 
which  will  be  cither  real  or  complex.  If  the  data  belong 
to  a  physical  problem  there  will  be  one  real  solution,  and 
consequently  in  t  his  case  there  will  be  also  a  second. 

While  a  power  scries  solution  of  the  problem  is  thus 
shown  to  bo  possible,  it  is  not  advisable  to  compute  orbits 
in  this  way  because  of  the  long  developments  in  series 
which  would  be  required.  The  analytic  solution  has  no 
theoretical  advantages  over  the  method  of  successive 
approximations,  for  they  are  simply  alternative  methods 
of  arriving  at  the  solution  of  simultaneous  equations,  and 
they  are  subjed   to  the  same  limitations. 


li 


FOHM1   LAS    FOB    <    OMPtFTATION. 


In  the  actual  computation  of  an  orbit  only  a  small  part 
ol  the  formulas  are  used  which  have  appeared  in  the  course 
of  the  many  theoretical  and  practical  investigations  which 
are  con  tamed  in  this  paper.  <  >n  this  account  it  is  in  order 
to  gather  together  those  which  are  actually  to  be  used. 

rin    1  iethod  also  f;  -  0. 
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And  a  few  remarks  arc  due  on  the  uncertainties  to  which 
the  final  results  are  subject,  and  to  the  modifications  they 
should  introduce  into  the  computations. 

The  Data.  It  is  supposed  that  at  the  epochs  U  •  '■_•  .  U  • 
which  are  not  separated  from  one  another  by  long  inter- 
vals, the  coordinates  a,  and  5,-  (i  =  1,2,3),  are  given  by 
observation,  and  that  they  have  been  corrected  for  pre- 
cession, aberration,  etc.  It  is  also  supposed  that  the 
corresponding  A",  ,  }",  .  and  Z,  have  been  taken  from  the 
Nautical  Almanac  and  corrected  for  the  position  of  the 
observer  on  the  Earth.  Then  X,  .  p,  ,  and  i\  are  computed 
from 

(    X,    =  cos  5,- cos  a,  ,     (/  =  1.  2,3), 
(6)  ■<    Mi   =  cos  a,  sin  a,  . 

(     Vi    =  sin  5,  . 

If  the  a,  and  <5,  are  given  correctly  by  the  observations 
only  to  seconds  of  are.  as  will  be  the  case  when  the  observed 
body  is  a  comet,  six-place  tallies  should  be  used:  hut  if 
the  a,  and  o,  are  correct  to  tenths  of  seconds  of  arc.  seven- 
place  tables  should  lie  used. 

The  Determinants.  The  following  determinants  are 
required: 

X,  +  X:i  -  2XL,     .     X..     ,      X:!  -  X 
(20)  A2     =         Ml  +   M3  —  -Mi      ,       M2      .       M3  —    M: 

J'l    +    C3    —    2v2        .        Vi       .        V3    —    V; 


K    = 


(39) 


A, 


K,  = 


K3  = 


(43)   <! 


K< 


Ks  = 


Kg  = 


A7 


A's    = 


X,     ,     Xi  +  A     - 

Mi     •      F, 

j'l     ,     Z\  +  Zz  — 

2X2 
2F2 
2Z2 

.     x;i  -  X, 

.       Ms  —   Ml 
.       V3   —   Vi 

X,     ,     A,  -    A 

X3 

-  x, 

mi     •     Y\  —  F3 

M3 

—    Ml 

, 

vi     ,     Z,  —  Z3     , 

Vi 

—    Vi 

X,     ,     X,  4-  A 
M,     .     F,  +  Y,     . 

vi     ,     Z,   +  Z:i     . 

X, 

M3 
I<3 

—   Vi    1 

A,    r  X3  -  2X2 
F,  +  F3  -  2F2 
Zi  +  Z3  -  2Z2 

,       X;      .       \,    -    X, 

.      M2      •       M3   —    M 

"2       j        ^3    —     ^ 

X3  -  A-     ,     X.     , 

X.; 

-  x2 

F3  -  F2     ,     M     , 
Z3  —  Z2     ,      p>     , 

M3 
!>3 

—  M2 

—  v-> 

' 

X2     .     X2     ,     X3  - 

-  x2 

1  2       .       M2      ■       M3  - 

-    M2 

, 

/<!        .        Vl        ,        Vi    - 

-  i/2 

A 

z 

:,  +  A3  -  2A,     , 
-,  +  F3  -  2F2     . 

,  +  Z3  -  2Z2     . 

Xi 

Ml 
"1 

.    X2 

■      Ms 

1        v2 

-  x, 

—  Ml 

—  Vl 

A'2  A|       .        A]        ,        \>    —    \i 

Fo  —  Fi     ,     ^1     .     ^2  —  mi 

Z2     —    Z]  ,         l»|         ,         J'2    —     J'l 


A-. 

X, 

X2 

-  x, 

>2 

Ml 

M2 

—    Ml 

Z2 

I'l 

"2 

—    Vi 

The  number  of  places  to  be  used  in  the  calculations  is 
determined  before  these  determinants  arc  computed  by 
the  number  of  significant  figures  in  the  smallest  column 
of  A2.  Sometimes  other  linear  combinations  of  the  column 
and  rows  than  that  suggested  will  still  further  reduce  the 
number  of  significant  figures  in  a  column.  It  will  rarely 
be  necessary  to  use  more  than  five-place  tables  in  com- 
puting a  preliminary  orbit  based  on  observations  not 
separated  by  considerable  intervals,  and  usually  four- 
place  tables  will  suffice. 

It  follows  from  the  form  of  the  determinants  that  it  is 
advantageous  to  compute  them  in  the  three  groups,  viz.. 
A-j  .  A":;  ,  K,  ,  Kj  :  A'  ,  A"i  .  K»  ;  K,,  .  K:  ,  Ks  .  Since  the 
minors  of  the  members  of  each  group  which  depend  only 
on  the  X,  .  p,  .  and  r,  are  respectively  identical  the  com- 
putation is  quickly  and  easily,  made 

Determination  of  r2  mill  P.,.  The  values  of  r2  and  p2  are 
determined  in  the  first  approximation  from 


/,'j  ci  1-  -y 


\,  \.,    -     n,    Y2    -     „2  Z2 


A"  sin  in    =    R2  -in  if, 


-     I,':  in-  1/    —  -^-  [  K   -\     -  Ki 


1 5 


} 
[       (46) 


*    =  -P  Ki    ;    v>(>  A,  ,     (P=  Q  =  1  in  1st  approx.  1  (44) 


V  A-,  ffo3  sin3  \L 
.1/  =     ^---         \,  (sign  of  N  such  thai   1/  >  0)  .      16 


sin4  ip  =  M  sin  {<p  +  m) , 


r2  =  /?■ 


P2   =   R: 


sin  i/' 

sin  v- 


u  =  1) 


sin  (1/-  +  <f>) 
sin  ¥? 


(47) 


(45) 


Computation  <</ p,  a//</  p3.     These  quantities  arc  dctci'inined 
from 


1 22 


in  i  ■:    \  s  r  h  < )  x  o  m  i  c  a  l  j  o  r  r  x  a  i. 
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1  +   -   +  hirirP  +   '■  Q 


eQ) 


12 


/' 


' 


G,  = 


IT  _„T(i  +l)(rP-  J 
1  f  br(rP  -    \.  Q 

i  +-  +  jMt(tP+  hQ) 

7 

-  2-,    -  iureQ  +  Ue(rP  -   h*Q) 

T 

1  --+  \ut{tP  -  UQ) 


where  iii  the  firsl  approximation  V  =  Q  =  1.     Then 

1   A,  p    -   A    +  2  *  A\  +  /•',  Ki  +  G,  (A'«  +  A',)  . 
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(  A,  P3  =  K,  -f-  2  -  AT7  +  F3  A,  +  G3  i  As  -  A7 


■■'  /A*  ttwH  .     The  corrected  values  of  /i  .  /•:  .  t ,  are 
/,        L9S  /-j  -  498s.65  p2  ,  t3  -  498s.65  p3 . 

[f  only  five-place  tables  are  used  in  the  computation  it 
migbl  be  supposed  thai  this  correction  would  be  unneces- 
sary because  only  the  differences  of  the  epochs  of  the  ob- 
ii  ms  are  involved,  except  in  the  determination  of  the 
time  of   perihelion   passage.     The   correction   should   be 

500  (p3— pi) .  .  . 

made  provided      — - —      is  equal  to  or  greater  than  one 

unit  in  the  las!  significant  figure  retained;    an  inspection 
is  sufficienl  to  decide  the  matter. 

question  of  the  reduction  of  the  time  is  closely 

ated  with  thai  of  deciding  how   greal   accuracy  in 

determining  the  instant   of  an  observation   is  required. 

This  is  obviously  a  question  of  importance  for  the  observer. 

The  errors  arising  from  errors  in  the  determination  of  the 

tunc-  of  tin  observations  enter  in  two  ways.     In  the  first 

place  they  obviously  enter  in  the  determination  of  t  and 

In  order  that  the  data  may  all  be  of  the  same  order  of 

ess  these  quantities  must  be  determinate  to  the  same 

number  of  significant  figures  as  the  smallesl  column  in  A2. 

For  intervals  of  six  days,  when  r  is  of  the  order  of  0.  1 .  the 

!  order  column  in  A-  is  generally  of  the  order  of  0.01 

in  the  case  of  comets,  and  of  0.001  in  the  case  of  small 

planets.     Consequently,    if    the    observations    are    very 


accurate,  giving  the  apparent  places  of  the  respective 
bodies  to  seconds  and  tenths  of  seconds  of  arc.  then,  in 
order  to  be  correspondingly  exact .  the  times  of  the  observa- 
tions must  be  gh  en  at  least  to  seconds  of  time. 

'I 'lie  second  wa>  in  which  errors  in  determining  the  times 
of  the  observal ion  affect  the  results  is  through  the  A,  .  Y,  , 

and  X,.      It  may  be  supposed  that    these  quantities  can   lie 

obtained  from  the  Ephemeris  with  any  desired  degree  of 
precision  for  the  dates  in  question.  Hence  they  are  subject 
only  to  the  errors  coming  from  the  errors  in  determining 

/,  ,  1-2  .  and  I-a  .  These  errors  are  important  in  K  .  K<  .  and 
Kt  because  these  determinants  have  second  order  columns 
which  are  functions  of  the  coordinates  of  the  Earth  alone. 
It  follows  from  equations  (37),  (39),  and  (43)  that  the 
error-  introduced  in  this  way  are  as  important  as  those 
entering  directly  through  r  and  e. 

While  the  determinants  are  under  consideration  it  may 
he  noted  that  the  shorterthe  intervals  between  the  observa- 
tions the  more  important  are  the  effects  upon  the  elements 
of  errors  both  of  apparent  position  and  also  of  the  times 
of  the  observations.  The  relationship  is  that  the  possible 
errors  in  the  determination  of  the  elements  vary,  because 
of  the  presence  of  second  order  columns  in  the  determi- 
nant-, inver-ely  as  the  squares  of  the  intervals  between  the 
observations.  Now  since  perturbations  of  position  of  the 
observed  body  are,  for  short  intervals  of  time,  proportional 
to  the  second  power  of  the  time,  it  follows  that  their 
effects  upon  the  elements  of  an  orbit,  as  determined  from 
three  observations,  are  as  important  for  short  intervals 
as  for  longer  ones. 

Computation  of  Xi  .  //■:  .  z%  .  %%  ,  //•/  ,  z%  .  These  quanti- 
ties are  determined  hv 


X,    =  X2  P=  +  A'2   ,     ) 

y,    =    M2  p2  +    }"..    .      '■ 
22    =   *2  P2  +  Z2    ;     ) 


(48) 


(49) 


(fifs  -  0l)  .''/ 
(gs  -  ih)  >h' 

Uh  -  [/i  I  :■/ 


Xz  -  X,  -  (/,  -  /, I  .r, 

+  Xi  (p:t  —   Pi)    +    (Xs  —   Xi)   Ps  , 

r,  -  f,  -  (/i-/i)w 

+  Pi  (ps  —  Pi)   +    (p-3  —   Pi)  P:i  , 
Z3    -  Z,    -   (/,  -  /,)  Z2 

+  "i  (ps  —  pi)  +  {vz  —  "i)  p3  ; 


(50) 


/s  -  /i  =  2t  [  -  u  t  +  h(  v  t-  +  i><  V  f'J 
+  }u(u  -  15/r  +  3?)  T-t 
—  \uy  (w  —  Iff-  +  3r/)  tj  .  .  .  ] 

f/»  _  ffl  =  2t  [1  —   }-ll  t'1  —   III  i~  +   lipr't 

+  tJtj  it  (u  -  15p2  +  9g)  r4  . 


]  ■       J 
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in  which  p  and  q  are  unknown  in  the  first  approximation. 
If  it  is  desired  to  represent  the  observations  exactly  the 
number  of  places  to  which  the  data  arc  given  should  be 
used  in  computing  these  quantities. 

The  second  approximation.  In  order  to  make  the  second 
approximation  p,  q,  P.  and  Q  are  computed  from 

|      ''J-  /»   =  Xi  .<'■/  +  //•>  //•/  +  :  2 

j       /'•:"  '/    =    .!'■/'-'   +   //■/-  +    --•:"-'    -   -      : 

P  =  1  --„-  2pt  +  T\(7u  -  15/.-  +  3?)  r-  .  .  .  . 

7" 

Q  =  1  -  ^  +  |/>  ^  -  3pe  +  fV(37w  -  765/)-  +  153g)72 
+  IpCh,  +  14//-'  -  6g)^     

With  these  quantities  determined  the  computation  pro- 
ceeds exactly  as  in  the  first  approximation.  The  approxi- 
mation may  be  continued  until  equations  I  lt>>  are  satisfied 
when  the  elements,  which  are  to  he  determined  from  Xi  . 

2/2 '-'/   by   the   usual   process,   will   represent   the 

observations.  Ordinarily  the  second  approximation  will 
be  sufficient. 

18.     Numerical  [illustrations. 

However  clear  and  certain  a  proposition  may  he  mathe- 
matically, astronomers  like  to  see  numerical  illustrations 
of  it.  For  this  reason,  and  to  give  a  check  on  the  signs 
and  numerical  coefficients  of  the  formulas,  some  practical 
problems  will  be  briefly  considered. 

The  second  of  the  three  orbits  quoted  in  section  1  was 
based  upon  the  following  data: 


May  7.8757 
May  9.8633 
May  11.8470 


312°39'37".5 

310    51   43   .5 
308   48  30   .0 


It  is  found  by  equations  (6)  that 

Xj  =  +0.665311  mi  =  -0.721991 
\2  =  +0.638004  ii-,  =  -0.737518 
X3  =  +0.605966         w  =  -0.753445 

Then  the  expression  for  A2  becomes 


+  10°  57'  5" 
12  47  29 
14  47  7 


vi  =  +0.189976 
v2  =  +0.221402 
v3   =  +0.255197 


\,  = 


Xi  +  X3  -  2X-,  ,  Xo  .  Xs  -  X2 
Mi  +  W  —  2/i2  ,  m  ,  m  —  & 
V\   +    Vz    —   2j>2   ,        Vn   ,        f3    —    l'i 


-  .004731  ,     +  .638004  ,     -  .032038 

-  .000400  ,     -  .737518  ,     -  .015927 
+  .002369  ,     +  .221402  ,     +  .033795 


Since  the  first  column  contains  only  four  significant  figures 
the  value  of  Aj  is  determined  only  to  four  significant  figures 
at  best.  In  fact,  it  is  determined  only  to  three  as  is  seen 
by  adding  twice  the  third  row  of  the  determinant  to  the 
first,  and  six  times  the  second  row  to  the  third.  There- 
fore i  lie  elements  arc  determined  by  these  data  only  to 
three  significant  figures,  corresponding  to  about  0°.l  in 
the  angular  elements  when  they  are  not  subject  to  ad- 
ditional partial  indetennination  because  of  small  inclina- 
tion or  eccentricity.  These  conclusions  are  fully  illustrated 
by  comparing  the  last  two  sets  of  elements  given  in  section 
1.  The  computation  of  the  elements  used  in  the  data  for 
the  second  set  could  have  been  made  by  the  formulas  of 
this  paper  with  four-place  tables  without  any  loss  of  real 
accuracy. 

A  second  example,  which  has  been  considered  is  that 
given  in  Watson's  Theoretical  Astronomy,  pp.  264-277. 
As  a  starting  point  the  data  on  p.  266  were  adopted,  the 
ecliptic  being  the  fundamental  plane  of  reference.  While 
the  elements  arc  really  determinate  only  to  five  places  at 
the  most,  it  was  decided  in  order  to  test  the  accuracy  of 
the  formulas  to  assume  that  the  observational  and  ephem- 
eris  data  are  absolutely  correct  and  to  make  the  com- 
putation with  seven  places.  The  data  of  the  problem,  as 
given  by  Watson,  are 


/     L863 
257.68079 
264.42570 
271.38625 


Longitude 
17°  46' 28".  17 
If.   40  25  .19 
15    15  44  .03 


Latitude 

+3°  8'43".51 
_'  52  27  .62 
■1  32   12  .os 


Long,  of  Sun 
172°    0'32".23 
178   35  48  .74 
185   25  36   .90 


log/?!  =  0.0021056 
log  ft  =  0.0011656 
log  R3  =  0.0002378 


From  these  data  it  is  found  that 


=  +.9508307     mi  =  +.3048115 

=  +.9567491     M2  =  +.2865593 

=  +.9637793     /is  =  +.2629775 
=  -.00000677049  . 


Vl  -  +.0548703 
v,  =  +.0501456 
v%  =  +.0444088 


Xi  =  +  .9951027 
X2  =  +1.0023866 
A:i  =  +   .9960627 


Fi  =  -.1396940 
}•.,  =  -.0245526 
Y3  =  +.0946278 


In  the  first  approximation  Watson  found 

log  r2  =  0.3025672  ,         log  Pi  =  0.0254823  , 
log  p2  =  0.0123991  ,         log  P3  =  0.0028859  . 

The  final    values  of   these  quantities  as  determined  by 
Watson  are 


log  r2  =  0.3032587  , 
log  P2  =  0.0137621  , 


log  Pl  =  0.0269143  , 
log  p3  =  0.0041748  . 
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The  first  approximation  by  the  method 


log  0.3029767  . 

ps       0.0137533  , 

I  hen  ii  was  found  thai 


logp,  =  0.0269235  . 
0.004023]  . 


log.r,  -  0.2<)SX3.V.  .         log  .r,'  -  9.1894528fl  . 

log  y„  =  9.4333324  ,        log  y2' =  9.8727382    , 

8.7139865  ,        log  :,'       8.7577158«  . 

9.0910699    , 

log/*  =  8.7 1  •_".». isl>„  , 
log  q  =  8.3382518    . 

Since  these  results  did  noi  exactly  satisfy  equations  (16) 
■  •ml  approximation  was  necessary,  as  was  expected. 
In  making  the  second  approximation  a  numerical  error 
was  committed  which  was  not  noticed  until  it  was  com- 
pleted. Hence  a  third  approximation  was  necessary, 
which  save  i  the  correction  of  time  aberration  was  omit  ted 
since  the  only  purpose  was  to  test  the  formulas) 

0.3030078,  log  x2= 0.2988658,  log  z2'  = 9.205903  In 

log  pi  =  0.027(1:.:  is.  log  y2  =  9.4333994,  logy2'  =9.8717483 

0.0138]  16,  log  *2  =  8.7140478,  log  z2'  =  8.7599206» 

0.0041348,  log /i  =  9.9996407,  log  gx  =  9.064438 In 

log-/      9.0909766,  log /3  =  9.9996146,  log  ;/,=  0.0780963 

Winn  these  quantities  arc  substituted  in  equation 
five  of  them  are  exactly  satisfied  to  the  seventh  decimal 
inclusive,  three  have  an  error  of  one  unit  in  the  seventh 
place,  and  one  has  an  error  of  two  units  in  the  seventh 
place.  Therefore  the  elements  derived  from  them  by  the 
usual  methods  will  represent  all  three  observations  to  a 
corresponding  degree  of  acne 

In  the  preceding  computation  it  was  virtually  assumed 
thai  in  the  X,  .  fxt  and  r,  the  digits  beyond  the  seven  places 
which  arc  written  are  all  zero.  As  a  matter  of  fad  they 
may  have  any  value-.  no1  exceeding  five  units  in  the 
eighth  place,  which  satisfy  the  conditions  that  Xi2  +  ni~  + 

Vi2  =  1,  X22  +  M22  +  v-y  =  1  ,  X;r  +  yu32  +  c32  =  1.  These 
possible  variations  in  the  X,.  p,  .  and  i;  would  not  lie 
important  if  -V.  wen-  not  small.  In  order  to  exhibit  the 
actual  order  of  its  magnitude  let  it  lie  written  in  the  form 


A2  = 


x,  +i> 

n\  +  i ' 

.0002943  . 
.0006132,  , 
t-  .0001352  . 


X3  -  X. 

P3    — 


<''.! 


+  .0070302 
.0235815 

-  .00.-)7:;<',s 


It  follows  that  A  is  determinate  only  to  four  significant 
figures  and  that  the  whole  computation  can  1"  made  with 
five-place  tallies  without  any  real  loss  of  accuracy.     Since 


A2  is  determinate  only  to  four  places  the  elements  are 
determinate  only  to  four  places.  The  angular  elements 
were  given  by  Watson  to  hundredths  of  seconds  of  arc, 
corresponding  to  the  eighth  decimal  place.  Therefore, 
the  actual  uncertainty  in  the  elements  is  of  the  order  of 
5000  ti s  one  unit  in  the  last  place  given  by  Watson. 

Computation  shows  that  the  co-factors  of  each  of  the 
elements  of  the  first  column  of  A-j  are  negative,  and  X. 
itself  is  negative.  Consequently  to  diminish  A2  numeri- 
cally as  much  as  possible  by  changing  the  \  ,  n,  ,  and  r 
four  units  in  the  eighth  decimal  it  is  necessary  to  diminish 
X,  ,  X:;  ,  &  .  '•,  ,  and  i<;i  ,  and  to  increase  X2  ,  Mi  ,  M3  ■  and 
e2.  Since  the  /i,  and  v,  are  small  compared  to  the  X,  the 
conditions  X,2  +  jui2  +  vi2  =  1  ,  .  .  .  will  be  satisfied  to 
seven  places  after  these  changes  have  been  made.  It 
follows  from  the  explicit  expression  for  A;  that  each  term 
of  its  expansion  will  be  altered  in  the  fifth  significant, 
figure.  It  follows  from  the  composition  of  the  first 
column  from  X,  .  \2  ,  X:i  ,  .  .  .  that  the  change  will  be 
4  (,::  +$  +  £)'=  14  units,  and  the  total  change  from  the 
three  terms  of  the  expansion  of  A?  with  respect  to  the 
elements  of  the  first  column  will  be  about  three  times  tin- 
quantity,  or  tour  units  in  the  fourth  significant  figure. 

With  the  indicated  changes  in  the  eighth  place  the  ex- 
pression  for   A_.   becomes 


A2  = 


-  .00029438  ,     .95674914  ,     +  .00703020 

-  .00061310  ,     .28655926  ,     -  .02358180 
+  .00013512  ,     .05014564  ,     -  .00573680 


The  third  column  is  unchanged  and  the  changes  in  the 
second  column  can  only  affect  the  eighth  significant  figure; 
hence  the  minor-  used  in  the  preceding  computation  may 
be  used.     Then  it  is  found  that 

A2  =  -.00000676651 

which  differs  from  the  value  previously  found  by  four 
units  in  the  fourth  significant  figure,  [f  the  X,,  /u,  and 
v,  had  been  altered  in  the  opposite  direction  in  the 
eighth  decimal  place  the  change  in  Aj  would  have  been 
equally  in  the  opposite  direction. 

The  determinants  K  .  A",  ,  and  A".,  will  be  altered  by 
these  changes  only  in  the  eighth  significant  figures,  and 
such  small  changes  may  be  neglected.  Then  it  is  found, 
on  using  the  values  of  /'  and  Q  previously  computed,  thai 


logr2  =  0.3031397 


log  P,  =  0.014073] 


which  differ  one  and  two  units  respectively  in  the  fourth 
place  from  those  which  were  obtained  above.  If  the  com- 
putation were  completed  they  would  require  some  subse- 
quent slight  changes  through  alterations  in  /'  and  Q,  but 
the  order  of  the  possible  variations  is  established  in  com- 
pleti    accord  with  the  previsions  of  theory. 
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srXSPOT   OBSERVATIONS, 

MADE     IT    BERWYN,   PENN.,  WITH    A    4^-INCH    REFRACTOR, 

By   ALDEN    W.  QUIMBY. 
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OBSERVED    MAXIMA    AND    MINIMA    OF    VARIABLE    STARS— 1912-1913, 

By  PAUL  S.  YENDELL. 


TV  ( 'assiopt  " . 

During  the  autumn  of  L912  1  secured  two  minima  of 
TV  Ca  as  follows: 

1912  Sept.  9,    fourteen   observations,   from  7h   25""   to 
10h  40m.     Minimum   indicated   at 
-    5 
Oct.  8,  uine  observations,  from  7h  23m  to   Hi'1  20m. 
Minimum  indicated  a1  8h  21m. 

If/.   I 

1  )uring  I  >ctober  and  November  of  1912  1  observed  t  hree 
minima  of  RZ  Cassiopece,  as  follows: 

1912  l  >ct.  18,  twelve  observations,  from  ti1'  20mto8h  33   - 
Minimum  indicated  at  7h  48m. 
Nov.18,  twelve  observations,  from  (>h  7'"  to  10h 
50m.     Minimmn    indicated    at    9h 
37m. 
30,  six  observations,  from  5h  43m  to  9h  20m. 
Minimum  indicated  at  8h  20"'. 

Z  Vulpeculce. 

During  the  pasl   season  I  have  observed  two  minima 
of  Z  Vvlpecuke,  as  follow-: 

L913  Sept.  24,  thirteen  observations,  from  7h  40"'  to 
llh  20'".  Minimum  indicated  at 
l(i"  20'". 
29,  thirteen  observations,  from  7b  23'"  to 
1111'  2"1.  Minimum  indicated  at 
8     Hi'". 

XZ  Cygni. 
1     have    three    fairly    well     indicated    maxima    of    this 


Antalgol    star,    observed     during    the    past     season,    as 
follows: 

L913  Ann.  23,  seven  observations,  from  8h  3m  to  9h  58m. 

Maximum  indicated  at    '.I'1  3m. 

Sept.    .">,    eleven    observations,   from    71'    17'"   to 
llh  0'".      Maximum    indicated    at 
Kt'1  31m. 
ti.  twelve  observations,  from  7h  32m  to  9h  36"' 
Maximum  indicated  at  8h  34m. 

At  all  of  these  three  maxima  the  star's  highest  observed 
light   was  S".S. 

V   Vulpeculce. 

During  the  year  L913  1  observed  I'  Vulpecvla  fifty 
times,  from  June  11  to  Dec.  19,  with  considerable  inter- 
ruption, however,  from  weather  and  absence.  These 
observations  indicate  two  maxima  and  two  minima,  as 
follows:  a  maximum  of  SM.5  on  191:5  July  7.7,  followed  by 
a  minimum  of  9". 4  on  July  21.3;  from  Aug.  3  to  Aug.  19, 
a  gap  occurs  in  the  observations;  a  minimum  of  9". 4  is 
indicated  on  Sept.  3.0,  and  a  maximum  of  8". 2  on  Sept. 
27.1. 

Following  the  second  maximum  there  appeared  to  a 
halt  in  the  light-change,  the  star  remaining  at  about  8M.6 
from  ( )ct.  21  to  Nov.  21.  during  which  time  it  was  observed 
eleven  times.  A  similar  halt  occured  from  Aug.  19  to 
25,  during  which  time  five  observations  were  made,  all  at 
9".0. 

In  no  case  have  1  seen  the  star  fainter  than  9U.4. 

Ch.  7792  SS  Cygni. 

During  the  years  1912  and  L913  1  have  made  the  fol- 
lowing observations  of  S5  Cygni: 


Mag. 

Mag. 

Mag. 

1912  Oct.    5.333 

8.29 

L913  July   1  1.1 17     S.83 

1913  Nov.    5.333 

11* 

6.318 

8.07 

13.374     8.16 

6.375 

9.55 

7.339 

8.39 

14.407     S.09 

.382 

9.55 

8.322 

8.15 

L5.367     S.70 

7.207 

9.15 

in.:;  is 

8.11 

1(').:;24     S.74 

.330 

8.92 

14.340 

7.99 

Maximum  July    lid 

8.257 

8.94 

L5.340 

'.(.I  1 

9.345 

8.81 

L8.332 

io±* 

Sept.  10.330    8.25 

11.344 

8.36 

2(i.:;  il 

H±* 

14.318     8.30 

14.315 

8.03t 

Maximum  Oct.    10.33 

17.323 

9.6 

21.330 

11* 

*  Eye-r  .in,.,  i   Bright  moonlight;  difficult  and  uncertain. 

All  dates  given   in  the  above  paper  arc  staled   m  Boston  Mean  Time,  =  Greenwich  Mean  Time 
, .  January  '■'■,  191  I 
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COMET    l>,    1912    (SCHAUMASSE  —  TUTTLE.) 
By  F.   E.  SEAGRAVE. 
Elements. 

A'  =  Dec.  25.50  1912.     G.M.T. 

1/  =       4°     2'  4(1". 74 
co    =  206°  46'  59".06 
v    =116°  37'  44".26 
n   =  269°  50'  45".20 
i  =     55°  12'  50".93 
Log  e  =  9.916143 
Logo  =  0.7li74ll4 
Logo  =  0.011903 
M  =  250".553 

Constants. 

.,-  =  r(9.75626)  sin  (359°  43'  47".53  +  u) 
,,  =  K9.98871)  sin  (250°  18'  42".04  +  it) 
z    =  ;-(9.93020)     sin  (332°     8'     7".05  +  u) 

Final  Check  Formulae. 

a  =  a(l  -  e)  =  j—j— ;  =  («  cos  ^  tan  (45°  -  Yw) 
1  (1  +  e) 

0.767404  0.273026  0.520215 

9.244499  0.261125  9.491688 


Logo   =  0.011903     =     0.011901     =     0.011903 


Normal  Positions  upon  which  the  Elements  ark  Based. 

j3    = -40°28'35".91 

/3'  =  -42°  2'16".45 
8"=-42°59'17".01 


'.-•/„  =339.7474196  1  X  =211°39' 2".97 
lUo'  =347.7033477  X'  =220°57'47".55 
i|«0"  =  355.8230816  I  X"  =  229°31'13".24 

O   =253°31'18".10      log  A'  9.993496      ^' =  55°41'54".40 
O'  =  261°36'22".77      Log  R'  9.993074 
©"  =  269°52'15".35      log  K"9.992813 

Heliocentric   Coordinates,  etc.,    from    Fourth   and 
Fast  Hypothesis. 

/  =  149°14'32".30  logr  =0.072360  u  =251°21'11".39 
/'  =160°3()'  5".26  lug/  =0.094392  u'  =  258°40'27".37 
r  =  171°49'll".34     logr"  =  0.1 17896     u"  =  265°24'  2". 71 

h   =-51°  5'38".76  logp   =0.032299       z'  =40°51'30".60 
b'  =-53°38'20".18  logp'  =0.045333  log p  =  0.273026 
b"=-54°56'57".96  log  P"  =  0.061517 

v  =44°34'12".33  E  =  14°29'29".70  M  =2°40'17".57 
„' =51°53'28".31  E'  =17°10'  3".30  M'  =3°13'31".02 
y"  =  58°37'  3".65     E"  =  19°45'31".82     M"=3°47'25".49 
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THE   DIRECT   AND   SCATTERED   RADIATION   OF   THE   SUN    AND   STARS, 

1\\  C.  G.  ABBOT.* 


The  last  time  I  saw  Prof.  Kaitkyn  he  asked  me  if  I 
could  tell  him  how  large  a  proportion  of  the  light  we  gel 

from  the  stars  is  direct,  and  how  much  is  scattered  by  the 
atmosphere.  Strictlj  speaking  it  is  almost  all  scattered, 
for  the  stars  by  virtue  of  their  distances  should  appear 
practically  as  points,  bui  in  fact  they  do  appear  as  areas 
far  larger  than  their  actual  dimensions  would  warrant. 
But  I  conceive  that  Prof.  Kapteyn  was  not  dealing  in 
such  niceties  as  this,  but  regarded  all  the  light  which  would 
fall  in  a  good  star  image  as  direct,  and  that  which  the  same 
star  furnishes  indirectly  over  the  whole  sky  as  scattered. 

Undoubtedly  the  complete  answer  to  the  question  would 
require  the  treatment  of  each  wave  length  by  itself,  and 
would  require  us  to  know  the  energy  distribution  of  the 
spectra  of  all  the  stars  and  the  distribution  of  their  bright- 
ness over  the  sky  as  it  would  be  outside  our  atmosphere. 
We  should  get  a  different  result  at  each  elevation  above 
sea-level,  and  a  hazy  night  would  differ  from  a  clear  one. 

As  it  was  quite  impossible  to  deal  so  thoroughly  with 
the  question,  I  limited  myself,  (a)  To  the  average  trans- 
parency prevailing  at  Mount  Wilson  on  Sept.  22  and 
Sept.  24.  1913.  This  is  somewhat  less  than  the  mean 
transparency  of  many  years  there,  but  decidedly  greater 
than  the  Mount  Wilson  transparency  of  1012.  after  the 
Alaskan  volcanic  dust  became  widespread, f  and  is  indeed 
decidedly  above  the  transparency  of  a  hazy  night  there 
in  usual  years,  (b)  To  stars  of  the  same  energy  spec- 
trum distribution  as  the  Sun.  (r)  To  the  total  radia- 
tion of  such  stars  as  they  would  be  measured  by  the  bolo- 
meter, (d)  To  a  collection  of  such  stars  distributed 
uniformly  over  the  sky.  so  that  outside  the  atmosphere 
the  sky  would  be  everywhere1  equally  rich  in  stars. 

The  problem  was  approached  by  means  of  solar  observa- 
tions. Measurements  were  made  on  the  relative  bright- 
ness of  the  Sun  and  sky,  for  different  altitudes  of  the  Sun, 
and  for  different  altitudes  and  azimuths  of  the  sky.  The 
instrument  used  comprised  a  bolometer  exposing  an  area, 

*  Published  by  permission  of  the  Secretary  of  the  Smithsonian 
Institution. 


about  0.8  '  by  0.8""".  This  was  mounted  equatorially 
at  the  lower  end  of  a  tube  about  1  meter  Long  and  12 
meters  in  diameter,  provided  with  numerous  diaphragms 
having  apertures  about  10  centimeters  in  diameter.  A 
quartz  lens  of  9.5  centimeters  clear  diameter,  and  30  centi- 
meters focus,  projected  the  image  of  a  portion  of  the  Sun, 
or  of  the  sky,  upon  the  exposed  area  of  the  bolometer. 
The  sky  was  generally  allowed  to  shine  with  lull  intensity 
through  the  quartz  lens.  In  order  to  reduce  the  bright- 
ness of  the  Sun  to  a  similar  intensity,  one  of  two  dia- 
phragms, with  apertures  of  3.26  and  o.SS  millimeters 
diameter,  respectively,  was  placed  centrally  over  the  end 
of  the  tube,  a  rotating  sector  whose  aperture  was  0.0450 
that  of  a  complete  circle  was  inserted  in  the  beam,  and  a 
resistance  of  100  ohms  was  put  in  series  with  the  galvano- 
meter, instead  of  1  ohm  usually  employed  when  observing 
the  sky.  As  the  bolometer  measured  merely  the  central 
part  of  the  Sun's  image,  which  by  other  work  1  have  found 

to  lie  brighter  than  the  average  Sun  in  the  ratio  — ^fhis 

factor  was  introduced.  Altogether  the  Sun  observations 
with  the  smaller  aperture  were  multiplied  by  0.00000304 
to  make  them  comparable  with  those  on  the  sky. 

The  equatorial  instrument  was  mounted    m  the  tower 
of  the  Smithsonian  observing  station  on  Mount    W 
and  pointed   and  operated  by  my  colleague,  Mr,    I 
Aldrk'h.     The  writer  made  the  galyani 
and  records,  and  reduced  the  observations. 

On  the  afternoon  of  September  22.  1013.  three  series  of 
pointings  were  made  on  the  sky.  Two  consisted  ■ 
and  35  pointings  to  all  parts  of  the  sky.  anil  the  third 
comprised  IS  pointings,  taking  every  odd  numbered  point- 
ing of  the  second  series.  The  Sun  was  observed  from  time 
to  time,  and  one  special  sel  of  10  pointings  very  near  the 
Sun  was  made.  On  the  forenoon  of  Sept.  24,  practically 
the  same  program  was  repeated,  but  with  the  special  se1 
of  pointings  close  up  to  the  Sun  twice  carried  through. 

fit  appears  that,  the  transparency  above  Mount  Wilson  in  1013 
was  somewhat  less  than  that  of  the  years  preceding  the  outbreak 
of  Mount  Katmai. 
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On  the  whole  the  observations  arc  very  consistent,  and 
as  the  two  days  gave  nearly  the  same  indications  for 
similar  positions  in  the  sky,  the  results  have  been  com- 
bined. 

In  the  reductions,  the  sky  positions  were  reduced  to 
altitude  and  azimuth,  counting  the  momentary  position 
of  the  Sun  -imuth.     Ratios  were  taken  of  the 

observations  of  brighti  o   is  to  express  the  brightness 

of  the  sky  at  each  position  as  a  fraction  of  the  momentary 
mean  brightness  of  the  Sun.  for  equal  angular  areas. 
The  results  were  then  collected  in  groups  with  respect  to 
altitude.  In  illustration  I  give  the  following  value-  ob- 
tained in  the  first  series  of  September  22. 


Table 

1.     Brightness  of  Ski    i\ 
in    to  20°. 

Zone  of  Altitude 

.....    ,                  Azimuth 

•    (     Sky      \ 
Ratl    vmeanSunj 

00' 

356  x  10-8 

11    37'                 :w    30' 

165 

92c   It)' 

200 

1     15' 

660 

10' 

204 

L5    11'             -156    10' 

214 

14°  30'             -   7(i    10' 

248 

Mean  altitude-   15°  56'. 

Sun 

Menu    altitude  40°     0'. 

Six  such    groups  of  sky  observations  were  arranged, 

ing  the  following  altitude  ranges:    0°— 5°;  5°  — 10°; 

30        15°;       l.V  -65  .      There    was 

ion  at  altitude  85°  42'. 

■h   such   group  of    observations   was   plotted    with 

brightness  ratio-  as  ordinates  and  azimuths  (from  Sun)  as 

-  e.     Symmetrical  curves   with   resped    to  the  azi- 


muth zero  were  thus  defined.  By  measuring  the  area 
included  under  each  such  curve  the  mean  brightness  ratio 
Eoi  each  altitude  zone  in  question  was  obtained.  Thus 
were  found  the  following  results  to  represent  the  six  series 
of  skj  observations  of  Sept.  22  and  Sept.  24.  It  should 
be  remarked  that  for  the  two  shorl  series,  only  five  groups 
were  employed. 

The  figures  show  some  discordances,  but  it  was  difficult 
to  thaw  the  curves  of  azimuth  and  brightness,  in  some 
cases,  for  lack  of  observations  at  critical  points.  On  the 
whole  the  comparable  results  of  the  two  days  (by  which 
1  mean  those  of  nearly  equal  solar  hour  angle-)  do  not 
differ  l>y  above  11  per  cent,  on  the  average.  The  ratios 
are  generally  somewhat  larger  for  the  second  day  than  for 
the  first. 

Each  n!  thi  series,  as  given  in  Table  II,  was  plotted  with 
altitudes  as  abscissae  and  mean  ratios  of  brightness 
as  ordinates.  Smoothed  curves  were  drawn,  and  these 
no  doubl  aided  to  improve  the  results  somewhat.  From 
these  curves  were  taken  off  the  values  at  sky  altitudes 
5  .  L5  ,  25°,  35  .  iT'-j0,  65°  and  S21/2°  corresponding  to 
each  series.  A  difference  between  the  results  of  the 
several  series  depending  on  the  altitude  of  the  Sun  was  very 
apparent.     Accordingly  for  each  of  the  above  7  altitudes 

a  plot  was  made  with  values  of  the  ratio  ( Mean  — : -  )    as 

V  sun/ 

abscissas,  and  solar  altitudes  as  ordinate-.  The 
altitudes  ranged  from  ll1-/  to  46°.  The  trend  of  the 
results  was  well  marked  in  this  interval,  and  permitted 
the  plots  to  be  extrapolated  with  much  confidence  from 
solar  altitude  0°  to  90°.  This  being  done,  the  following 
values  were  taken  as  representing  the  mean  ratio  of  bright- 
sky 
ness,  :  for  various  sky  zones  and  for  certain  altitudes 
sun 

of  the  Sun. 


Table  II.     Mean  Brightness  of  Sky  Zone. 
September  22,  1913  September  24.  1913 


i  i 


i 


- 


Series  III 


Angli 
of  Sun 


17. n 


4h24m_5h1n 


3\30'"-:5"16" 


'J''l"Jm— lMO" 


Altitude 


Mean 
Utitude 


Skj 
1  Smi     Altitude 


Mean  ' 


Altitude 


Altitude 


Mean 


Sky 


Moan 
Utitude 


Sky 


2°  47' 

550X10- 

*    2°  47' 

I82>  Hi 

1    36' 

(142X10- 

I    36' 

766X10- 

b     2°  47' 

779X10- 

s     2°  47' 

601X10" 

7    18' 

366 

7°  18' 

515 

7°  18' 

642 

7°  18' 

506 

15°  56' 

333 

15    56' 

421 

15   50' 

:;7s 

15   50' 

L65 

15°  56' 

151 

L5    56' 

364 

26°    5' 

263 

26°    5' 

3 1 '_' 

29    16' 

264 

29°  16' 

346 

26°    5' 

326 

26°    5' 

317 

36    16' 

253 

:;i    36' 

294 

ll    59' 

mi 

1 1    59' 

L66 

36°  36' 

247 

36°  36' 

263 

57°  15' 

251  i 

55    L2' 

228 

(.1    16' 

1 22 

til    16' 

116 

56°  29' 

192 

56°  29' 

243 

85°  42' 

176 

85    12' 

11  1 

85°  42' 

114 

85°  42' 

192 
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Table  III. 

Mean  Ratio 

01      i  "EIGH  1  NESS      sr-^ 

VSuty 

X  L0S. 

Sky  Altitude 

i\ 

Zones. 

Altitude 

i    in 

10'     20 

20°-   30 

30°-- 10° 

40°-55° 

5.5°— 7.Y 

75 

5° 

\  1200  ) 

I    750  j 

6'.  II) 

490 

375 

25(  I 

130 

84 

52 

15° 

1  840  1 

\  460  \ 

355 

253 

Kill 

122 

02 

25° 

630 

432 

|  652  1 

j  34(1  [ 

258 

200 

157 

130 

35° 

573 

404 

320 

(511  i 

l  263  f 

230 

190 

ins 

471/ 

500 

370 

298 

265 

(  399  ) 

i  25S  | 

236 

218 

65° 

Mill! 

320 

■_v,n 

275 

300 

(  113| 

}  30(1  j 

280 

82}4° 

295 

270 

230 

282 

340 

350 

j  736  1 

1  35S  j 

Area  of 

Zone  in 

Hemispht  res 

0.174 

0.168 

0.15S 

0.143 

0.176 

0.147 

0.(131 

In  Table  III  a  line  of  bold  faced  fig  ires  is  seen  running 
diagonally  across.     The  ordinary  figures  in  the  same 
represent    the    results  as  tints  far  explained.     Tho 
bold  face  type  are  introduced  to  allow  for  the  extraor- 
dinary brightness  of  the  sky  near  the  Sun.     They  were 
obtained  in  the  following  manner.     As  st:  ove,  three 

set-  of  observations  wen  made  close  to  the  Sun.  By 
means  of  these  observations  it  was  found  that  the  immedi- 
ate   neighborhood    of   the    Sim    was    brighter    than    was 


allowed  for  in  the  general  reductions  of  the  sky  measure- 
ments.    This  extra  brightness  was  a  function  of  the  dis- 

from  the  Sun.     Accordingly  the  region  within   11 
of  the  Sim  was  divided  into  a  number  of  rings  whose 
in  terms  of  a  hemisphere  were  known.     Using  these  i 
a.  weighted  mean  value  of  the  extra  brightness  ecu    the 
Sun  was  determined.     In  illustration  of  this   I   give  the 
following  values  from  the  first  determination  of  Sept.  24. 
The  Sun's  altitude  was  then  24°  10'. 


Table  IV.     Brightness  of   ihi,  Ski    Neae  the  Six. 


Solar  distance 

Skv 
Ratio  -r—  X  108 

Sun 

Line  2  minus  1000* 

Ring  limits 

Area  of  ring  X  105  in 

hemispheres 
Line  3  times 

line  5  X  108 


1°.5  2°  3°      4°  5° 

23500  16300  8700     5200  3700 

22500  15300  7700     4200  2700 

0°-l°.5  l°.5-2°.5  2°.5-3°.5  3°.5-4°.5  4°.5-5°.5 

33  61  92      121  152 

9.9**  9.3  7.1      5.1  4.1 


2900  2200 

1900  1200 

5°.5-7°  7°  -8° 

285  486 

5.4  5.8 


10° 
1700 
700 
9°-ll° 

606 

4.2 


Sum   of  line  5  =  184    X  10    '   hemispheres. 
Sum  of  line  6  =  50.9  X  10~8 
Mean   brightness  ratio  for   .0184  hemispheres: 
50.9  X  10- 


184  X  10-4 


2770  x  10" 


*  This  1000  is  the  mean  brightness  ratio  already  estimated  for  this 
region  in  the  general  sky  work,  so  that  the  figures  in  line  tie 
wli.it  is  ever  and  above  close  to  the  Sun. 

**  Estimated  brightness  for  this  ring  30,000  X  10~8. 


This  and  the  other  two  series  of  observations  near  the 
Sun  gave  the  following  data: 

Average  extra  brightness 

within  11°  of  Sun,  ^  1410X108  2770X10~S  3140X10  s 

sun 

Altitude  of  Sun  42°  20'  24°  10'  19°    0' 

Additional  observations  at  higher  Sun  would  have  been 
desirable,  but,  lacking  these,  the  following  values  were 
estimated,  after  plotting  the  values  given  above: 
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Sun  altitude  5        L5      25      35      17      65    S2 

ge  value  of      ) 
extra  brightness  for     ,..„„  .,-,„,  ._,(i-„   ,,„„,   ,..-„  ,l(1(1  7I1I) 

li      =3     ■    in      \ 

-Ull  J 

[f  a  zone  of  the  sky  extending  from  10   to  20e  of  altitude 
insidered  to  include  the  Sun  al  an  altitude  of  15  .  a 
circle  11°  in  radius  aboul   the  Sun  would  only  partially 
me  mentioned.     But  for  simplicity, 
and  in  view  of  the  limitations  of  accuracy  of  the  im  i 
tion,  I  have  assumed  thai  it  is  only  the  zone  10°  to  20    in 
altitude  which  is  made  brighter  by  the  extra  brightness 
near  the  Sun  when  the  Sun  is  at    15°  altitude.     Thus  1 
have  increased  the  number  representing  the  mean  bright- 
ness of  each  zone  by  finding  the  weighted  mean  of  its 
brightness,  as  given  by  the  general  sky  observations,  and 
its  added  brightness  as  furnished  by  the  special  observa- 
tions near  the  Sun.  giving  weights  in  proportion  to  the 
of  the  /one  and  of  the  circle  of   11°  radius,  respect- 
ively.   Thus,  in  illustration,  for  the  zone  L0C  to  20°  1  have: 


3500  X  .0184  +  460  X  168 
.168 


=  840 


This  uumbec,  840  is  found  in  bold  faced  type  in  Table 
III  above. 

In  what  has  been  given  above  the  quantities  of  radia- 
tion furnished  by  angular  areas  of  the  sky  equal  to  that 
of  the  Sun  are  compared  with  the  quantities  of  radiation 
furnished  in  the  direct  solar  beam  at  particular  altitudes 
of  tic- Sun.  I  now  propose  to  express  the  intensity  of  the 
direct  solar  beam  at  different  altitudes  of  the  Sun  in  terms 
of  the  solar  constant  of  radiation. 

All  observations  of  the  Sun's  brightness  made  during 
the  two  day.-  Sept.  22  and  Sept.  24.  1913,  were  collected 


in  connection  with  the  secants  of  the  Sun's  zenith  distance 
at  the  moments  oi  observation.  A  plot  was  made  with 
values  of  secant  /.  as  abscissae,  and  logarithm  solar  intens- 
ity as  ordinate-.  The  tangent  of  the  inclination  of  the 
best  straighl  line  representing  the  points  was  read  off. 
Thus  was  obtained  the  apparent  transmission  coefficient 
of  the  atmosphere,  for  the  Sun's  total  radiation,  and  for 
the  days  in  question."  The  value  obtained  in  this  way 
was  0.867.  Tables  33  to  36  oi  Volume  III.  Annals  of 
th<  Smithsonian  Astro-physical  Observatory,  were  then 
searched  for  similar  values.  On  Sept.  IS,  1909,  the 
pyrheliometry  yielded  tin-  value  0.865.  On  this  day  the 
solar  constant  value,  by  spectro-bolometric  investigation, 
was  1.92]  calorie-  pel  sq.  cm.  per  minute.  The  following 
pyrheliometer  readings  were  made: 

Secant  Z  2.765  2.267  1.894  1.628  1.42]  1.244  1.238 

Calories  observed  1.160  1.257  1.335  1.375  1.430  1.422  1.438 

So    far    as    they    go     these    values    undoubtedly     represent 

closely  the  values  which  would  have  been  obtained  if  the 
pyrheliometer  had  been  read  on  September  22  and  Sep- 
tember 24,  1913,  at  equal  altitudes  of  the  Sun.  Un- 
fortunately these  value-  do  not  reach  to  very  low  Sun. 
In  older  to  get  probable  pyrheliometer  values  at  very 
low  Sun,  a  comparison  was  made  between  the  values 
given  above  and  those  obtained  on  July  6,  1910,  when  the 
pyrheliometer  was  read  from  sunrise  to  noon.t  Com- 
bining the  results  obtained  by  this  comparison  with  those 
ju-t  given,  the  following  values  were  chosen  as  the  most 
probable  intensities  of  solar  radiation  corresponding  to 
different  solar  altitudes  for  September  22  and  September 
24,   1913. 

See   innals,  Astrophysical  Observatory,  Vol.  Ill,  p.  99. 
:  See  Abbot's  "The  Sun"  (Appletons,  1911),  p.  287. 


Table  V.     Brightness  of  the  Sun  and  Otheh  Data. 


Sun'.-  altitude  5° 

Sun's  intensit  5  in 

calories  pi  l 

per  min.  0.533 

Sun 's  intensity  if  outside 

atmosphere  it  i>  1.0  0.277 

Limits  of  zones  0°—  10° 

if  zone-  in 

hemispheres  0.174 

1   Zone-  in 

square  degrees  3590 

Product  (line  3  X  line  5)     I 
Quotient  X  b)7 

Mine  7    :    line  6)  134 


L5 

25° 

35° 

47>.j° 

65° 

82M° 

0.900 

1.233 

1.358 

1.413 

1.496 

1.521 

0.468 

0.64] 

0.700 

0.734 

0.778 

0.791 

10° -20° 

20° -30° 

30° -40° 

40° -55° 

55°  — 75° 

75° -90° 

0.168 


227 


0.158 


0.143 


0.1 70 


0.147 


311 


342 


356 


:;7s 


0.034 


3470 

3260 

2950 

3630 

3030 

700 

0.0786 

0.1013 

0.1010 

(1.1292 

0.1144 

0.0269 

:;si 
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The  last  five  lines  of  Table  V  relate  to  Prof.  Kapteyn's 
problem  of  the  stars,  and  will  be  explained  a  little  later. 
Before  taking  up  that  problem,  lei  us  go  a  little  further 
with  the  question  of  Sun  and  sky  radiation  by  day. 

Bv  combining  Tables  III  and  V  the  total  radiation  of 


the  sky  and  Sun  for  the  whole  hemisphere  may  be  deter- 
mined. If  one  wishes  to  consider  the  rays  as  falling  on  a 
horizontal  surface,  account  has  to  be  taken  of  the  cosine 
of  the  zenith  distance.  Take,  in  illustration,  the  con- 
ditions when  the  Sun  is  at  47V£°  altitude: 


Table  VI.     Brightness  of  Day  Sky  for  Solar  Altitude  47^°. 


Zone  altitude 

Area  in  hemispheres 

Cosine  zenith  distance 

Ratio  1^  X  10s 

bun 

Product  line  4  X  Line  2 
Product  line  5  X  line  3 


0-10° 

0.174 
0.087 

500 

87.0 

7.6 


10° -20° 
0.168 
0.259 

370 

62.2 
16.1 


20° -30° 
0.158 
0.423 

298 

47.1 
19.9 


30° -40° 
0.143 
0.574 

265 

37.9 
21.8 


40° -55° 
0.176 
0.737 

399 

70.2 
51.7 


55°  -75° 
0.147 
0.906 

236 

34.7 
31.4 


75° -90° 
0.034 
0.991 

218 

7.4 

7.3 


Taking  the  sum  of  line  five  from  left  to  right  we  find 
that  the  mean  brightness  of  the  whole  sky  for  equal  areas 
is  346  X  10-s  times  that  of  the  Sun  at  471  £°  altitude.  A- 
the  Sun  at  this  time  occupied  10S  X  10-7  hemispheres,  and 
there  are  approximately  20630  square  degrees  in  a  hemi- 
sphere, and  as  the  Sun  (by  Table  V)  furnished  1.413 
calories  per  sq.  cm.  per  minute,  it  follows  that  a  square 
degree  of  sky  furnished  on  the  avi 


346  X  IP"8      1.413 
108  X  10"7      20630 


219  X  10"7  calories 


per  sq.  cm.  per  minute. 

Taking  the  sum  of  line  six  from  left  to  right  we  find  that 


as  received  on  a  horizontal  surface,  the  mean  brigh 

of  the  whole  sky  for  equal  areas  is  156  X  10~s  times  that 

of  the    direct    Sun  rays    at    471  o°    altitude,    received    at 

normal  incidence.    The  whole  sky  therefore  would  furnish 

1.413X156X10-^       .„.      ,     . 
—  —  - —    =  0.205  calories  per  sq.  cm.  per  minute 

ION  X  10 

on  a  horizontal  surface.  The  Sun  would  furnish  to  such 
a  surface  1.413  X  cosine  42V20  =  1.041  calories  per  sq.  cm. 
per  minute.  The  total  from  Sun  and  sky  on  a  horizontal 
surface  is  1.246  calories  per  sq.  cm.  per  minute.  Pro- 
ceeding in  a  similar  way  with  the  other  data  of  Tables  III 
and  V.  we  reach  the  following  result-: 


Table  VII.     Brightness  of  Sun  and  Sky. 


Altitude  of  Sun 

Sun's  brightness  cal.  per  cm.2  per 
min. 

Sun's  brightness  on  horizontal  sur- 
face cal.  per  cm.2  per  min. 

Mean  brightness 
Sky 


Sun 


X  10s.     Normal. 


Mean  brightness  of  sky  on 

horizontal  surfaces 

Skv 

~  X  10s.     Sun  Normal. 

Sun 

Mean  sky  on  normal.     Calories 

per  sq.  degree  X  107,  per 

cm.2  per  min. 
Total  sky  on  horizontal. 

Cal.  per  cm2,  per  min. 
Total  Sun  and  sky  on  horizontal. 

Cal.  per  cm2,  per  min. 


0.533 


0.046 


423 


115 


15° 

25° 

35° 

47^° 

65° 

82^< 

0.900 

1.233 

1.358 

1.413 

1.496 

1.521 

0.233 

0.524 

0.780 

1.041 

1.355 

1.507 

403 


132 


385 


142 


365 


150 


346 


156 


326 


163 


310 


170 


101 

163 

213 

222 

219 

219 

211 

0.056 

0.110 

0.162 

0.189 

0.205 

0.226 

0.240 

0.102 

0.343 

0.686 

0.969 

1.246 

1.581 

1.747 

We  are  now  ready  to  take  up  Prof.  Kapteyn's  problem. 
Imagine  1,000  equally  bright  -tars  of  solar-type  spectrum 
uniformly  distributed  over  the  hemisphere,  and  let  their 
total  brightness  (each  being  observed  on  a  surface  normal 


to  its  beam)  be  one  unit,  of  some  arbitrary  scale,  if  ob- 
served outside  our  atmosphere.  The  relative  brightness 
of  individual  -tars  at  different  altitude-  as  observed  on 
Mount  Wilson,  would  lie  given  by  line  three  of  Table  V 
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Taking  into  accounl  the  relative  areas  of  the  variou 
named  in  Table  V,  as  given  in  line  five  of  the  table,  and 
the  relative  brightness  of  the  individual  stars  as  given  in 

line  three,  we  obtain  the  sun  i    the  brightness  of 

all  the  stars  in  the  several  p.en  in  line  seven, 

iking  the  sum  of  the  numbers  in  this  line 
we  find  thai  the  direct  radiation  of  all  the  -tars  in  the 
hemisphere,  as  observed  at  Mounl  Wilson  (each  being 
ed  on  a  surface  normal  to  its  beam  I,  is  0.600,  \\  hereas 
•  I  outside  the  atmosphere  this  would  be  1. 000. 
The  last  line  of  Table  V  gives  the  mean  brightness  of  the 
direct  light  of  the  stars  per  square  degree  in  the  differenl 
zones,  as  they  would  be  observed  on  Mounl  Wilson.  Near 
the  horizon  the  radiation  is  seen  to  be  only  one-third  as 
bright  as  in  the  zenith,  and.  at  the  brightest,  a  square 
degree  gives  aboul  0.00004  as  much  radiation  as  the  whole 
hemisphere  outside  our  atmosphere.  The  mean  bright- 
ness of  the  direct  radiation  of  the  stars  per  square  degree 
for  the  whole  hemisphere,  at  Mount  Wilson, is  291  X  10~7, 
and  outside  the  atmosphere  it  is  4S5  X  10-7,  in  the  arbi- 
trary units  osen. 

\\  e  come  now  |  red  radiation  of  I  he 

Referring,  in  illustration,  to  Table  VI.  if  the  Sim 

titude,  and  covering   108  X  10-7  hemi- 


spheres, an  equal  area  of  the  sky  in  the  zone  0°  —  10°  of 
altitude  would  furnish  on  the  average  •">()()  X  10  Mimes  as 
much  light  as  the  Sun.  As  the  whole  zone  of  0U  to  10° 
altitude  occupies  0.174  hemispheres,  it-  total  scattered 
radiation,  summed  up  on  a  normal  surface,  would  amount 

it.  17  1  X  500  X  10-8  ,  .    , 

to  1 os  x  1()-7 =  '  t'i»»'s  that  ot    the  Sim   a1 

IT1  2  elevation.  But  now  we  may  substitute  for  the  Sun 
at  altitude  1 7 '■  _.  the  /.one  of  st:u-s  lying  between  10°  and 
altitude,  whose  radiation,  according  to  line  seven 
of  Table  V.  \<  0.1_>'.t_'  time-  the  radiation  of  all  the  stars 
considering  outside  the  atmosphere.  Accordingly, 
the  zone  in  o  to  10°  altitude  would  contain  scattered 
radiation,  coming  originally  from  the  stars  lying  between 

10     m;  inting  in  all  to  0.0806  X  0.1292  =  0.0104 

time-  the  total  radiation  outside  the  atmosphere  of  all 
the  stars  in  the  hemisphere.  In  a  similar  way  we  may 
find  the  contributions  of  scattered  radiation  from  all  the 
other  irs  to  illuminate  the  zone  of  0°  to  10° 

altitude,  and  taking  their  sum  we  obtain  the  total  scatter- 
ed star  radiation  in  that  zone. 

1  In  ■  it  ion  for  all  zones,  and  have 

reached  the  following  results: 


Table  YIII.     Direct  and  Scattered  Star  Radiation. 


Sky  altitude 

liation 

in  zone.   Summed  on  normal 

Number  of  square  degrees. 

-      'Tend  -tar  radiation  ] 
per  square  degree 
2   J    Direct  star  radiation 
square  degree. 
Total  -tar  radiation 
per  square  degree         J 


0-10° 


10° -20°       20° -30°       30° -40°      40° -55° 


75 


75° -90° 


0.0422 

0.0319 

0.0242 

0.0257 

0.0184 

0.0037 

3590 

3470 

3260 

2950 

3630 

3030 

700 

158 

122 

98 

82 

71 

67 

53 

134 

227 

311 

342 

356 

378 

384 

292 

349 

409 

424 

427 

445 

437 

If  we  take  the  sum  of  the  numbers  in  line  two  of  Table 
VIII,  we  find  the  total  scattered  -tar  radiation  of  the  whole 
hemisphere,  as  seen  from  Mount  Wilson,  and  summed  up 
everywhere  on  a  surface  normal  to  the  line  ,,f  sight.  This 
i-  ()."2<)_'7  time-  the  total  radiation  of  the  -tars  outside  the 
atmosphere,  similarly  summed  up.  Hence  the  average 
red  radiation  per  square  degree  is  98  <  10  7.  This 
i-  the  same  that  prevails  in  the  zone  of  20  to  30°  altitude. 
red  star  radiation  exceeds  the  direct  in  intensity 
for  the  zone  0°  to  10°  in  altitude.  bu1  i-  only  one— eventh 
a-  intense  as  the  direct  at  the  zenith.  The  total  star 
radiation,  direct  and  scattered  combined,  is  almost  of 
equal  intensity  all  the  way  from  20°  to  90°  of  elevation: 
hut  is  only  about  0.7  as  intense  as  at  these  high  altitudes 
in   the    zone   0°  -  10".     Observations    by    Yvn:\i 

have  shown  that  in  fact  the  sky  at  night  U  brighter 


near  tin'  horizon  than  at  high  altitudes.  This  apparent 
contradiction  of  my  computations  is  not  surprising,  for 
it  has  been  concluded  by  Yntema  and  others  that  the  sky 
is  illuminated  largely  at  night  by  some  terrestrial  source, 
as  well  as  by  the  stars. 

It  will  doubtless  be  regretted  by  some  that  the  figures 
given  in  this  paper  relate  to  the  total  radiation,  and  not 
to  visible  or  photographic  rays  alone.  I  believe,  how- 
ever, that  the  results  obtained  will  not  differ  much  from 
what  would  have  been  found  for  homogeneous  light  at, 
wave  length  5,000  Angstroms. 

Si  MM  \|(V. 

In  this  paper  I  have  given  the  results  of  bolometric 
measurement  otaJ  radiation  of  the  Sun  and  the 
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sky  by  day  as  observed  on  Mount   Wilson,   California, 
altitude  1,730  meters,  on  September  22  and  24th.  1913. 

Table  I  gives  an  illustration  of  a  group  of  measure- 
ments. Table  II  gives  a  preliminary  reduction  of  the 
measurements  made  at  different  parts  of  the  sky.  In 
Table  III,  the  average  radiation  of  zones  of  the  sky  of 
different  altitudes  is  compared  with  the  radiation  of  the 
Sun,  for  different  altitudes.  In  this  Table,  two  set-  i  , 
figures  are  given  for  the  brightness  of  the  zone  which  in- 
cludes the  Sun,  one  set  uncorrected  for  the  extreme  bright- 
ness immediately  surrounding  the  Sun,  the  other  set  cor- 
rected for  this.  Table  IV  contains  a  series  of  measure- 
ments of  the  sky  very  near  the  Sun.  showing  the  relative 
quantities  of  radiation  received  from  the  sky  and  the  Sun 
when  the  latter  is  at  an  altitude  of  24°.  The  ratios  give 
the  brightness  of  the  sky  as  actually  observed,  and  also 
the  excessive  brightness  which  it  was  found  to  have  over 
that  which  had  been  assumed  had  no  measurements  been 
made  very  close  up  to  the  Sun  itself.  Table  A"  gives  the 
intensity  of  the  Sun's  radiation  in  calories  per  square 
centimeter  per  minute  for  different  altitudes  above  the 
horizon;  also  the  ratio  of  the  Sun's  radiation  at  these 
altitudes  to  what  would  have  been  found  outside  the 
atmosphere  altogether.  The  values  are  further  reduced 
for  use  in  the  latter  part  of  the  paper.  In  Table  VI  is 
collected  the  information  relating  to  the  brightness  of  the 
sky  in  different  zones  as  compared  with  the  Sun  when  the 


Sun's  altitude  i-  IT1-/  above  the  horizon.  The  table  is 
given  in  illustration  of  the  method  of  weighting  the  bright- 
ness ratios  in  connection  with  the  area  of  the  sky  which 
they  may  be  taken  to  represent.  In  Table  VII  a  summary 
is  given  of  the  average  and  total  brightness  of  the  sky  in 
terms  of  the  brightness  of  the  Sun  for  different  altitudes 
of  the  Sun  from  the  horizon  to  the  zenith. 

In  the  hitter  part  of  the  paper  the  data  which  has  been 
collected  in  regard  to  the  relative  brightness  of  the  Sun 
and  the  sky  is  used  to  compute  the  proportion  of  light 
from  the  stars  which  is  received  directly  by  the  observer 
to  that  which  is  received  indirectly  by  scattering  from  the 
atmosphere.  This  information  is  collected  together  in 
Table  VIII,  which  gives  the  scattered  star  radiation  per 
square  degree;  the  direct  star  radiation  per  squo 
and  the  total  star  radiation  per  square  degree,  for  all  zones 
of  the  sky  from  the  horizon  to  the  zenith.  In  these 
applications  of  the  work  to  the  determination  of  star 
radiation,  it  is  assumed  that  the  stars  are  equally  distrib- 
uted over  a  hemisphere;  that  they  are  all  of  the  solar 
type  of  spectrum;  and  that  the  transmission  of  the  atmos- 
phere is  comparable  to  that  which  occurred  on  Mount 
Wilson  on  September  22  and  24,  1913.  The  measure- 
ments relate  also  to  the  total  radiation  of  stars  of  the  solar 
type,  and  not  to  the  photographic  or  the  visual  rays. 
However,  it  is  believed  that  the  results  would  apply 
closely  to  yellow-green  visible  rays. 
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OBSERVATIONS    OF   COMET    1913  c    v 

By  E.  E.   BARNARD. 


NO.  17 


It  is  safe  to  say  thai  a  week  or  two  after  its  actual  dis- 
covery by  photography,  this  object  would  not  have  been 
found  by  the  regular  cornel  seeker,  for  the  absence  of  the 
feeble  nebulosity,  which  a1  first  formed  a  taint  tail  to  the 
nucleus,  would  have  made  it  impossible  to  distinguish  the 
comet  from  the  ordinary  star.  In  the  first  observations 
with  the  40-inch  telescope  it  consisted  of  a  star-like  nucleus 
of  the  ll1 2  magnitude,  from  which  a  feeble  nebulosity 
extended  for  a  couple  of  minutes  to  the  south-east,  thus 
forming  a  faint  tail.  There  was  no  condensation  of  the 
nebulous  matter  about  or  towards  the  nucleus,  which 
seemed  to  lie  in  the  preceding  edge  of  the  comet.  Indeed 
the  nebulosity,  though  an  actual  part  of  the  comet,  did 
not  seem  to  have  any  other  than  accidental  connection 
with  the  nucleus  (.1.  A'.,  4000).  This  nebulosity  soon 
became  faint  ami  disappeared  entirely,  leaving  only  the 
nucleus,  which  was  perfectly  stellar.  That  the  nebulosity 
was  fairly  noticeable  at  the  first  is  evident  from  the  fad 
that  when  guiding  with  the  5-inch  telescope  of  the  Bruce 
photographic  instrument  on  September  10  and  26  the 
comet  looked  like  a  small,  faint,  hazy  spot,  in  whose  pre- 
ceding side  the  nucleus  was  occasionally  visible.  It  was 
mainly  on  the  nebulosity  that  the  guiding  was  done.  On 
the  nights  of  September  8  and  9  the  nebulosity  was  notice- 
able with  the  12-inch  telescope.  The  two  photographs 
made  with  the  Bruce  telescope  show  the  nebulosity  more 
or  less  distinctly.  The  first,  on  September  10,  was  given 
an  exposure  of  lh  31'"  with  a  poor  sky,  and  shows  the  tail 


very  feebly.  The  other,  on  September  26,  a  tine  night 
(when  the  nebulosity  was  much  fainter),  with  4h  20™ 
exposure,  shows  the  nucleus  and  tail  about  as  I  had  seen 
them  with  the  40-inch  telescope. 

On  two  dates  (September  '22  and  October  30.  photo- 
graphs of  the  region  of  the  comet  were  made  with  the 
Bruce  telescope.  The  guiding  was  done  on  a  star.  The 
comet  left  a  strong  trail,  which,  on  each  date,  was  per- 
fectly sharp  and  free  from  nebulosity  and  would,  unques- 
tionably, have  been  taken  for  that  of  an  asteroid.  At  the 
observation  of  the  comet  on  September  23  the  nucleus 
was  compared  in  brightness  with  a  small  star  near  it. 
The  two  uric  equal.  But  the  trail  of  the  comet  on  the 
plate  of  September  22  was  much  stronger  at  any  point 
than  the  image  of  this  same  star.  The  nucleus  must, 
therefore,  have  been  very  much  brighter,  photographic- 
ally, than  the  star. 

Because  of  its  unique  appearance  and  of  the  fact  that 
it  proved  to  be  periodic,  I  have  secured  every  possible 
position  of  this  comet.  The  star-like  appearance  of  the 
nucleus,  and  the  absence  of  nebulosity  after  the  first 
few  observations,  made  it  impossible  to  identify  the 
object  by  its  appearance  alone.  The  very  accurate 
ephemerides  of  Messrs.  Einarsson  and  Nicholson  of 
the  Students'  Observatory,  Berkeley.  California  (which 
were  printed  in  Lick  Observatory  Bulletins,  Nos.  236 
and  245),  have,  therefore,  been  invaluable  in  the 
observation-. 
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1  27.1 

-1  13.7 

-I  9.1 

1  13.4 

+2  29.1 

i  :;  L3.6 

- 1  8.3 

-0  15.3 

)-o  52.4 

4  0  56.8 

-2  21.7 

4-1  20.2 

(-2  19.2 

mi  39.4 

■  ii  12.6 

+  0  4:..S 

-  n  45.3 

-4  18.6 

+0  59.6 

-n  1-l.s 

-0  40.3 

-0  21.9 

-0  4.S 

-3  41.S 

-3  42.7 

+0  50.3 

+0  47.4 


( lomps 


r>        \|.|H 


'_'      I    I    . 

s  7 

.     -  4 

6  6 

5  6 
12  tr.  6 

6  8 
3 

5  10 
5  6 
1  . 
5   10 

3 

5-  8 

st,-.     7 

6-' 8 

5  s 
11-   6 

0 

6  s 
s  5 
9-  8 

10-  5 
5  m 
7-10 
s     5 

L3     7 

3 

8-  9 

10-  6 


2:;  38 
23  38 


7.57 


23  37 

2:;  35 
2:;  33 
23  ;:; 
2:1  :;:; 
23  32 
2:;  32 
23  32 
23  32 


6.08 
44.51 
54.74 
22.91 
22.71 
15.95 
10.90 
10.39 
38.2 


23  37 
23  37 
23  38 
2  i  39 
23  42 


52.97 
54.51 
27.19 
39.91 
35.97 


23  is 

2:;  is 

23  19 

23  55 

23  56 

o  25 

o  25 

0  31 


2S.30 
29.89 
25.32 
27.0 
32.8 
12.97 
17.09 
5.29 


0  32 

i     0  45 

II    15 


31.03 
36.64 

38.11 


SAppt. 


+  7  23  50.1 

+  7  21  3.8 

+  s  ;;  12.7 

s  5s  31.7 

10  21  57.0 

+  10  57  5.4 


|   II 
+  12 


.2  50.5 
6     3.3 


+  12  31.8 

+  12  31.8 

+  15  31    15.3 

+  15  31   39. S 

+  15  38  59.2 

+  15  53  56.5 

+  16  24  20.8 

+  16  24  24.0 

+  17  11   30.7 

+  17  11    42.5 

+  17  is     6.0 

+  17  5S.1 

+  18  4.2 

+  20  20     0.1 

+  20  20  17.2 

+20  45  11.8 

+20  45   10.9 

+  20  51   14.5 

+  21  45  43.9 


Red.  to  Appt. 


+  3.51 
+3.51 

+  3.51 
+3.50 
+  3.50 
+3.48 
:  is 
+  3.46 
+  3.46 
+  3.40 
+3.45 


f.3.35 
+3.35 
+3.35 

+  3.34 
+  3.32 


+  3.30 
+3.30 
+3.29 

+3.28 
+  3.27 
+  3.20 
+  3.20 
+3.20 

+3.25 

+3.27 
+  3.27 


1-22.9 

+  22.9 
+  23.1 
+  23.1 
+  23.7 
+  23.9 

+  24.2 
+  24.3 


+  24.4 
+24.4 

+  26.2 
+26.2 
+26.3 
+  26.5 
+26.7 
+  26.7 
+  27.2 
+27.2 
+27.3 
+27.8 
+27.8 
+  28.9 
+  28.9 
+29.0 
+  29.0 
+  28.9 
+  29.2 


5 
6 
6 

7 
8 
9 
in 
Hi 
11 
12 
12 
13 

i.; 

14 
15 
L6 
17 
18 
18 
19 
20 
21 
22 
23 
24 
24 
25 
25 
26 
27 
27 


Mean 

/'/aces  of  Comparison- Stars. 

* 

a  1913.0 

3  1913.0 

Authority 

1 

2 
3 

4 
5 
6 

7 

8 

9 

10 

11 
12 
L3 

1  ! 
15 
Hi 
17 

IS 
19 

20 
21 

23  47  49.32 
23   15  30.07 
23   15  23.48 
23  39  1S.9H 
23  36   13.22 
23  37   18.04 
23  37     9.34 
2.;  35  17.37 
23  35  55.05 
23  33  38.84 
16.23 
I   13.87 
23  32 

-  37.61 
2;;  36  55. os 

-  27,11 

I  25.43 
2;;   12  L5.23 

-  20  ls 

-  31. SO 
•    10.57 

2::  :5  31.6 

+    1     0  49.5 
+  2  40  35.4 
+   3     9  2S.0 
+  6  40  41.0 
+   7  24   13.1 
+   7  21   54.0 
+  83  58.7 
+   8  59  52.0 
+  10  22     4.2 
LO  53  27.9 
+  11   53    lo.o 
+  12     6  24.3 
+  12  30.5 
+  15  33  10.8 

-  15  29  53.4 
+  15  35  43.7 
+  15  52  50.0 
+  10  23   11.5 
+  17  11  48.8 
+  17   15  33.9 
+  17   10  39.1 

l    1 7    57  s 

Nicolajew  A.<  \.C.  5901 

13  magnitude.     Compared  with  Albany  A.G.C.  8163 
B.D.  +  2    1722.     Compared  with  Albany  A.G.C.  8165 
B.D.  +  6°  5191.     Compared  with  Leipzig  A.G.C.  11751 
Leipzig  A.G.C.  L1728 

10  magnitude.     Compared  with  Leipzig  A.G.C.  11728 
K)  magnitude.     Compared  with  Leipzig  A.G.C.  11751 
in'..  11  magnitude.     Compared  with  Leipzig  A3  I.e.  11709 
Leipzig  A.G.C.  9397 

Leipzig  A.G.C.  9382 

lio  ._,  magnitude.     Compared  with  Leipzig  A.G.C.  9351 

10'  ■>  magnitude.     <  ompared  with  Leipzig  A.G.C.  9354 

121-"".  magnitude.     Compared  with  B.D.  +12°  5009 

12  magnitude.     Compared  with  W.B.  23h  701 

W.P..231'  701 

12  mgnitude.     Compared  with  Star  1  1 

12'  g  magnitude.     <  Compared  with  Berlin  A.G.C.  9070 

11  magnitude,     ('ompared  with   Berlin  A.G.C.  9095 

12  magnitude.     Compared  with  Berlin  A.G.C.  9720 
Berlin  A.G.C.  9720 

11  magnitude.     Compared  with  Berlin  A.G.C.  9720 
11  magnitude.     Compared  with  B.D.  4  17°  5019 
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*                a  1013.0 

5  1913.0 

Authority 

23 
24 
25 
26 
27 

23  56  24.9 
0  25  19.89 
0  31     2.37 
0  32     5.44 
0  45  34.42 

+  18     4.4 
+  20  19  53.1 
+  20  48  24.6 
+  20  49  55.3 
+21  44  27.3 

12  magnitude.     Compared  with  Star  22 

121  2  magnitude.     Compared  with  Berlin  A.G.C.  139 

12  magnitude.     Compared  with  Berlin  A.G.C.  173 
10H  magnitude.     Compared  with  Berlin  A.G.C.   173 

13  magnitude.     Compared  with  Berlin  A.G.C.  248 

Measured  Positions  of  Comparison   Stars. 

(COMP.    STAR KNOWN    STAR). 


Comp. 
Star 

Known  Star 

Jn 

Aa  cos.  <3 

( !omps. 

JS 

Comps. 

2 

Albany  8163 

+0  56.57 

IS  tr. 

+4  45.4 

7 

3 

Albany  8165 

+0  37.67 

+6  43.0 

4 

i  ieipzig  11751 

-0  11.45 

170.01 

5 

+0  37.5 

4 

6 

Leipzig  11728 

+  1   34.82 

14  tr. 

+0  41.5 

4 

7 

Leipzig  1 1  *  -'>4 

-2  55.31 

s  tr. 

+2  38.2 

4 

8 

Leipzig  11709 

+3     2.74 

10  tr. 

-1     8.0 

4 

11 

Leipzig  9351 

+  2  49.39 

14  tr. 

+0  27.7 

9 

12 

Leipzig  9354 

+2  24.82 

12  tr. 

+2  11.4 

4 

13 

B.D.  +  12°  5009 

-1  30.03 

10  tr. 

-0  10.0 

3 

14 

W.  B.  23h  701 

+0  41.93 

8  tr. 
13 

+  3   17.4 

4 

16 

Star  14 

+  0  49.80 

16  tr. 

+  2  32.9 

4 

17 

Berlin  9670 

+ 1     6.97 

16  tr. 

+  1   42.2 

5 

18 

Berlin  9695 

-0  51.98 

16  tr. 

-4     0.1 

4 

19 

Berlin  072(1 

-0  11.38 

L63.08 

6 

-3  45.1 

4 

21 

Berlin  9720 

+0  4-1.71 

24  tr. 

+  1     5.2 

8 

22 

B.  D.  +  17°  5019 

+  0  17.30 

2-17.11 

+  6  59.4 

23 

Star  22 

+  0  53.32 

+  6  40.5 

24 

Berlin  139 

-  1   37.69 

20  tr. 

-1     3.5 

4 

25 

Berlin  173 

-0  17.51 

245.48 

6 

-2  36.5 

6 

2(1 

Berlin  173 

+  0  45.56 

18  tr. 

-1     5.8 

4 

27 

Berlin  248 

+0  54.45 

18  tr. 

+5  11.3 

4 

In  the  above  table,  under  tin-  heads  of  "comps.,"  where 
the  number  of  comparisons  is  omitted,  a  step  star  was 
used.  The  missing  number  of  comparisons  will  lie  found 
with  the  measures  of  the  step  stars.  In  the  case  of  star 
14  a  faint  step  star  was  used,  and  the  Aa  was  partly  tran- 


sits and  partly  direct  measures,  while  in  the  So  measures 

tlic  -lip  star  was  omitted. 

Following  are  the  measures  of  the  intermediate  or  step 
stars  which  were  used  in  some  of  the  observations: 


ciftK  fNov-    4     Aa  +  30*.69  (14  tr) 
a  -  Albany  8165  U       m 


a  —  star  3 


AS  +  2'59".9  (1) 
+  2  59  .9  (5) 
+  2  59    .9 

/Nov.     4Aacos5     04". 25     (4)  =  Aa-0m6s.99     A5-3'42".7 


VDec.   16 


-:;    13   .1 


(4) 

(4) 


-3  43   .0 

The  measures  with  Albany  8165  give  for  the  place  n\  a  I  =  12}^  magnitude) : 
L913.0  a  23h  4.V   10s.49     5  +  3°  5'  45".5 
h  _  BD  +  17°  5019  Nov.  22  Aa  cos  5     265".60  (4)  =  Sa  +  18s.60     AS  +  5' 
b  -  Star  22  Nov.  22  18  .49  (5)  =  -       +     1  .30  -  1 


:.l   .o 


(6) 
(5) 


Ill' 
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From  tin-  comparison  with  (he  HI)  star  we  gel  for  the  position  of  b  I       L3.8  magnitude): 

L913.0  a  23h  hh™  32s.9     5  +  17°  55'.9 
<--Star22     Nov.  23  Aa  +  38».02  (18  tr)     ASH    t'  9".2     (5 
r  -  Star  23     Nov.  23  Aa  cos  ,">  218".16  (5.)  =  Aa  -  158.30     A<5  -  2'  31".3     (5) 
Using  Star  '-,'->  we  have  lor  the  position  of  c        9     10  magnitude),   L913.0  a  23h  -V,-  9*.6     S  +  18°  L'.9. 


By  inadvertance,  a  wrong  star  was  at  first  observed  for 
the  comparison  star  of   September    L3.      This  involved 
other  stars,  all  of  which  were  directly  or  indirectly 
vil  with   Albany  -I.  G.  C,  8165.     Following  arc 
suits: 
Star  1  -Albany8165  Aa=-0'    27s.32    A5=-4'31".6 
Ubanj  8165  -0     L4 .40  -5    48  .6 

:;  -  Albany  8165  0.21  -2    52  .8 

These  give  the  following  positions: 

Star  1  (BD+2°4717)  1913.0    23h  41'"  IS  .Is  +  2°58'  14".0 

1913.0    2:;     H    'M  ,10  +  2  56  :>7   .0 

g.      1913.0    2:!    41     Hi  .1)1  +  2  59  52   .8 

Estimated  Magniti  m>  of  the  Nucleus  of  the  Comet. 


Mag. 

Remarks 

Sept 

9 

Sky  good,  seeing  poor. 

13 

lili.. 

Seeing  bad.     Nearly  full  moon. 

14 

101, 

Seeing  poor.     Full  moon  near. 

2:. 

11 

Skj  clear,  seeing  very  hail. 

27 

IP, 

Seeing  bad. 

30 

12 

Sky  thick. 

Oct. 

■"> 

12 

-ken  with  clouds. 

7 

12.1 

Sky  poor,  seeing  fair. 

11 

12.2 

Sky  broken  with  clouds. 

12 

12.2 

Sky  fair,  seeing  poor. 

1  1 

12'-. 

Faint  from  bad  seeing  and  white  sky. 

2 

i:;.l 

Sky  fair. 

1 

11 

Sky  good,  seeing  good. 

8 

Very  faint.     Nearlj   full  moon. 

i:, 

Very  faint.     Sky  poor  and  moonlit. 

in 

i:;i., 

Very  faint  in  clouds  and  haze.  Seeing  had 

14 

Very  faint. 

14.3 

Faint.     Seeing  very  had. 

Dec. 

ui 

15 

Very  faint  and  difficult.     Sky  poor. 

2H 

15 

Very  faint.     Seeing  very  had. 

21 

15 

Sky  good,  seeing  good. 

30 

Hi 

Very  faint  ami  difficult.  Sky  poor,  seeing 
good. 

The  last  estimate  (16th  magnitudi     maj   be  too  faint, 
because  of  the  poor  condition  of  the  sky. 

A  few  uotes  on  the  visual  appearance  oi  tht    comet  are 
given  or  thi    value  they  may  have  at   future  returns 

of  this  object. 

it      cornel   was  seeD  n  ith  the  12-inch 

telescope.      A  note  says:      "It   was  faint  and  partly  mixed 

up  witli  .me  of  several  small  stars."     On   the  nighl   of 

nber  9  the  come!   was  looked  at  with  the  12-inch 

before  it  was  observed  with  the  40-inch,  and  it  was  again 


found  to  he  "mixed  up  with  a  small  star."  Even  when 
first  observed  with  the  large  telescope,  I  waited  for  the 
comet  to  leave  the  star  so  that  it  could  be  better  observed, 
only  lo  find,  after  waiting,  that  the  "star  "  was  going 
with  the  nebulosity  and  that  it  was  really  the  nucleus  of 
the  comet. 

September  hi  and  14.  No  nebulosity  was  visible  on 
these  dates  because  of  the  presence  of  the  nearly  full  moon 
near  the  place.  The  bright  moon  on  September  23  also 
obliterated  the  nebulosity. 

On  September  24  with  the  12-inch  telescope,  on  a  moon- 
less hut  not  very  clear  sky,  only  a  feeble  nebulosity  was 
seen  with  the  nucleus,  which  was  faint  and  star-like. 

September  25.  Very  feeble  and  diffused  nebulosity 
extended  south  following. 

September  27.  There  were  feeble  traces  of  nebulosity 
south  following  from  the  nucleus,  which  was  perfectly 
star-like. 

September  30.  When  best  seen  only  the  feeblest  traces 
of  nebulosity  were  visible  south  following.     Sky  poor. 

October  5.     No  trace  of  nebulosity.     Sky  poor. 

October  7.  No  trace  of  nebulosity.  Sky  not  very 
transparent. 

In  all  the  succeeding  observations  the  comet  was 
entirely  devoid  of  any  traces  of  nebulosity.  The  nucleus 
was  perfectly  star-like  (as  it  had  always  been  from  the 
first  observations)  and  the  comet  could  only  be  identified 
by  its  motion.  This  stellar  appearance  was  especially 
noticeable  on  November  4,  when  the  observations  were 
on  a  transparent  sky  with  good  seeing. 

The  almost  continuous  cloudy  weather  prevented  any 
effort  to  observe  the  comet  after  December  30. 

From  Lick  Observatory  Bulletin  No.  250,  in  a  comparison 

of  observations  of  the  comet    with  the  orbit    computed   by 

Messrs.  Einarsson  and  Nicholson,  tin-  observation  of 
November  1  is  shown  to  he  discordant  iii  righl  ascension 
l,\  some  5".  I  am  unable  to  account  for  this  discordance. 
I  have  redetermined  the  position  of  the  comparison  star 
from  a  photograph  and  it   agrees  closely  with  the  place 

given  here.  In  the  observations  of  the  comet  there  were 
two  sets  of  A<)  and  one  set  of  Aa.  The  settings  for  the  Aa 
were  checked  tnmediately  after  the  measures  of  the  Aa. 
The  discordance  is  not  large  enough  for  an  error  of  one 
revolution  of  the  micrometer  screw  =  9". 665. 

Having  had  occasion  in  the  early  observations  of  this 
comet  to  refer  to  the  Algiers  Astrographic  charts,  I  found 
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that  there  is  a  large  discordance  where  charts  Nos.  177  and 
178  overlap.  The  error  or  difference  between  these  two 
charts  amounts  to  several  minutes  of  are  in  both  right 
ascension  and  declination. 

In  the  photographic  copies  of  the  BD  charts,  where 
all  known  errors  are  corrected  up  to  1898,  a  star  of  aboul 
the  eighth  magnitude  is  located  in  L855.0  a  23h  42'"  0s 
5  +2°  27'.  This  star  is  not  in  the  BD  catalogue  at  that 
place,  nor  is  it  in  the  sky. 

On  September  9  the  star  Nicolajew  5900  (9"'.0)  was 
compared  with  Nicolajew  5901  (8m.4).  The  observed 
Aa  and  A5  are  discordant  when  compared  with  the  catalog 
places.  The  two  stars  were,  therefore,  brought  up  from 
the  different  catalogs  where  they  could  be  found,  with  the 
following  results. 


W.  B.  23h903 
Munich  32833 


191:;. (I  23  47  39.12 
23  47  38.94 


+  1   1 
+  1   1 


13.3 
9.5 


Kam  4807 
Nicolajew  5900 


23  47  38.79     +11     9.4 
23  47  38.74     +1    1    11.3 


Mean  =     23  47  38.90  4-1  1  10.9 

\Y.  11.  23h907       1913.0  23  47m501)3  +1°0  51.8 

.Munich  32834  23  47  49.31  4-1  0  54.0 

Kam  4808-9  23  47  49.53  +10  51.5 

Nicolajew  5901  23  47  49.32  +1  0  49.5 


Mean 


23  47  49.55     +1  0  51.7 


The  mean  Aa  and  A5  from  these  observations  are: 
Aa  =  0'"  10.65         A5  =  0'  19".2 
My  own  observations  give 

Aa  =  0m  10s.50  (8  tr)         A 5  =  0'  19".5        (4) 

During  the  observations  the  following  two  aebulse  were 
found  and  measured. 


Date 

No. 

da    neb.  — is|e)  i  !omp. 

J,)  [neb.  -*) 

Comp. 

Comp.  star 

1913  Nov.  22 
2:; 

1 
2 

-o"3!96 

+0  5.33 

2 
2 

+3  39.6 
+4  57.9 

2 
3 

BD  +  17  5013 
+  17  5018 

Mean  Places,  etc.,  oi  the  Nebula. 


1855.0 


23  50  4.4 
23  52  5.0 


3  1855.0 


+  17  30.8 
+  17  23.2 


Description 


R,  10"  diam.,  14  mag. 

R,  Yi    diam..  14  mag.   gbM. 


On  November  4,  when  measuring  the  position  of  the 
comparison    star    for    September    14,    BD  +  2°  4719  = 
Yerkes  Observatory,  Williams  Bay,  Wis.,  1914  February  87. 


Albany   8165   was   found  to   be  double, 
measures  have  been  obtained. 

P.A.  Dist. 


1913.844   Nov.    4  181.8 
.'.i'.i7  Dec.  30  180.5 


1.63 
1.61 


8H 


The  following 


1913.920  181.1     1.62    %y2     12.5 

The  W.B.  and  B.D.  stars  given  in  this  paper,  and 
perhaps  some  of  the  other  stars,  should  be  put  on  the 
observing  list  of  some  meridian  circle. 


OBSERVATIONS   OF   COMET   1913  f  (delay am 

MADE    WITH    THE    20-INCH    EQUATORIAL   OF   THE    U.  S.    NAVAL   OBSERVATORY, 

By  H.  E.  BURTON,  Assistant  in  the  Observatory. 
[Communicated  by  Captain  J.  L.  Jayne,  U.S.  Navy,  Superintendent.] 


Date     Wash    M    I 

* 

( lomp. 

An                        Ad 

App.  a 

App.  (5 

logp  A 
a              S 

Red.  to  App.  PI. 

1913                    ll         m        8 

Dei     L8  8  35    17 

1 

25  .  5 

:;'":,sj;7 

+3  15.2 

:;     2  26.93 

-7   19  57.0 

8.886«  0.800 

+4.13 

+  19.1 

19  7  10  56 

2 

25  .  5 

+  1   27.17 

-2  47.7 

3     1  37.21 

-7  14  30.9 

9.358/f  0.793 

+4  10 

+  19.2 

22  7  42  29 

3 

25  .  5 

+  1     6.77 

-6  28.3 

2  .V.i     L.69 

-6  56     8.9 

9.157n  0.795 

+4.07 

+  18.9 

26  8  59  36 

■1 

10  .  2 

+  3  23.70 

+  0   17.5 

2  55    15.66 

-6  29  37.0 

8.676     0.795 

+  4.04 

+  18.6 

27  7  59     4 

5 

25    5 

-0  55.77 

+  2     4.9 

2  55     1.5D 

-6  23     2.8 

8.811rc  0  794 

+4.06 

+  18.5 

29  7  50  26 

6 

30  .  6 

+  1     5.68 

-7  59.5 

2  53  32.35 

-6     8  54.3 

8.801n  0.792 

+  4.04 

+  18.6 

Jan.     5  8     8  12 

7 

25  .  5 

+4  44. 7S 

+  1     4.1 

2  48  50.73 

-5   15  35.4 

8.568     0.785 

+0.94 

+  3.2 

11   7  32  51 

8 

30  .  6 

+0  46.95 

+8  49.5 

2  45  32. tld 

-4  26     3.0 

8.301     0.779 

+0.90 

+  2.9 

18  7  40  55 

9 

25  ,  5 

1  34.1  1 

-Q  47. S 

2  42  29.03 

-3  23  50.1 

8.985     0.770 

+0.81 

+  2.9 

21  7  29  38 

10 

30,6    -1  47.70 

+0  21.6 

2  41  27.34 

-2  56     7.4 

8.998     0.766 

+0.76 

+  2.7 
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Mt  mi    Places  of  thi    Comparison— Stars  for  tht   beginning  of  tht   year. 


a 

2L47 

II 

5.94 

57 

50.85 

52 

L7.92 

55 

53.21 

7  23  31.3 

7    L2  2.1 

16  13.] 

6  25  26.2 


Authority 


\  I  i.Wien-Ottakring  728 
A.G.Wien-Ottakring  696 
A.G.Wien-Ottakring  685 
\.<  ,.\\  ien-Ottakring  662 
A.<  i.Wien-(  (ttakring  677 


a 

ll     II 

s 

2  52 

22.63 

2  4  J 

5.1  II 

2  44 

11.15 

2  47 

2.36 

2  43 

14.28  I 

8 

-6°    1  13.4 

-5  16  42.7 

-4  34  55. 1 

-3  21  5.2 

-2  56  31.7 


Authority 


A..G.Wien-Ottakring  664 
LG.  Strassburg  675 

A.G.  Strassburg  678 
A.G.  Strassburg  684 
A.G.  Strassburg         (171 


N<  ITES. 


Dec.   18.     (  omel  visible  in  5-inch  finder.     Bright  nebulosity.     See- 
Dec.   19.     Cornel  visible  in  5-inch  finder:  not  visible  in  2-inch  finder. 

Fairly  bright  nucleus  surrounded  by  nebulosity 

of  tail  following.     Apparently  not  quite 

as  bright  as  on  Dec    Is 
I  >ec.  22  D         5  and  1  >ec    19,  pi  rha] 

account  of  haze.     Faint  nucleus  and  nebulosity.     No 

tail.     Seeing  fair. 
Dec.  26.     Comet  visible  in  5-inch  finder.     Fairly  bright  nucleus 

surrounded  by  nebulosity.     Brighter  than  on  Dec   22 

No  tail.     Seeing  poor. 

urrounded  by  nebulosity.  Brighter 

apparently  than  on  Dec.  22.  and  Dec  26.     Seei 
Dec.  29.     Comet   visible  in  5-inch   finder.     Fairly  bright   nucleus 

surrounded    by  nebulosity.     Apparently    fainter    than 

on  Dec.  -'7.     Seeing  good 


Jan     11. 


Jan.    21. 


Could  n.n  see  comet  in  5-inch  finder.  Fairly  bright 
nucleus  surrounded  by  faint  nebulosity.  Moonlight. 
Seeing  fair. 

Could  not  distinguish  comet,  in  5-inch  finder.  Faint 
nucleus  surrounded  by  nebulosity.  Moonlight.  See- 
ing g 1 

Comet  visible  in  r,  not  visible  in  2-inch  finder. 

Fairly  bright  nucleus  surrounded  by  faint  nebulosity. 
Seeing  fair.     Sky  a  trifle  hazy. 

Comet  visible  in  5-inch  finder.  Fairly  bright,  nucleus 
surrounded  by  nebulosity.  Seems  to  show  trace  of 
tail  following  as  on  Dec.  19.     Seeing  poor. 


The  brightness  of  the  comet  appeared  to  remain  practically  the 

same  throughout  the  series  of  observations.     Ci it    not    visible  in 

the  --inch  finder  at  any  time. 


OBSERVATIONS    OF    COMET   1911  b   (Kiess), 

MADE    WITH    THE    12-INCH    R]  in:       lRGENTINE    NATIONAL    OBSERVATORY,    'OKDOBA,. 

By  E.  CHAUDET. 


Greenwich  Mean  Time 


Aug.  22 
22 
22 
22 
23 
2:5 
23 
23 
21 
21 
24 
24 
25 
25 
25 
25 
25 
25 
25 
26 
26 
26 
26 


is  ;,1 

L9  L3 

L9  37 

20  22 

15  I '.I 

15  38 

is  51 

19  7 

Hi  17 

17  5 

17  43 

is  1(1 

1:1  51 

I  1  5 

II  11 
it;  is 

16  58 
is  31 

19  1 
1  1  52 
L9  21 

20  37 


7 

56 
:,:; 
:,1 
31 
39 

5 
L5 

11 
is 

6 

58 
39       9 

2  11 
L5  9 
5s  111 
17  10 
23  1 1 
23  1 1 
58  12 
is  13 
39  13 
29     11 


No.  of 
Comp. 


App.  a 


App.  <? 


-0  30.98 
-11  31.58 

-1 
-0 

12.11 
16.05 

-0 

+0 

12.30 
13.23 

-0 
-0 

23.15 
55.18 

-0 

+0 

37.85 

15.71 

+0 

3  si 

-(i     2.57 


+  7 

11    is, 7 
|-2  33.4 

f-  1   in.  11 
|  1    15.:; 

+  1 
-0 

32.7 

1  l   1 

+  1 

10.1 

+3  57.0 
5    17.1 

-1 

57.] 

h 

'" 

S 

21 
21 

28 
28 

55.72 
23.67 

2] 
20 

3 
59 

17.72 
30.82 

20 
20 

35 
35 

46.68 
9.03 

20 
20 

L6 
16 

37.56 
5.53 

20 
20 

l  1 
L2 

10.37 
52.38 

10 

54 

L8.37 

19 

53 

28.78 

52     1  34.2 


-52     7    12,1 
52  36  38.1 


52  39    17.2 
52  46  19.2 


52   16     1.2 
52  38     9.3 


52  36  29.4 


52  :il  25.9 
52   17     7.1 


-52   12      1.2 


log.  /«J 


9.811 
9.843 


8.932 
9.83] 


9.682 
9.769 


8.748k 


9.726 
9.869 


9.910 

9.904 


0.082 


9.897« 

0.505 


9.462 
0.376 


9.956 
0.501 


0.380 


9.943?? 
0.474 


0.384fl 


Red.  to  App.  PI. 


+  4.57 
{-4.5S 


+  4.61 
+4.61 


+4.56 

+  4.56 


+  4.46 
+4.46 


+4.46 
+4.45 


+4.30 
+4.29 


+5.9 


+  5.7 
+  2.6 


+  2.1 
-1.0 


-1.1 
-3.4 


3.6 


-3.9 
-5.7 


-6.1 
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Greenwich  Mean  Time 

* 
No. 

No.  oi 

Comp. 

da 

AS 

App.  a 

App.  S 

log  p  A 
a              3 

Red.  to  App.  PI. 

a               d 

1911                        ll       m       8 

Aug.  27  17  26  38 
27  17  56  46 
27   Id     4     9 
27  19  46  43 

15 
15 
16 
16 

5 

10 

5 

9 

-0  27.s_> 
+0  30.22 

+  1   52.2 
+  1  56.4 

h        m       8 

-:,1    17  36.5 

....   1-9.531 
9.867  |    .... 
9.904 

....    1  0.398u 

s 

+4.18 
+4.16 

-7.6 
-7.8 

19  40  12.71 
19  39  33.25 

-51  44  49.3 

Mean  Places  for  1911.0  of  the  Comparison   Stars 


;ol 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 


21  29 
21  28 
21  27 
21  4 
21  5 
20  59 
20  35 
20  34 
20  16 
20  14 
20  12 
19  57 
19  54 
19  53 
19  40 
19  38 


22.13 
50.67 
50 

25.52 
3.66 
42.26 
54.42 
51.24 
56.25 
43.76 
32.22 
26 

10.23 
21.92 
36.35 
58.87 


52  11  59.4 

-52  13  13.0 

-52  6  59.4 

-52  39  14.1 

-52  42  9.5 

-52  13  59.9 

-52  IS  3.5 

-52  47  32.8 

-52  37  51.:. 

-52  37  44.9 

-52  38  19.0 

-52  11  14.0 

-52  10  1.0 
-52  4  21.6 

-51  49  21.1 
-51  46  37.9 


Authority 


Mag.  9  ;j.  Micrometer  <  !omparison  with  Star  No.  2 

8  Argentine  General  Catalogue  No.  29.515 

Mag.  9.6.  [< I.P.D.  -52°  No.  L1891  Mag.  9.6]  mic.  Comp.  with  Star  No.  2 

Mag.  L0.  Micrometer  Comparison  with  Star  No.  5 

Mag.  71  i-  General  Argentine  Catalogue  No.  29016 

Mag.  8?|.  Genera]    Argentine  Catalogue  No.  28874 

Mag.  9.0.  Zone  Catalogue  Cordoba  [20h  No.  1100] 

,.  ijgentine  General  Catalogue  No.  28296 

Mag.  9.7.  [C.P.D.  —  52c  No.  11679  Mag.  10.2]  Corboda  meridian  observ. 
Mag.  in1...  [C.P.D.-520  No.  11073  Mag.  10.0]  mic.  com.  with  Stars  9  and  11 

Mag.  9.8.  [C.P.D.— 52°  No.  11664  Mag.  9.7]  Cordoba  meridian  observ. 

Mag.  0.7.  [C.P.D.— 52°  No.  11610  Mag.  9.6]  Corcoba  meridian  observ. 

Mag.  11.  Micrometer  Comparisons  with  Star  No.  14 

Mag.  9.4.  [C.P.D.  — 52°  No.  11598]  Cordoba  meridian  observations 

Mag.  0.7.  IC.P.D.-510  No.  11340  Mag.  9.2]  ( !ordoba  meridian  observ. 

Mag.  9.8.  [C.P.D.-51°  No.  13331  Mag.  9.0]  micrometer  comp.  with  star  15 


NOTKS 


1911 

Aug.  22. 


Comet  pretty  bright  in  the  finder  (about  4th  magnitude) 
but  very  faint  with  the  12-inch.  Almost  round,  about 
15'  in  diameter,  more  condensed  in  the  middle.  Atmos- 
pheric conditions  bad. 

24.  At  13h  55m  Greenwich  M.  T.  the  comet  was  still  moving 
southwards.  Comet  appeared  in  the  finder  to  be  of 
4.5  magnitude,  but  very  faint  in  the  main  telescope. 
Nucleus  comparable  to  a  101  ■<  magnitude  star.  <  iomet 
about  l-V  in  diameter  in  the  finder.  Seeing  not  very 
good. 


1911 

Aug. 


Comet  about  5J4-6th  magnitude  (in  the  finder),  nucleus 
KPj-lllh  magnitude.  Comet  in  the  finder  about  15; 
in  diameter.  Sky  good  for  the  first  observation,  not 
so  favorable  for  the  others. 

26.  Comet    is    getting    fainter.     For    the    last    observation 

measures  in  declination   impossible.     Comet  invisible. 

27.  Comet  very  faint,  probably  9-10th  magnitude.     For  the 

last  observation  measures  almost  impossible,  comet  being 
too  near  horizon. 
All  the  \'  arc  direct  measures. 


ON   THE   SECULAR 


In  the  Transactions  of  the  Royal  Society  of  Smith  Africa, 
Vol.  II,  1912,  I  showed  that  the  relations  given  by  J  \>  obi 
in  his  celebrated  paper  on  the  Elimination  of  the  Nodes 
in  the  problem  of  three  Bodies  wore  closely  fulfilled  in  the 
case  of  the  Sim,  Jupiter  and  Saturn,  namely 

Jupili  r 

e  A  e     =      —  0.405  , ,  A  > , 
A  i     =     +  0.405  A  h 

in  which  e  represents  the  eccentricity  and  A<  its  instan- 
taneous secular  variation  and  A/  the  instantaneous  secular 
variation  of  the  inclination  to  the  invariable  plane  of  the 
system. 


VARIATIONS   OF   JUPITER  AND    SATURN, 

By  R.  T.  A.  INNES. 

In  your  Journal  Nos.  656-657,  Dr.  G.  W.  Hill  has  a 

paper  upon  the  Secular  Perturbations  of  the  Four  Outer 
Planets,  and  it  is  natural  to  see  how  the  figures  he  gives 
conform  to  the  ideal  case.  Dealing  firstly  with  the  eccen- 
tricities, 11  will  l>e  sufficient  if  three  dates  only  are  used, 
viz.,  1000  the  mean,  and  1000  and  2800  the  means  of  the 
extreme  dates.  Then  taking  one  century  as  the  instan- 
taneous unit,  we  have  (from  Dr.  Hill,  A  J.,  656,  pp.  68- 
69). 


Date 

A. 

A.  , 

1(11  III 

+0.00017098 

-0.00033066 

1900 

L6424 

34582 

2800 

L5642 

35970 

Ill 
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w 1 1 i  1  r- 1  if  we  compute  A<  from  [9.60769]        Ao  ,  we  have 

e 


Date 

s< 

Hll  Ml 

+0.0001686 

L900 

L620 

281 H  i 

L543 

Tin'  discrepancy  is  of  the  order  of  1  to  2%. 

Passing  to  the  inclinations,  the  particular  ease  asserts 
thai  the  inclination-  tn  the  invariable  plane  increase  or 
ise  together  ami.  if  we  consider  nearly  circular  orbits, 
this  is  easily  seen  to  be  tine  from  first  principles,  [f, 
however,  we  turn  to  page  62  of  Dr.  Hill's  work,  we  see 
that  the  inclination  of  Jupiter's  orbital  plane  is  diminish- 
ingwhilsl  thai  of  Saturn  is  increasing.  The  contradiction 
is  only  apparent  because  Dr.  Hill  has  referred  the  planets 
not  to  their  own  plane  of  greatest  moments,  but  to  the 
invariable  plane  of  the  four  outer  planets.  Taking  Dr. 
Hill's  figures,  I  find  the  mutual  inclination  of  the  planes 
of  Jupiter  ami  Saturn,  ami  their  inclinations  to  their 
own  plane  of  greatesl  moments  to  he 

Mutual   Inclination  c  .-, 


whilst  0.405  A/,  skives  -4".l  instead  of  -3".4.  But  a 
more  direct  way  of  making  the  comparison  is  afforded  by 
Dr.  Hill's  table  of  the  positions  of  the  planes  with  re- 
spect to  another  fixed  plane  on  page  61.  Thus  the  varia- 
t ions  for  Saturn  are 

+  2L10S7  T     -0^21351  T2     -0.000652  T3 
+  33.2538  T     +0.16374  T-     -0.000851  T' 

Those  for  Jupiter  should  he  given  by  multiplying  by 
—  0.-10.").  This  is  done  in  the  following  lilies,  Dr.  Hill's 
figures  being  given  immediately  below: 


-  9.76  T  +0.0864  T2 

-  9.50  +0.0862 
-13.46  -0.0663 

-13.00  -0.0667 


+0.000264  T3 

+  0.01)0244 
+0.000345 
+0.000321 


'.too 

1    15  25.66 

21  44.1 

53  41.6 

1000 

1    L5  20.57 

21    42.0 

53  38.6 

2 1 

1    15    12.11 

21   40.7 

53  31.4 

or  tin-  total  change  of    i  =  —  3". 4  and  of  /,  =   —  L0".2 


(-0.405) 
(Hill,  p.  61) 
(-0.405) 
(Hill.  p.  61). 

The  discrepancies  are  of  the  same  order  as  for  the  eccentri- 
cities.    Jacobi  shows  that  the  equations  are  rigorous  in 

his  ideal  case,  1'ut  Laplace  had  previously  shown  that 
approximate  relations  hold  with  all  inequalities  of  long 
period  (see  Bowditch's  translation.  Vol.  Ill,  p.  318.  etc.) 

NOTE. 
Misprints  in  Dr.  Hill's  paper  p.  62. 
Fourth  line  for  3  48  23.30  read  32.20. 
Fourth  line  for  3  48  10.0S7  read  10.097. 

Johanru  iburg,   l'.'l  I,  January  15. 


OBSERVATIONS   OF    (624)    HECTOR, 

\I  IDE    WITH    llll:   26-INCH    EQUATORIAL  OF  THE  TJ.  S.  NA\   U.  OBSER'N  ATORY. 

By  H.  E.  BURTON.  Assistant  in  the  Observatory. 
|(  iommunicated  by  ( iaptain  J.  I,.  Jayne,  U.  S.  Navy.  Superintendent]. 


Date  Wash.  M.T. 

* 

Comp. 

Ja 

Jo 

App.  a 

App.  3 

logp  A 
a               3 

Red.  to  App.  PI. 

h      m      a 

Aug.  25   12  58  51 

1 

30  ,  10 

l"  35*47 

+  1    11.2 

22  41  31.59 

-10  30  21.1 

8.822     0.822 

+  3.57     +17.8 

31    11    H  22 

2 

30  ,  10 

+0   10.07 

-3   10.8 

22  38  18.57 

-10  38   13.9 

8.482«  0.824 

+  3.66     +17.6 

Sept.    5    11    50     3 

:; 

30  .  lo 

-  1    12.58 

-4   14.8 

22  35  36.11 

10  44  31.5 

8.427     0.825 

+  3.67     +17.7 

9  10   16  53 

4 

30  .  Mi 

+  1   22.21 

-5     5.2 

22  33  29.45 

-  10  49  10.3 

8.815?i  0.824 

+  3.71     +17.4 

25   10  is  50 

5     30  .  10 

-0  24.84 

+4  23.4 

22  25    11.. 55 

-11     2  44.2 

8.328     0.827 

+  3.71     +16.7 

Oct.     3  10  55  49 

6    30,    6 

:;  i:;.'mi 

-2  13.1 

22  22  28.73 

-11     5  23.5 

9.214     0.821 

+  3.65     +16.4 

Mean  Places  of  Comparison- Stars  for  1913.0. 


*    j            a 

S 

Authority 

* 

a 

S 

Authority 

i    22*  !.;"  .;  i" 

2  22  :',7  25  2  1 

3  22  37  15.02 

-10°  31  50'.1 
-10  34  50.7 
-10  10  34.4 

A.G.  Camb.  U.S.  8020 
A.G.  Camb.  U.S.  7999 
AC.  Camb.  U.S.  7998 

4 
5 
6 

22h32m  3.53 
22  26     2.68 
22  25  38.98 

- 10  44  22.5 
-11     7  24.3 
-11     3  26.8 

i.G.  Camb.  U.S.  7974 

American  Kphemerls. 
a  Aquarii 

A.G.  Camb.  U.S.  7946 
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PRELIMINARY  RESULTS  OF  A   SEARCH  FOR   PARALLELISM  IN   THE  ORBIT- 
PLANES   OF   BINARY   STARS, 

By  J.  M.  POOR. 


The  problem  of  the  parallelism  of  orbits  of  double 
stars  to  some  particular  plane  has  interested  a 
number  of  investigators,  particularly  Everett,  See. 
Doberck,  Lewis  and  Turner,  and  Bohi.ix.  whose 
studies  have  been  based  on  the  elements  of  the  most 
accurately  determined  orbits.  Miss  Everett  (.1/.  AT., 
Vol.  56),  from  her  results  concludes  that  "  it  does  not 
seem  that  any  decided  tendency  on  the  part  of  the  poles 
of  the  orbits  to  favor  any  special  region  of  the  sphere  can 
reasonably  be  deduced."  See  (Evolution  of  Stellar 
Systems,  Vol.  I)  concludes  "that  the  orbits  are  not 
directly  related  to  the  Milky  Way  or  any  other  funda- 
mental plane  of  the  heavens,"  and  further  that  "  even 
if  confined  originally  to  one.plane  the  parallelism  would 
have  been  disturbed  by  the  action  of  foreign  bodies  dur- 
ing the  ago  required  for  the  development  of  the  visible 
universe."  Doberck  (A.N.,  3519)  says.  "I  have  for 
years  past  endeavored  to  find  a  law  regulating  the  planes 
of  the  orbits,  but  have  failed  to  do  so.  possibly  because 
the  orbits  are  distributed  with  reference  to  several  differenl 
rules."  Again  (.1.  A".,  4291 ),  he  concludes  that  "the  poles 
do  not  lie  along  the  galaxy  nor  near  the  pole  of  the  ecliptic. 
It  appears  to  be  more  probable  that  they  lie  along  the 
ecliptic  than  that  they  lie  near  the  pole  of  the  galaxy." 
Lewis  and  Turner  (M.N.,  Vol.  67)  find  "that  orbits 
nearly  at  right-angles  to  the  line  of  sight  seem  to  avoid 
the  galactic  poles."  On  the  whole  (Olsy.,  .lime,  1908), 
they  concluded  that  the  evidence  favors  a  grouping  of 
poles  near  the  Milky  Way.  Bohlin,  on  the  contrary 
(.1.  .V.,  4213),  finds  that  the  poles  show  a  tendency  to 
group  themselves  about  two  points:  one  near  the  pole 
of  the  galaxy  and  a  second  near  the  pole  of  the  ecliptic 
and  the  apex  of  the  Sun's  way. 

A  solution  of  the  problem  based  on  the  elements  of 
known  orbits  presents  difficulties  because  trustworthy 
orbits  are  few,  and  because  to  every  real  pole  there  cor- 
responds a  spurious  pole.  In  two  cases  that  of  {('(inert 
and    that  of   42  Coma  (Doberck    he.  cit.),  the   real  and 


spurious    poles    are    so    near    together    that    no    practical 
difficulty   exists,    ami   in   the   case   of   Sirius,   Campbell 

1  roph.  Jour.,  Vol.  21)  finds  the  inclination  of  the  orbit 
to  be  positive  so  that  the  spurious  pole  disappears. 

At  the  meeting  of  the  Astronomical  and  Astrophysical 
Society  of  America,  held  in  Cleveland  in  December.  1912. 
the  writer  submitted  a  preliminary  statement  outlining 
a  statistical  method  of  investigating  tin'  parellelism  of 
orbit-planes  of  binary  stars  to  any  particular  plane  in 
space.  It  was  pointed  out  that  wen'  the  orbit-planes  of 
binary  stars  parallel,  then  because  the  apparent  orbits 
of  those  situated  on  the  great  circle  parallel  to  their  orbit 
planes  would  be  straight  lines,  while  at  the  poles  of  this 
great  circle  the  apparent  orbits  would  he  ellipses,  the 
parallelism  would  show  itself  in  a  statistical  study  as 
a  variation  in  correlation  between  position  angle  and 
distance  of  doubles  in  different  parts  of  the  sky. 

\-  this  problem  of  correlation  is  more  easily  solved  in 
rectangular  than  in  polar  coordinates,  position  angle 
and  distance  may  he  replaced  by  rectangular  coordinates 
x  =  r  sin  P  and  y  =  r  cos  I',  and  the  problem  reduced 
to  that  of  finding  the  correlation  between  x  and  y  for  all 
binary  stars  within  a  particular,  limited  part  of  the  sky, 
and  for  every  such  part  in  the  same  manner,  and  finally 
making  a  study  of  the  distribution  of  correlation  co- 
efficients on  the  celestial  sphere.  If  parallelism  to  any 
circle  exists  it  would  be  indicated  by  large  values  of  the 
coefficient  of  correlation  along  this  circle,  except  at  points 
where  the  circle  is  nearly  parallel  to  the  x  or  y-  axis  of 
the  particular  square,  and  smaller  values  as  one  approaches 
its  poles  where  the  correlation  coefficient  would  become 
zero.  Further  the  major  axes  of  the  ellipses  of  equal 
frequency  would  lie  parallel  to  the  great  circle  in  question. 
While  the  presence  of  optical  doubles  in  the  material 
studied  might  obscure,  it  was  hoped  that  because  of  their 
chance  distribution  they  might  not  entirely  conceal  the 
correlation  between  x  and  y  in  the  cast-  of  physical  bi- 
naries, if  such  correlation  e\i>t>. 

(145) 
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As  a  lirst  step  in  undertaking  this  problem  a  card  cata- 
logue belonging  to  the  Lund  Observatory  of  :ill  double 
stars  in  Buhnham's  "General  Catalogue,"  Vol.  I,  made 
ind  under  the  direction  of  the  writer  .-it  the  sug- 
n  of  Professor  Charlier  for  another  purpose,  was 
more  fully  developed.  New  doubles  published  by  both 
I'.-iMN  and  Aitken  previous  to  L913  and  Scheiner's  list 
from  the  Astrographic  Catalogue  (Potsdam,  Pub.,  Nr.  59), 
«rere  added.  Each  rani  contained  the  catalogue  number, 
right  ascension,  declination,  magnitudes,  position  angle 
and  distance  of  the  double,  and  any  other  information 
likely  to  be  of  use.  Observations  and  notes  contained 
in  Buhnham's  catalogue,  Vol.  11,  were  added  whenever 
such  additions  seemed  desirable.  Upon  completion  of 
this  ca1  ilogui  the  cards  were  separated  into  groups,  each 
group  including  the  stars  in  one  of  ('haulier's  forty- 
eighl  so-called  "squares,"  described  in  Medd.  f.  Lunds 
.  Obs.,  S.  II.  Nr.  S.  The  limits  of  the  squares  in 
declination  are  as  follows: 


A  squares,  from  +90c 


+  66 
+  30 
0 
-30 
-66 


to  +66° 

26'.6  "    +30 

0 

•'    -30 

"    -66 

26'.6  "    -90 


26'.6 


26'.6 


The  following  table  gives  the  limits  in  right   ascension: 
from      Oh.O     to 


A, 
\ 

B, 
B. 
B3 
B4 
B5 
B6 
B, 

B, 

B 

I 

1 
C 

< 

i 
I 

c 

1 


and  Fi 
"     F, 

and    l'li  from 

'•      K,  " 

E3 

"     E4  " 

"     E5  " 

"     E6  " 

"     E7  - 

Es 

"     E,  " 

it        T7  it 


Oh.O 

12  . 

Oh.O 

2  .4 

4  .8 

7  .2 

9  .6 

12  .0 

14  .4 

16  .8 

19  .2 

21  .6 


to 


and   D, 

D 

I' 

"     1), 

1» 

"     1), 

"  I); 
]». 
!), 

"     D10 
"     Dn 

"        D,2 


from      i'1'. 

"  2. 

1. 

6. 

8. 

10. 

12. 

14. 

16. 

is. 

20. 

22. 


to 


121'. 
24 

2h.4 

4  .8 

7  .2 

9  .6 

12  .0 

14  .4 

16  .8 

1'.)  .2 

21  .6 

24  .11 

1. 
6. 

8. 
10. 
12. 
14. 

Hi. 
is. 

20. 

22. 

24. 


The  material  studied  is  limited  to  thirty-six  of  the  forty- 
eight  squares,  those  lettered  A.  B,  C,  and  D.  the  region 
completely  covered  by  Burnham's  catalogue. 


To  convert  polar  into  rectangular  coordinates  the  cards 
for  a  given  square  were  arranged  in  order  of  increasing 
position  angle  and  the  quantities  X  =  /sin  /'  and  y  = 
r  cos  /'.  found  by  the  aid  of  Gxjrden's  "Traverse  Tables," 

were  entered  upon  each  card,  except  in  the  case  of  the  A 
squares  at  the  poles  of  rotation  where,  owing  lo  the  rapid 
convergence  of  the  meridians,  the  position  angle  was  cor- 
rected by  means  of  tables  computed  for  the  purpose,  so 
that  x  is  measured  along  a  system  of  "meridian-."  passing 
through  the  equinoxes  and  y  is  measured  perpendicularly 
to  these  circles.  The  information  thus  entered  upon  the 
cards  constituted  the  material  from  which  the  correlation 
between  x  and  y  could  be  found. 

Experiment  soon  showed  that  some  precepts  for  select- 
ing the  doubles  to  be  studied  must  be  laid  down.  Those 
finally  adopted,  put  in  the  form  of  precepts  for  rejecting 
a  pair  were  as  follows: 

(1)  Doubles  for  which  information  was  not  sufficient 
for  the  purpose  or  appeared  to  be  insufficiently 
accurate  (e.  g.  Herschel's  doubles  for  which  no 
recent  observations  were  found)  were  rejected. 

(2)  All  cases  of  doubles  probably  optical  as  determined 
from  proper  motion  were  rejected. 

(3)  Measures  of  multiple  stars  in  the  nature  of  the 
triangulation  of  a  field  were  rejected.  (e.  g.  6 
Or  ion  is). 

(4)  In  case  the  brighter  component  of  a  pair  was  of  the 
tenth  magnitude  it  was  excluded  if  its  companion 
was  as  faint  as  the  eleventh  magnitude,  and  all 
cases  in  which  the  brighter  star  was  fainter  than  the 
tenth  magnitude  were  rejected.  This  in  fact  ex- 
cludes but  few  pairs. 

(5)  All  doubles  separated  by  more  than  100"  were 
finally  rejected  because  it  was  found  that  for  a  given 
square  such  measures  were  in  general  scattering. 
As  the  work  neared  the  end  it  became  apparent  that 
(5)  was  not  sufficiently  elastic.  Its  application 
was,  however,  continued  for  the  sake  of  uniformity 
of  treatment. 

The  question  as  to  whether  optical  doubles  were  still 
to  be  found  in  the  material  selected  in  accordance  with 
the  above  rules  still  remained,  and  after  some  preliminary 
computations  it  was  decided  to  restrict  the  material  used 
in  the  investigation  in  such  way  as  to  include  only  a 
limited  number  of  probable  optical  doubles.  Any  method 
of  selection  would  be  open  to  question,  but  the  following 
was  finally  employed: 

We  have  (Andre,  "Traite  d'Astronomie  Stellaire," 
deuxieme  partie,  p.   7),  the  familiar  formula 


N  (N-l) 
8 


sin'-l"X/J- 


for  the  probable  number  of  optical  pairs  within  the  dis- 
tance ii  among  A"  stars  scattered  at  random  over  the  en- 
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tire  sphere.  If  we  confine  ourselves  to  a  single  square, 
this  becomes  with  sufficient  accuracy 
v  =  6  sin2  1"  XiS-X- 
If  we  put  .V  =  a  (1)  +  a  (2)  *  *  *  +a  (in), 
where  a  (m)  is  the  number  of  stars  of  magnitude  m 
in  a  given  square,  we  have  an  expression  which  on  de- 
velopment, consists  of  terms  of  two  kinds;  one  involving 
second  powers  and  the  other  the  products  of  the  quantities 
a  (in). 

These  terms  have  the  following  forms 

v  =  6  sin2  1".  /32.  a2  (m)  and 
v"  =  12  sin2  1".  (32.  a  (m)  a  (m') 
The  first  expression  gives  the  probable  number  of  optical 
doubles  in  a  given  square  among  stars  of  magnitude  m  . 
whose  separation  is  less  than  p  and  the  second  gives  the 
probable  number  of  optical  doubles  in  a  given  square 
within  the  same  limits  of  separation,  one  of  whose  compo- 
nents is  of  magnitude  ///  and  the  other  of  magnitude  m'  . 
If,  in  this  expression,  we  substitute  for  a  (m)  and  n  (m') 
their  equivalents,  as  found  by  Charlier  (Ioc.  cit.  p.  32) 
JV  (i»  -m0)2 


a(m)  = 


we  have 


and 


i —  e            2A-2 

k  V2tt             "k 

3  sin2 1"  N-   „„      (m-m0) 

,         fc2  **         k* 

6  sin2  1"  N-    „.,       (m  —  m0) 

2+(m' 

—  mo2) 

T"2  /3  e    " 

7T                 K 

2fc2 

For  the  regions  studied  by  Charlier  he  found  k  nearly 
constant,  its  mean  value  being  3.038.  Therefore,  reducing 
the  expressions  to  numbers  and  solving  for   (3,  we  have 

log  3  =  5.854  -  log  N  +  0.0235  (m  -  m0)2  +  log  s/7  and 
log  0  =  5.870  -  log  .V  +  0.0118  [(in  -  w0)2  +  O'  -  m0)2] 

+  log  VV 
If  we  put  /  and  v"  equal  to  unity,  we  have  expressions 
which  give  the  value  of  /3  corresponding  to  a  single  optical 
pair  in  the  particular  case  when  we  know  A"  and  in».  The 
resulting  values  of  IS  have  the  convenience  that  they  ran 
be  easily  modified  if  it  is  desired  to  admit  z  optical  doubles 
in  a  given  case,  for  this  can  be  done  by  simply  taking  (3\/z 
as  the  limit  in  place  of  (3.  The  material  used  in  this 
study  was  selected  by  putting  /  =  v"  =  1.  Charlier 
gives  the  values  of  N  and  m0  for  nine  of  the  C-squares, 
and  data  from  which  these  quantities  may  be  determined 
for  the  remaining  C-squares.  With  these  values  the 
quantities  (3  were  found  for  all  combinations  of  magni- 
tude up  to  fourteen,  except  in  the  case  of  stars  brighter 
than  magnitude  six,  which,  because  their  numbers  were 
small,  were  grouped  together.  In  these  cases  f3  was 
determined  by  solving  the  formulas  expressed  directly 
as  functions  of  the  number  of  stars  of  a  given  magnitude. 
In  making  the  computations  the  value  m  employed  was 


taken  as  half-way  between  two  successive  integers  and 
in  application  all  stars  whose  magnitudes  were  between 
//;  and  m  +  0.99  were  included  in  the  magnitude  des- 
ignated as  //(  where  m  is  an  integer. 

The  values  of  p  thus  found  for  the  various  combina- 
tions of  magnitude  of  the  stars  in  a  given  square  were 
called  "/3-curves"  for  the  particular  square,  and  their 
application  consisted  in  classifying  the  doubles  of  a  square 
according  to  magnitude  of  the  principal  star  and  then 
subdividing  each  class  according  to  magnitude  of  the 
companion.  Only  those  pairs  were  retained  whose  separa- 
tion was  less  than  the  value  of  li  as  found  in  the  table  for 
the  case  in  question  unless,  as  occasionally  happened, 
common  proper  motion  indicated  physical  connection. 

The  constants  of  the  curves  are  based  on  the  Harvard 
scale,  the  "curves"  are  but  isolated  points  and  their 
application  assumes  a  normal  distribution  of  the  stars 
of  each  magnitude  which  forms  a  distinct  class.  An  at- 
tempt was  made  to  reduce  the  magnitudes  to  the  Har- 
vard scale,  hut  it  had  to  be  given  up.  and  in  the  absence 
of  better  information  as  to  magnitudes,  those  in  Burn- 
ham's  catalogue,  improved  when  necessary,  if  possible, 
were  employed.  This  method  of  selecting  pairs  for  study 
has  defects,  yet  it  has  the  obvious  advantage  of  standards 
dependent  on  star  density,  and  eliminates  personality  in 
an  attempt  to  reach  those  doubles  which  are  most  likely 
to  be  physically  connected. 

The  curves  were  applied  to  the  particular  squares  from 
which  they  were  derived,  but  in  the  case  of  the  D-squares, 
as  no  information  in  regard  to  A'  and  //;,,  was  at  hand,  the 
curves  for  a  C-square  were  applied  to  the  D-square  dia- 
metrically opposite  (/.  ( .,  to  the  square  having  the  same 
galactic  latitude). 

To  construct  curves  for  the  A-  and  B-  squares,  the  (3- 
curves  already  computed  for  the  C-squares  were  divided 
into  four  groups  of  three  each,  those  most  nearly  alike 
being  placed  in  the  same  group.  By  averaging  the  values 
of  13  for  a  given  combination  of  magnitudes  within  a 
group,  "normal  ^-curves"  were  obtained,  which  are 
given  below  in  Tables  I,  II,  III,  IV.  These  tables  are 
tables  of  double  entry  in  which  /3  in  a  given  case  is 
found  at  the  intersection  of  the  column  giving  m  with 
the  line  giving  w!  or  in  in  case  both  stars  are  of   the 

Table  I. 


m\m 

w<6 

0 

7 

8 

9 

10 

7 

80" 

8 

59" 

31 

24" 

9 

62" 

34 

18 

9.8 

8.0" 

10 

37 

21 

11 

6.0 

3.4 

2.9" 

11 

24 

13 

6.8 

3.7 

2.1 

12 

16 

8.4 

4.5 

2.5 

1.4 

13 

10.7 

5.9 

2.9 

1.7 

1.0 

14 

7.4 

4.2 

2.2 

1.2 

0.7 
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Tabu    11 

m<6 

6 

7 

s 

9 

10 

8 

94" 

19" 

39" 

9 

56 

29 

17 

1  1" 

lit 

71" 

36 

1'.. 

11).  1 

6.2 

5.6" 

11 

is 

■_'! 

13 

7.0 

1.1 

12 

:;i 

17 

8.9 

5.0 

3.0 

13 

26 

13 

6.8 

3.8 

2.3 

14 

21 

11 

0.0 

3.1 

1.8 

Table  III. 


m\m 

,  .<.; 

6 

7 

8 

9 

10 

8 

71" 

5S" 

•I 

78' 

43 

25 

21" 

Hi 

94" 

50 

28 

16 

'.1.7 

8.7" 

11 

til 

34 

L9 

11 

6.6 

12 

46 

24 

13 

7.7 

4.6 

L3 

34 

18 

H) 

5.8 

3.5 

14 

27 

14 

7.9 

l.i. 

2.7 

Tablk   IV. 


9 

in 
11 
12 
L3 

11 


TO<6 

6 

7 

8 

9 

S.V 

71" 

94" 

53 

32 

28" 

63 

36 

21 

14 

83' 

14 

25 

15 

9.6 

61 

33 

19 

11 

7.0 

48 

26 

15 

8.7 

5.5 

to 

21 

12 

7.2 

4.6 

12.8" 


same  magnitude.  I  was  applied  to  squares  whose  centers 
are  between  0°  and  l.V  galactic  latitude:  II  to  those 
between  15  and  30°;  111  to  those  between  30°  and  55°; 
and  IV  to  those  above  55°.  Cases  for  which  (S  exceed-; 
100"  do  not  appear  in  these  tables. 

The  material  thus  prepared  and  selected  tor  each  of  the 
thirty-six  squares  was  distributed  in  correlation  tables 
for   which   the   "class   breadth"    was   .">".   each   pair   being 

■  I  twice,  once  with  the  -'mil-  of  X  and  y  as  found  by 
computation  and  again  with  signs  reversed  to  overcome 
ambiguity  in  regard  to  position  angle  in  the  case  of  pairs 
whose  component-  are  of  the  same  magnitude.  This 
has  the  effect  of  making  the  probability  curves  in  x  and  y 
symmetrical  and  introduce-  some  checks  on  the  compu- 
tation.-. The  characteristics  of  the  probability  curves 
were  computed  and  checked  by  the  formula'  to  be  found 
in  Medd.f.  hunds  Aslron.  <>bs..  S.  II.  Nr.  1,  and  the  cor- 
relation coefficients  were  found  by  familiar  methods. 
Table   V  gives  the  characteristics  of  the  correlation  sur- 

Eor  the  various  squares.  .V  is  double  the  number 
of  pair-  in  each  square,  <rx  and  <r„  are  the  "dispersions" 
or  "standard  deviations"  for  the  x-  and  y  curves  respect- 
ively;   e*  and  e,  are  the  "excess"  which    in   these    results 

[ways  positive  indicating  an  abnormal  distribution 


in  the  material  studied.  :i  matter  to  which  it  is  hoped  to 
give  more  study  at  a  later  time;  /■  is  the  coefficient  of  cor- 
relation, and  /;  is  tin'  position  angle  of  the  major-axis  of 
the  ellipse  of  equal  frequency,  positive  when  reckoned 
from  north  toward  the  east  and  negative  when  reckoned 
from  the  north  toward  the  west,  so  that  it  is  always 
numerically  less  than  90°.  It  is  determined  from  the 
expressions 

2<rx  a,,r 


tan  2<t>  = 


,,  =  <H)°  -  <t> 


Table  V 


Square     N 


A, 

A, 


470  +2.16  +1.96   +1.13   +0.95   +0.024 
478       1.07       2.12       0.33       0.88   +0.128 


B, 
B2 

Ba 
B4 
B5 
B6 
B7 
B8 
B9 
I  ■'> 


994 
788 
766 
664 
4:^4 
456 
556 
826 
1276 
1102 


1.20 
1.67 
1.79 
2.34 
1.87 
2.20 
1.70 
1.64 
1.87 
1.56 


1.32 
1.74 
1.39 
2.27 
1.47 
1.75 
1.64 
2.06 
1.66 
1.80 


1.54 

0.78 
2.18 
0.98 
0.61 
0.90 
0.94 
0.41 
1.50 
0.73 


1.45  +0.021 
1.23  +0.110 
-0.024 
-0.039 
-0.018 
+  0.334 
-0.097 
+0.058 
-0.121 
-0.120 


1.58 
0.03 
0.93 
0.64 
0.41 
1.22 
1.13 
0.94 


Ci 

Cs 

(', 
c4 
c6 
c6 
c, 
ca 
(', 

ClO 
Cu 

Ci. 


498 
562 
648 
478 
364 
372 
424 
476 
538 
806 
666 
486 


1.68 
2.01 
2.03 
1.60 
2.43 
1.70 
2.45 
1.75 
2.01 
1.65 
1.04 
1.36 


1.16 
1.92 
2.14 
1.78 
2.13 
2.97 
2.25 
1.36 
1.87 
1.07 
1.21 
2.12 


1.10 
0.61 
0.70 
1.15 

0.63 
0.47 
0.89 
1.06 
0.91 
2.78 
0.32 
0.53 


0.38  +0.069 

0.70  -0.020 

0.76  +0.104 

0.80  -0.091 

0.32  +0.011 

0.44  +0.132 

0.61  +0.124 

0.50  +0.283 

0.61  +0.220 

1.69  -0.007 

1.07  -0.127 

1.48  -0.343 


1), 

D2 

D3 

D4 

D, 

D6 

D7 

D8 

D9 

Dio 

Du 

D,2 


358 

358 
494 
542 
302 
308 
298 
392 
440 
452 
150 
362 


2.41 
2.11 
1.98 
1.41 
1.71 
1.96 
1.72 
1.80 
1.31 
1.40 
1.41 
2.16 


2.44 
1.27 
2.19 
1.27 
2.06 
1.82 
1.79 
1.7S 
1.56 
1.49 
1.86 
1.75 


0.80 
0.78 
0.52 
1.26 
0.99 
1.44 
0.27 
0.40 
0.41 
0.63 
0.26 
0.83 


0.49  -0.338 
0.22  +0.224 
1.09  +0.078 
+  0.019 
+0.072 
+0.252 
-0.284 
-0.164 
+0.060 
+0.086 
+0.028 
-0.399 


1.45 
0.96 
0.71 
0.20 
0.49 
0.53 
0.53 
0.66 
0.52 


+83 

+  15 


+  7 
+36 
-87 
-62 
-88 
+62 
-56 
+  " 
-67 
-20 


+85 
—  77 
+31 
-20 
+88 
+  6 
+62 
+66 
+54 
-90 
-20 
-19 


-44 
+78 
+  19 
+85 
+  11 
+  53 
-41 
-52 
+  9 
+27 
+  3 
-59 


u, ,  and  o-j,  are  in  units  of  the  class  breadth,  (/.  e.  5"). 
To  test  the  results  of  Table  V  supplementary  studies  of 
four  squares  A,  .  As  ,  Bj  ,  and  Bs  were  carried  along  with 
those  made  under  uniform  conditions  described  above. 
For  each  square  the  limiting  value  of  fi  was  increased  to 
3/3  except  in  the  case  of  pairs  composed  of  stars  of  magni- 
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tude  9  or  10,  in  squares  B:i  and  B9.     These  squares  include 

the  greater  portion  of  the  material  in  Scheiner's  list 
which  consists  largely  of  faint  pairs  of  wide  separation, 
which  had  been  eliminated  by  the  standards  set  up,  and 
as  it  was  desirable  to  include  them  in  the  investigation 
the  limit  for  m  =  9,  m'  =  10  was  taken  at  25"  (7/3),  and 
for  m  =  ,„'  =  10  at  19"  (6/3).  The  outside  limit  of  100" 
was  retained.  Further  studies  were  also  made  in  the  case 
of  these  two  squares  by  rejecting  from  the  correlation 
tables,  from  which  the  results  of  Table  Y  are  found,  all 
pairs  whose  separation  is  greater  than  60".  The  results 
of  these  last  two  computations,  marked  with  an  asterisk, 
are  given  in  Table  VI  together  with  the  results  of  the 
first  computations  just  described. 


Table  VI. 


Square      .V 


/' 


A,       548   +2.71    +2.53   +0.56   +0.43   +0.098    +63c 


A2  580  2.01 

B3  1586  2.09 

*B3  758  1.10 

B9  2964  2.23 

*B9  1260  1.29 


2.54  +0.17  +0.52  +0.052  +  6 

1.93  +0.79  +0.34  ±0.000  ±90 

1.00  -0.08  -0.07  -0.006  0 

2.12  +0.58  +0.48  -0.003  -88 

1.33  +1.01  +1.22  -0.132  -59 


In  A]  ,  Aj  ,  and  B9  ,  the  changes  in  the  positions  of  the 
axes  of  the  ellipses  are  certainly  not  greater  than  must 
be  expected  until  better  methods  of  selecting  the  material 
can  be  devised,  but  in  B3  the  position  of  the  axis  is  inde- 
terminate a  result,  for  which  an  explanation  later  appears. 
Later  computations  in  this  paper  are,  however,  based  on 
the  results  in  Table  Y. 

Though  it  had  been  anticipated  that  parallelism  would 
be  indicated  but  roughly,  if  at  all,  the  results  (Table  Y> 
as  tabulated  at  least,  seemed  to  lead  to  the  conclusion 
that  either  no  parallelism  exists  or  else  that  the  method 
of  selection  of  material  must  be  modified.  When,  how- 
ever, the  correlation  coefficients  were  plotted  to  scale  in 
the  direction  indicated  by  the  angle  p  upon  a  globe  pro- 
perly divided  into  squares  there  was  found,  with  four 
distinct  exceptions  (.V ,  B8 ,  IV  .  and  IV),  a  rough  paral- 
lelism to  a  circle  whose  pole  was  estimated  to  be  at  H.  A. 
80°  to  90°  and  Deck  +20°  to  +35°  together  with  the  fact 
that  the  correlation  coefficients  follow  roughly  the  con- 
ditions above  set  forth  for  parallelism,  though  the  north- 
ern pole  was  more  clearly  marked  than  the  southern. 

As  soon  as  this  graphical  solution  had  been  made,  it 
was  recognized  that  this  pole  lies  near  the  "vertex  of  pref- 
erential motions  of  the  stars,"  a  result  indicating  that 
a  "preferential  pole"  for  the  orbit-planes  of  binary  stars 
lies  near  the  vertex  of  preferential  motions  of  the  stars. 

Several  graphical  representations  of  the  results  were 
unsuccessfully  attempted,  but  on  advising  with  Professor 
C.  N.  Haskins  of  the  Mathematical  Department  of  the 
College  in  regard  to  the  matter,  he  suggested  the  applica- 


tion of  the  following  analytic  method  for  the  determina- 
tion of  the  position  of  the  pole  of  this  plane  which  has  been 
employed  in  place  of  a  graphical  solution,  and  which  is 
essentially  that  employed  by  Newcomb  in  his  determina- 
tion of  the  galactic  plane  ((  '  vhxegie  Pub..  No.  10). 

If  /.  ///,  and  //  are  the  direction  cosines  of  the  major- 
axis  of  the  ellipse  of  equal  frequency  on  the  surface  of  the 
sphere  at  the  middle  point  of  the  meridian  passing  through 
the  center  of  a  square  and  X  ,  /u  and  v  the  direction  cosines 
of  the  normal  to  the  plane  to  which  it  is  parallel  we  have 
the  conditions  l\  +  m/t  +  n  v  =  0.  But  as  no  one 
plane  satisfies  this  condition  for  every  square,  the  solution 
requires  that  the  expression  —  (I,  X  +  »;;  ^  +  n,  v)2  be 
minimized  subject  to  the  condition  that  X2  +  /r  +  v1  =  1 
which  leads  at  once  to  the  cubic  equation  used  by  New- 
comb.  Computing  /.  m,  and  n  for  each  square  and  giving 
equal  weight  to  each  result  we  have  the  cubic  equation 

Y;i  -  36A~  +  423.SA"  -  1625.1  =  0 

which  has  the  roots 

Xi  =  +  8.9 
A*2  =  +12.5 
X3  =  +14.6 

or  rejecting  the  results  for  A2 ,  Bs ,  D7  ,  and  Ds ,  we  have 
the  equation 

X3  -  32A-  +  326.2A'  -  1033.5  =  0 

with  the  roots 

A-!  =  +  6.20 

A",  =  +12.2 

X3  =  +13.6 

Employing  the  smallest  root  in  each  case  we  have  by 
Newcomb's  formulae  when  all  the  results  are  taken  into 
account  a  =  70°  ,  5  =  +24°  and  when  the  results  of 
the  four  squares  A.,  B8  D7  Ds  are  rejected  a  =  80°  ,  8  = 
+  29°  pointing  with  unexpected  accuracy  to  the  vertex 
of  preferential  stellar  motions  for  which  Campbell 
(Stellar  Motions,  page  147)  gives  a  mean  position  a  = 
93°,  8  =  +12°. 

The  location  of  the  pole  makes  possible  an  explanation 
of  the  behavior  of  the  characteristics  of  the  surfaces  in 
B3  and  B„ ,  as  B3  lies  near  the  pole,  i.  e.  where  the  dis- 
tribution should  be  circular,  and  B9  is  near  the  great 
circle,  i.  c,  where  the  distribution  should  be  elliptical. 

The  results  in  A2 ,  Bs  ,  D7  ,  and  Ds .  are  singular  in 
that  they  form  two  pairs  of  adjoining  squares  widely 
separated  on  the  sphere  for  which  the  characteristics, 
though  not  in  harmony  with  those  of  adjoining  squares, 
are  yet  similar  for  the  same  pair. 

Effort  has  not  been  spared  to  secure  numerical  accuracy 
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as  far  as  possible  or  repeal  the  earlier  computations  in 

which   there   were  departures  from  the  standards  set    up 

for  determination  of  the  quantities  in  Table  V,  bu1  as 
these  results  are  bu1  preliminary  and  from  the  nature  of 

the  material  on  which  they  are  based  must  be  regarded 
from  the  view  point  of  their  general  tendency  rather  than 
that  of  accuracj  of  a  particular  result  no  "weighted"  pole 
has  been  determined  at   this  time 

The  position  of  the  pole  finds  a  singular  support  in  the 
fact  that  the  three  binaries  for  which  the  orbit  planes 
may  be  regarded  as  known,  namely.  Sinus,  42  Comae, 
and  f  Cancri  have  their  orbit  poles  (Everett,  loc.  tit.) 
within  about  30°  of  the  vertex  of  stellar  motions.  The 
conclusion  of  Lewis  and  Turneb  also,  that  orbits  per- 
pendicular to  the  line  of  sight  avoid  the  galactic  poles, 
points  near  which  the  circle  of  parallelism  here  found 
passes,  is  not  without  interest  in  this  connection. 

The  results  of  this  study  indicate  a  tendency  toward 
perpendicularity  between  preferential  motions  and  orbit 
planes.  Whether  there  exist  general  tendencies  toward 
ory,  Hanover,  X.  //..  March  25,  1914. 


perpendicularity  between  orbit  planes  and  directions  of 
motion  in  the  case  of  systems  moving  at.  considerable 
angles    with    the    preferential    directions    as    indicated    by 

the  case  of  the  solai'  system  and   Bohlin's  suggestion 

(/or.  tit.)  in  regard  to  the  doubles  of  his  "group  II"  land 
the  great  nebula  in  Andromeda)  must,  remain  a  matter  for 
future  study.  Unfort  unately  for  determination  of  parallax 
in  special  cases  individual  deviations  from  such  perpendicu- 
larity whether  from  disturbances  as  suggested  by  See  or 
other  cause,   are  certainly  large. 

Though  the  region  about  the  south  pole  has  not  yet 
been  studied,  the  completion  of  a  preliminary  survey 
of  material  of  Burnham's  catalogue,  covering  three- 
fourths  of  the  sky  by  uniform  methods  marks  the  end  of 
a  stage  in  the  work  where  it  seems  desirable  to  make  a 
statement  as  to  methods  employed  and  results  obtained 
before  going  on  with  a  matter  which  is  subject  to  the 
delays  incident  to  carrying  on  such  computations  single- 
handed,  save  for  such  assistance  as  can  be  rendered  by 
untrained  computers. 


OBSERVATIONS   OF  ASTEROIDS, 

HADE   WITH  THE  26-INCH   EQUATORIAL  OF  THE  U.   S.  NAVAL  OBSERVATORY. 

By  ('.  li.  WATTS,  Assistant  in  the  Ouservatory. 
[Communicated  by  Captain  .1.  L.  Jayne,  V.  S.  Navy,  Superintendent  I 
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0 
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1 

30  .   10 
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Mean  Places  of  Comparison- Stars  for  1913.0. 

* 

1 
2 
3 

4 
5 
6 

7 

s 

Authority 

* 

a 

8 

Authority 

0  39     0.75 
0  27     1.03 
0  23  29.52 
0    9  20.29 
0     5     0.27 
0  59  49.95 

0  36  29.91 

+    1  49  49.5 
+   1  39  22.5 
+   1  34  19.3 
+  0  53  59.9 
+  0  45  35.2 
-  8  38  55.1 

-10  26  15.2 

A.G.  Albany 
A.G.Albany 
A.G.Albany 
A.G.  Nicolajew 
A.G.  Nicolajew 
A.G.  Wien-Ottak. 

A.G.  Camb.  U.S. 

171 
96 
85 
21 
15 

215 

128 

8 

9 

10 

11 

12 

13 

0  4*4:5.64 

1  4  56.80 
0  48  22.12 
0  44  57.96 

0  41  38.43 

0  40  23.26 

-    1    14  13'.6 
+  4  58  55.3 
+  3  20  48.5 
+  3  15     2.1 
+  3  17  28.4 

+  3  13  51.4 

A.G.  Nicolajew 
A.G.Albany 
A.G.  Albany 
A.G.  Albany 

B.D.  +2°100  compared  with 
A.G.  Albany  188 

Aa=+0'»34s.20 1  T 
A<5=+1'43".1   /Jan 
A.G.  Albany 

13 
310 
222 

209 

6,1914 
177 

NOTE. 
Asteroids    (55),   (104),  and  (127)  were  found    photographically   by  G.  H.  Peters,  Assistant    in  the  Observatory.       Asteroids 
and  [191.3  «S  P]  were  found  photographically  by  J.  H.  Metcalf. 
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OBSERVATIONS  OF   COMET   e   1913    (zixner-giacoiiixi). 

MADE    WITH   THE    12-INCH    EQUATORIAL  AT  THE  NATIONAL  ARGEXTIXE    OBSERVATORY,    CORDOBA, 

By  A.  ESTELLA  GLANCY. 


1913  Greenwich  M.T. 

* 

Coinp- 
a     3 

Aa 

Jd 

App.  a 

App.  3 

log  p  A 
a            3 

Red.  to  App.  PI. 

a                 3 

Nov.  29  13  46  18 

Dec.      1   13  56  31 

8  14  17  39 

15  14  57  22 

26  13  28  25 

1 
2 
3 
4 
5 

8t    8 
10  10 
10     9 

9  10 
10  10 

-1  31.26 

+     38.16 

-  19.35 

-  18.23 

-  43.78 

+6  23.3 
-3  38.0 
-9    3.0 
-7  36.0 
-3     4.1 

22  44     4.02 

22  58  47.09 

23  49  51.89 

0  35  24.42 

1  33  44.68 

-36  20  37.6 
-37     0  33.3 
-38  15  30.2 
-38    0  35.6 
-35  42  15.3 

9.676  9.899ft 
9.685  9.885/1 
9.689  9.770/; 
9.719  9.986n 
9.481  9.069 

+3^69  +  5.9 
+3.74  +  6.5 
+3.80  +  8.4 
+3.82  +10.0 
+3.76  +10.9 

l  signifies  transits.     Observations  taken  on  Nov.  30  and  Dec.  2,  will  be  published  later  after  the  positions  of  the  comparison  stars 
have  been  determined. 

Mean  Places  of  Comparison  Stars  for  1913.0. 


* 

a 

8                                Authority 

* 

a 

s 

Authority 

1 

2 
3 

22  45  31.59 

22  58    5.19 

23  50    7.44 

-36  27     6.8 
-36  57     1.8 
-38     6  35.6 

ArgentineC,en.Cat,31089 
ArgentineGen.Cat.31310 

Argent  ineGen. Cat. 32257 

4 
5 

0  35  38.83 

1  34  24.70 

-37  53     9.6 
-35  39  22.1 

Argentine  Gen.Cat.    600 
Argentine  Gen.Cat.  1584 

Cordoba,  February  12,   1914. 


ELEMENTS    AND    EPHEMERIS    OF    COMET  /  1913    {delavan) 

By  P.  F.  DELAVAN  and  B.  H.  DAW  Si  i\. 


The  following  elements  were  computed  from  six  ob- 
servations at  La  Plata  combined  into  three  places.  The 
observations  are  December  17,  Hussey;  December  17, 
Dawson;  December  30,  Dawson;  December  30,  Hussey; 
and  January  8,  Dawson. 

Elements. 
T  =  1914  October  30.07304.     Gr.  M.T. 


*>  =  97°  4'  22".l  ) 
n  =  58°  43'  28".0  - 
/'    =  69°     4'  12".9 ) 


1914.0 


log  q     =  0.0524510 
Residuals     (O-C); 


AA.  cos  /?  = 
A  /?  = 


5   .i 
1".3 


Constants  for  the  Equator  of  1914.0. 
x  =  r[9.7797956]  sin  (217°  31'  56".4  +  v) 
y  =  /-[9.9082600]  sin  (201°  29'  22".  1  +  v) 
z  =  /-[9.99602111     sin  (117°     8'  53".4  +  v) 


l.VJ 
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l'.ni  i:\ik.kis. 

L914Gr.M.T.              a 

S                    log.  a          Mag. 

1914Gr.M.T. 

„ 

log.  A 

Man. 

Apr.   L8.5         3  12  3,2.3 

12    10   25          O.5S01 

Mar.     1.5 
5.5 
9.5 

2  42  20.] 
2   13    17.ii 
■_'   15  26.7 

+ 

3    11   3  1 
1  28  24 
5  12  32 

0.5904 

0.5010 
0.5932 

0.1 

22.5         3   16   10.S 
26.5         3    10  58.7 
30.5        3  23  56.0 

13  36    10        0.5867        8.7 

11  24  37         0.584] 

15   12  51         0.5810         8.6 

1 :;..-) 

2   17   19.1 

5  56  58 

0.5942 

17.:. 

2   19  23. 1 

6   11    11 

0.5050 

Magnitudes  are  based  on  an  assumption  ot   9"'. 3  on 

21.5 

2  51   39.7 

7  26   10 

0.505-1 

9.0 

December  30.5. 

25.5 

2  51     7.1 

s   11   56 

0.5!  155 

The  ratio  of  the  residua 

s  indicates  that  they  can  not 

29.5 

2  56   16.1 

s  57  28 

0.5953 

be   materially   reduced   on 

the   hypothesis   of  parabolic 

Apr.     2.5 
6  5 

■_>  59  35.3 
3     2  31.7 

9   13  16 
10  29  20 

0.5948 

1 1. 5!  13!  1 

8.9 

motion. 

111.5 

3    5  44.2 

11    15  42 

0.5927 

These  elements  indicate  that  the  comet  will  rise  a  little 

11.5 

3    9     3. 1 

12     2  23 

0.591  1 

8.8 

brighter  than  fifth  magnh 

ude  near  perihelion. 

NEUJMIN'S    COMET, 

By  F.  E.  SEAGRAA  E 

The  elliptic  elements  of    Netjjmin's  Comet    have  been  I  serrations  taken  at   the  Roman  College 
computed  from  three  normal  positions  based  upon  ob-  I  hagen. 


/     =  250.442250 
V   =  278.429111 

t"  -  301.301201 


X  =  357°  32'  59".66 
X'  =  358  11  53  .13 
X"  =      0    30      2  .90 


li    =  +  0° 
?   =  +12 


3 


50".31 

19  .05 


li"  =  +16      3    55  .17 


at   Copen- 


©     =  164°  38'     0".52  Logfl     =0.0031689 

O'    =192      1    19  .73  Log/?'    =9.9998087 

O"  =  214    43    40.31  Log R"  =  9.9970253 


*  =  Uii°  44'  7". 4() 
K  =  357  22  0  .70 
I30  =      4    22    16  .572 


The  following  are  the  results  from  the  fifth  and   lasl 
hypothesis-: 

j  .=  <iV4s'  16".04 


,'   =  i()°  59'    11  ".36 


Log  p  .  =  0.7  127011 
Logtf-  -  O.S1277S7 
Log  p"   0.0201215 

/,  =340  12'  15' 
..  f?  *   6  34  57 


.80 
.73 
r"'=  19  10  23  .49 


Log  r 
Log  r' 
Log  r" 

h 
V 
b" 


I  20'  38".63  Logp 
10  10  21  .56  Logp 
32   8  4  .06   Logp 


15°  4'  l".33 
32  50  47  .26 
15     51     26   .70 


M 

=  1°   13' 

14' 

:,:; 

M' 

=  2    47 

58 

.27 

M" 

=  4      4 

50 

.32 

/•; 

E' 
E" 

\! 
.1/,, 


0.1907170 
0.2158434 

0.215S103 

+  0°  20'  37 
+  4    50    34 

+  7    40      5 

0.4330720 

0,1330716 
0.4330719 

5°  24'  25". 
12  4  25  . 
17     10    41   . 

11°  40'  10". 
11  40  10  . 
11     40    10   . 


'.34 
.46 
.44 


Time  perihelion  August  16,  1913. 

E  =  March    12.50000  =  1914. 
.1/   =     11°  40'    10". 72 
oj  =  346°  16    37   .30 
k  =  334    10    55  .32 
Si    =  347     54    18  .02 
i  =    14    49      2  .63 
Log  e    =  9.8886540 
Log  a   =  0.8297500 
Log  q   =  0.1841556 
a  =  202".0136 
P  =  17.5644  years. 
,c  =  ;■  (0.0003755)     sin  (78° 
y  =  /■  (0.8071702) 
z  =  r  (9.7899284) 


G.M.T. 


17'  45".46  +  u) 
54  8  .84  +  u) 
13    32  .96  +  u) 


q  =  pl(\  4-e)  =  o(l 
0.13,30710 
0.2489160 


sin  (345 
sin  (352 

(  'heck. 
—  e)  =  (a  cos  tp)  tan     (45° 
O.S207506       0.6314111 
9.3544049       0.5527448 


'  ,>.-) 


Logg       0.1841556  =  0.1841555  =  0.1841559  =  Log  q 
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THE   MOON'S   MEAN 


[Communicated  by  Captain  J 

An  extended  inquiry  into  the  motion  of  the  Moon  was 
completed  by  Simon  Newcomb  in  1908,  in  which  the 
observational  data  were  occultations,  almost  exclusively. 
In  his  investigation,  comparison  between  theory  and 
observation  was  carried  to  August,  1908.  At  the  sug- 
gestion of  the  writer,  the  Director  of  the  Nautical  Alumnae, 
Professor  YV.  S.  Eichelberger,  agreed  that  an  extension 
of  this  comparison  to  date  was  desirable.  The  work  was 
undertaken  by  the  Almanac  office  and  put  in  charge  of 
the  writer,  with  such  assistance  from  the  other  members 
of  the  office  force  as  might  he  needed.  Most  of  the  com- 
putations were  duplicated  by  Mr.   Alfred  Doolittle. 

The  occultations  used  in  the  present  comparison  have 
been  carefully  selected  from  among  those  observed  at  the 
U.  S.  Naval  Observatory  since  l'.tOS.     The  bulk  of  those 


LONGITUDE,  1908-13,   AND   THE   ECLIPSE 
OF  AUGUST   21,  1914, 

By  FRANK   E.  ROSS. 
Hoogewebff,  TJ.  S.  Navy,  Superintendent  U.S.  Naval  Observatory.] 

selected  were  observed  with  both  the  twenty-six  inch  and 

twelve-inch  equatorials.  This  is  especially  true  of  1  night 
limb  occultations.  Only  occultations  giving  rise  to  a 
large  coefficient  in  longitude,  K,  were  chosen,  which  means 
that  the  occultations  were  central.  The  correction  to 
the  Moon's  mean  longitude,  o.M  ,  is  given  by 

E  .  5  M  =  s'  -  D  , 
where  s'  is  the  apparent  semi-diameter  of  the  Moon,  and 
D  the  tabular  distance  between  the  Moon's  center  and 
the  occulted  star,  computed  for  the  instant  of  disappear- 
ance or  reappearance.  This  equation  virtually  assumes 
that  the  mean  longitude  is  the  only  clement  needing  cor- 
rection. The  tabular  theory  has  been  made  to  include 
the  corrections  to  the  remaining  elements  computed  by 
Newcomb,  as  explained  below. 


Table  1. 


Tabular   Correction   to 

Date 

Star 

Phen. 

Hansen-Nbwcomb 

E 

s'-D 

V 

3/. 

sp 

|        Sz 

1908  Apr.   13 

v  Virginis 

DD 

+  6.87 

-  ":24 

+  .41 

-0.93 

-2.5 

-1.8 

June  11 

o  Libra 

DD 

+  9. 13 

-   .61 

.45 

-1.00 

-1.4 

-0.7 

Aug.     9 

Xs  Sagittarii 

DD 

+  8.20 

+   .40 

.49 

-0.89 

+0.6 

+  1.2 

Aug.   10 

Pi  20.146 

DD 

+  7.31 

+   .47 

.50 

-1.07 

-0.1 

+0.6 

Vug.  10 

Pi  20.146 

RB 

+   7.31 

+   .47 

.50 

+  1.11 

-3.8 

(-4.6) 

Dec.     8 

9  Geminarum 

RD 

+  6.61 

+  1.06 

.44 

+0.97 

-0.4 

-1.1 

1909  Feb.  28 

S  Geminarum 

DD 

+  6.13 

+   .46 

.44 

-0.95 

-0.5 

+0.2 

Mar.  14 

63   Itjllulicll! 

RD 

+  8.39 

+  .61 

.46 

+  1.00 

+  1.9 

+  1.1 

Mar.  28 

uj  Gemiiiorum 

DD 

+  6.17 

+   .51 

.44 

-0.94 

-1.6 

-0.8 

Mar.  28 

to  Geminarum 

RB 

+  6.17 

+    .51 

.44 

+0.94 

0.0 

(-0.8) 

Apr.   24 

52  B.  Geminorum 

DD 

+  6.21 

+    .62 

.45 

-0.98 

-0.7 

+0.1 

July   10 

t'  Ceti 

DB 

+  0.59 

+   .21 

.49 

-1.00 

+  1.0 

+  1.8 

July   10 

$'  Ceti 

RD 

+  0.59 

+   .21 

.49 

+  1.06 

-0.8 

-1.6 

July  27 

84  B.  Scarpii 

DD 

+  9.30 

-0.11 

.43 

-0.95 

+0.8 

+  1.6 

Aug.  29 

154  B.  Ca/n 

DD 

+  7.38 

+  1.25 

.48 

-1.10 

-1.1 

-0.2 

Sept,  29 

26  Ceti 

RD 

+  5.39 

+  .92 

.50 

+  1.16 

+  2.7 

+  1.8 

Nov.  19 

37  Capricorni 

DD 

+  9.13 

+  1.54 

+  .48 

-0.78 

-2.0 

-1.4 

(153) 


l.",l 
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1910  May  1'." 
Julj  24 
Oct.  -j l 

Oct.  21 
Nov.  17 
Dec.   It 

Ore.     17 

Dec.  17 

Kill  Jan.  •") 

Jan.  •"> 

Jan.  9 
.Ian 

Feb.  ID 

Feb.  10 

Aug.  0 

Vug  9 

Sept.  0 

Sept.  II 

L912  Jan.  '-'7 

Apr.  1 

Apr.  4 

May  21  i 


!i 


Vug 
Aug.    3 
Sept.    5 

-  -l.  5 
Oct.  1 
Oct.  1 
Nov.  20 
Dec.  25 
Dec.  25 
Dec.  28 
I'll:;  .Ian.  21 
.Ian.  21 
Feb.  L5 
Feb.  27) 
Feb.  25 
Mar.  12 
Mar.  17 
Apr.  17 
Apr.  21 
Apr.  21 
Apr.  22 
Apr.  22 

Apr.  20 
June  12 
June  21 
June  24 
July  L3 
July  21 

Sept.  24 
S.-pt.  21 

Oct.     20 

Nov.  17 
Nov.  17 


Star 


Phen. 


Tabular  Correction  to 

II  w-i.\   New*  <>mi. 


I'M    rginis 
-  Aquarii 
<  ancri 
Cam 
315  B.  Tauri 
11)2  />'.  Tauri 
c  Gemii 

orum 
[quarii 
Vqua 
o  A r it'll. - 
o  A 

orum 

orum 
37  <  'apricorni 
37  l  i  .'  "icorni 
161  />'.  ( 'apricorni 
Hil  /;.  ( 'apricorni 
45  Arii 
169  B.  Libra 
169  B.  Libra 
31  B.  Scorpii 
3  Piscium 

3  Piscium 

10    .1    : 

10  .1  unga 
28  '  >"k:/v 
28  '  ancri 
171  />'.  I'isciiini 
\  Cancri 
X  Can< 

0  l.i.in  is 

4  r,u 

1  f  'oncri 
354  B.  Fawn 

17  G.  Libra 
17  G.  Libra 
17  .1  rietis 
1  ( ',i, 

SO  I.i  mil's 

-17  G.  /./'>/" 

17   G.    /.''>:" 

65  B.  Scorpii 
65  B.  Scorpii 

182  />'.  AtfMOrM 

|  l     j/mis 
317  />'.  .I'/" 
317  />'.  Aiiunrii 
7r  Scorpii 
h  Aquari\ 
17  G.  /.  ■'■  a 
l  ( 'ai 
t  (  .j, 
in  .1 

134  B.  Cciiiinnriini 

|:;i  B.  Geminorum 


DD 

RD 

DB 

111) 

RD 

DD 

DB 

RD 

DD 

RB 

DD 

RB 

DD 

RB 

DB 

RB 

DD 

RB 

DD 

DB 

RD 

DD 

DB 

RD 

DB 

RD 

DB 

RD 

DO 

DB 

RD 

RD 

DD 

RB 

DD 

DB 

RD 

DD 

DD 

DD 

DB 

RD 

DB 

RD 

DB 

DD 

DB 

RD 

DD 

RD 

1)1) 

DB 

RD 

DB 

DB 

RD 


Si 


+  7.73 

+  1.87 

|  3.44 

+  3.44 

+  5.15 

+  7.59 

+  5.54 

+  5.54 

+  8.12 

J-  8.12 

-  S  -v.", 

|  s  85 

+  8.06 

-  8.06 
+  0.52 
+  0.52 
+  7. os 
+  7.08 
+  10.02 
+  8.2s 
+  8.28 
+  9.33 
+  6.38 
+  6.38 
+  5.87 
+  5.87 
+  4.50 
+  4.50 

1-8.45 
+  6.40 
+  6.40 
+  5.29 
+  7.17 
+  7.17 
+  0.79 
+  7.03 
+  7.03 
+  10.78 
+  10.01 
+  10.10 
+  9.07 
+  9.07 
!  8.68 
+  8.08 
+  8.25 
+  10.13 
+  8.08 
+  8.08 
+  10.12 
+  8.04 
+  10.18 
+  7.59 
+  7.59 
+  7.40 
+  7.15 
+   7.15 


S3 


-  0.31 
+  1.40 
+  0.33 
+  0.33 
+  0.04 
+  1.04 
+  0.7S 
+0.78 
+  1.79 
+  1.79 
+  1.23 
+  1.23 
+0.62 
+  0.02 
+  1.40 
+  1.46 
+  1.77 
+  1.77 
+  1.07 
+  1.41 
+  1.41 
+  0.93 
+  1.04 
+  1.04 
-0.13 
-0.13 
-0.10 
-0.10 
+  1.07 
+0.36 
+  0.30 
+ 1 .08 
+0.30 
+  0.30 
+  0.11 
+  1.00 
+  1.90 
+  0.0S 

-0.31 
+0.36 
+  1.45 

+  1.45 
+  1.50 
+  1.50 
+  1.16 
+0.81 
+  0.73 
+0.73 
+  1.44 
+0.41 
+  1.70 
-0.30 
-0.30 
-0.16 
+  0.05 
+  0.05 


+  .40 
.17 
.17 
.47 
.50 
.50 
.48 
.48 
.40 
.40 

.50 

.:.!) 
.49 
.49 
.42 
.42 
.42 
.42 
.is 
.43 
.43 
.43 
.44 
.44 
.49 
.49 
.50 
.50 
.43 
.50 
.50 
.49 
.50 
.50 
.47 
.47 
.47 
.44 
.49 
.50 
.47 
.47 
.46 
.46 
.40 
.49 
.40 
.40 
.47 
.40 
.48 
.48 
.48 
.46 
.46 
+  .40 


-0.51 
+0.76 
-0.71 
+  0.79 
+  1.14 
-1.04 
-1.06 
+0.90 
-0.04 
+  0.90 
-0.92 
+  1.03 
-1.03 
|  o.so 
o.ss 
+0.94 
-0.96 
+  0.92 
-0.99 
-0.90 
+  O.S0 
-0.95 
-0.02 
+0.78 
-0.89 
+  1.04 
-0.S4 
+  0.92 
-0.91 
-1.01 
+  1.10 
+0.83 
-1.11 
+  0.94 
-0.62 
-1.00 
+  0.84 
-0.87 
-1.07 
-1.07 
-1.07 
+0.97 
-1.03 
+0.92 
-0.72 
-0.90 
-0.49 
+0.62 
-1.00 
+0.72 
-1.01 
-0.74 
+  0.80 
-0.94 
-0.94 
+  1.01 


-0.8 

+  1.8 

+0.2 

+  1.7 

+  1.8 

+  1.1 

-0.4 

+1.0 

+0.1 

-0.8 

+  0.1 

+  0.1 

-1.3 

+0.7 

-3.6 

+  1.0 

—  2.2 

-2^3 

-2.8 

-4.2 

+  1.3 

-1.3 

-1.5 

+3.9 

-2.7 

+3.3 

-2.1 

+  2.0 

-1.6 

-5.0 

+3.8 

+  0.7 

-4.9 

-0.7 

-1.8 

-4.0 

+2.8 

-2.1 

-6.2 

-5.3 

-4.5 

+  3.2 

-4.2 

+3.0 

-6.3 

-4.3 

-1.4 

+2.9 

-2.6 

+2.9 

-3.3 

-2.8 

+  2.2 

-4.0 

-5.8 

+  4.4 


-0.3 

f  0.11 

+0.8 
+  1.0 

+0.7 
+  2.1 
+  0.7 
+0.1 
+0.7 

(-1.7) 
+1.0 

(-0.9) 
-0.2 

(-0.2) 
-2.3 

(-0.4) 
-0.7 

(-3.8) 
-0.7 
-1.9 
-0.8 
+  1.1 
+0.2 
+  1-7 
-0.2 
+  0.4 
+  0.3 
0.0 
+1.1 
-1.8 
+0.3 
-2.0 
-1.1 

(-3.9) 
+0.4 
-0.5 
-0.1 
+  1.1 
-2.4 
-1.4 
-0.6 
-0.4 
-0.4 
-0.4 

(-3.6) 
-0.8 
+0.6 
+0.4 
+  1.4 
-0.1 
+0.9 
+0.5 
-1.3 
-0.3 
-1.4 
-0.2 
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In  Table  I  the  columns,  "Tabular  Correction  to  Han- 
sen-Newcomb"  require  explanation.  The  quantities 
in  these  columns  have  been  computed  from  manuscript 
tables  in  the  office  of  the  American  Ephemeris,  which 
purport  to  include  all  known  sensible  corrections  to  the 
Hansen-Newcomb  position  of  the  Moon  given  in  the 
America))  Ephemeris  since  1883.  These  corrections  com- 
prise the  following  classes:  planetary  and  solar  terms 
computed  by  E.  W.  Brown;  "elliptieity"  terms  due  to 
G.  \Y.  Hill;  corrections  to  the  lunar  elements,  and 
empirical  long  period  inequality  by  Simon  Newcomb 
(Ast.  Papers,  .4.  E.,  Vol.  9);  ami  lastly,  short  period 
empirical  terms  computed  by  the  writer  {Monthly  Notices, 
Vol.  72).  Altogether  eighty-six  periodic  corrections  to 
the  longitude  have  been  collected  and  tabulated.  These 
corrections  have  been  applied  to  the  American  Ephemeris 
positions  of  the  Moon  before  computing  D.  The  im- 
portance of  these  corrections  may  be  indeed  by  comparing 
the  corrections  to  the  Hansen-Newcomb  longitude,  6X  , 
for  the  dates  1909,  July  10  and  July  27.  In  the  interval 
of  seventeen  days,  the  correction  is  seen  to  have  changed 
from  +0".59  to  +  9".m 


Table  II  shows  the  result  of  the  solution  of  the  equa- 
tions for  8M  ,  all  the  data  for  which  are  to  be  found  in 
Table  I.  All  reappearances  at  the  bright  limb  were 
omitted,  on  account  of  their  systematic  uncertainty. 
The  yearly  mean  value  is  called  Mm.  The  quantities 
Mi  are  obtained  by  subducting  from  .l/„,  the  short  period 
empirical  terms  mentioned  above.  They  are  therefore 
the  ''minor  residuals"  of  Newcomb,  or  the  corrections 
to  the  sum,  pure  theory  plus  Newcomb's  long  period 
empirical  term.  The  quantities  M»  are  obtained  by  sub- 
ducting from  Mm  all  empirical  terms,  and  an1  therefore 
the  corrections  to  the  purely  theoretical  mean  longitude 
of  the  Moon. 

Table  II. 


Epoch 

No.  Occs. 

Mm 

Mi 

Mi 

1908.6 

5 

+o'.67 

+  2.8 

-8.2 

1909.5 

10 

+0.81 

+3.6 

-8.0 

1910.8 

8 

+0.75 

+3.7 

-8.1 

1911.3 

0 

+  1.48 

+4.5 

-7.4 

1912.6 

14 

+2.87 

+  5.8 

-6.2 

1913.4 

22 

+4.04 

+  6.9 

-5.2 

Moon's  Observed  Longitude  Compared  with  Theory.  1621-1913. 
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The  plate  brings  down  to  L913  Newcomb's  comparison 
between  the  theoretical  and  observed  values  of  the  Moon's 
mean  longitude.  The  central  horizontal  line  represents 
purr  theory,  the  dots  observation,  and  the  curve,  New- 
comb's  long  period  empirical  term.  The  course  of  the 
dots,  or  observations  since  1910,  poinl  to  the  probability 
of  \i  wcomb's  long  period  empirical  term  breaking  down, 
in  the  sense  of  not  representing  the  Moon's  longitude 
save  for  minor  fluctuations.  The  Moon  now  appears  to 
be  at  an  epoch  in  its  history  in  which  it  is  hazardous  to 
attempt  to  predicl  its  position  even  two  years  in  advance. 
Being  less  amenable  to  theory  and  mathematical  formu- 
lation than  has  hitherto  been  supposed,  light  is  shed  on 
the  discordant  results  obtained  in  the  dismission  of  ancient 
and  mediaeval  eclipses. 

The  mean  longitude  of  the  Moon  is  subject  to  large 
fluctuations  requiring  many  years  to  run  their  course. 
Are  there  tluct uat ions  of  short  period  of  the  order  of  a 
lunar  month?  As  the  occultations  in  Table  I  have  been 
compared  with  a  supposedly  perfect  theory,  the  magnitude 
of  the  residuals  v  furnishes  a  criterion  of  the  existence  of 
fluctuations  of  this  class.  These  residuals  are  practically 
the  outstanding  errors  of  &M  .  assuming  that  the  true 
value  of  SM  follows  the  smooth  curve  obtained  from  the 
values  1/,,  of  Table  II.  Assigning  a  probable  error  of 
0".25  to  this  curve,  we  find  from  v  that  a  single  occupa- 
tion gives  the  Moon's  longitude  with  an  accuracy  the 
probable  error  of  which  is  II". 78.  The  following  classes 
of  error  are  present:  errors  of  observation,  errors  of  star 
places,  errors  of  the  lunar  tallies,  irregularities  of  the 
Moon's  limb,  and  lastly  the  assumed  possible  short 
period  fluctuations  in  the  Moon's  longitude.  While  this 
last  error,  or  the  one  in  question,  is  present  in  the  above 
deduced  probable  error,  it  is  not  present  in  a  value  of 
the  probable  error  deduced  from  a  number  of  occultations 
,,n  the  same  night.  A  comparison  of  these  two  probable 
I    in.  191 1. 


errors  will  show  if  such  short  period  fluctuations  are 
present.  There  is  sufficient  material  in  Newcomb's 
Researches,  .1./'.,  Vol.  0.  Chapter  0,  for  the  determination 
of  the  second  or  restricted  probable  error.  1  have  com- 
puted its  value  from  the  occupation  there  given  for 
three  nights  on  each  of  which  a  large  number  of  occulta- 
tions of  bright  stars  were  observed.  The  mean  result 
was  ±0".92;  with  an  uncertainty  of  perhaps  0".l.  This 
mean  value  being  of  the  same  order  of  magnitude  as  the 
unrestricted  value,  0".7S,  it  is  clear  that  there  can  be  no 
short  period  irregularities  in  the  Moon's  longitude  of 
any  appreciable  magnitude. 

As  already  remarked,  it  is  doubtful  if  the  Moon's  longi- 
tude can  at  the  present  time  be  given  for  even  a  short 
period  in  advance.  However,  it  may  be  useful  to  esti- 
mate the  probable  correction  to  the  Moon's  longitude  at 
the  epoch  of  the  total  solar  eclipse  of  August  21,  1914. 
From  the  curve  described  by  the  values  M,a,  Table  II, 
it  is  estimated  that  the  probable  correction  to  the  mean 
longitude  at  the  date  of  the  eclipse  is  +6". 5,  or,  re- 
duced to  right  ascension  after  conversion  to  true  longi- 
tude. +0».45. 

The  results  of  transit  circle  observations  of  the  Sun  at 
Greenwich  (Greenwich  Observations)  indicate  that  its 
position  given  by  Newcomb's  Tables  needs  a  sensible 
correction.  According  to  these  observations,  the  mean 
yearly  correction  to  Newcomb's  right  ascension  varies 
from  zero  in  1903  to  -|-0S.064  in  1911.  Assuming  a  further 
proportionate  increase,  the  correction  at  the  time  of  the 
eclipse  would  be  +0a.09. 

<  !ombining  the  above  corrections  to  the  lunar  and  solar 
right  ascensions,  the  corrections  to  the  time  of  totality 
given  by  the  ephemerides  become: 

Correction  to  Nautical  Almanac  time —27*. 5 

Correction   to  Conn,  des   Temps  time —26.5 

Correction  to  American  Eph.  time — 10  ..r> 


THE   PERIOD   OF   o  PEli^EL 

By  FRANK  C.  JORDAN. 


In  the  determination  of  the  orbit  of  this  star  in  Publi- 
cations of  the  Allegheny  Observatory .  Volume  II,  paged:;, 
I  have  given  the  period  as  4.41916  days,  and  stated  that 
it  is  probably  correct  within  0.0001  days.  This  result 
was  derived  from  a  comparison  of  our  velocity  values  with 
those  of  VOGEL  obtained  about   six  years  before.      As  the 


star  has  recently  been  discovered  to  be  a  light  variable, 
possibly  of  the  ,3  Lijrir  type,  it  seemed  well  to  examine 
again  the  matter  of  its  period.  Accordingly  twelve 
additional  plates  were  obtained  here  with  the  Mellon 
spectrograph,  data  for  which  are  given  in  the  subjoined 
table: 


Plate 

Date 

G.M.T. 

,11). 

\ 

Ph:  - 

Residuals 

h      in 

km. 

.  1 , 1  V  s 

,.,,H 

6059 

1913,  Oct. 

31    18   in 

2420072.778 

+ 

!  s. 

3.226 

0.00 

6082 

Nov 

11   I..  58 

86.665 

+ 

79.29 

3.854 

+  0.12 

6093 

20    If.    35 

92.692 

+ 

25.93 

1.043 

-0.01 

6103 

'J'-'   17   17 

94.720 

— 

10.29 

3.072 

-0.04 

6115 

Dec. 

9  1  1    13 

111.613 

— 

95.83 

2.289 
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Plate 

6121 
6126 
6132 
6133 
6140 
6146 
6151 


Date,  G.M.T. 


1913,  Dec. 


11  17  26 

12  15  4S 

13  15  27 

14  17  37 
16  15  10 
19  16  50 
27  12  17 


J.D. 

2420113.726 
114.658 
115.644 
116.734 
118.632 
121.702 
129.512 


V. 

km. 

+  12().7*i 

+  38.88 

-  84.66 

-  28.55 
+  88.64 
+  35.95 

-  87.72 


Phase 

days 

4.402 
0.915 
1.900 
2.990 
0.469 
3.539 
2.511 


Residuals 

-0.07 
-0.01 
-0.01 

-0.15 
+0.12 
+0.04 


These  phases  were  computed  with  the  formula  J.  D. 
2418217.924  +  4.41916  E,  in  accordance  with  the  ele- 
ments given  in  the  paper  above  mentioned. 

The  velocities  were  now  plotted  on  the  original  com- 
puted velocity  curve,  and  the  departure  from  that  curve 
estimated  in  fractions  of  a  day  as  given  in  the  column  of 
residuals.  The  fact  that  these  residuals  balance  so 
exactly  shows  that  the  original  curve  and  period  satisfy 
the  recent  observations  very  closely,  and  no  change  in 
period  is  required.     The  question  then  remaining  is  that 


of  the  probable  error  of  T,  upon  which  will  depend  the 
probable  error  of  the  period.  The  epoch  of  the  latest 
series  of  observations  is  T  =  J.D.  2420096.067 ±0.016 
days.  The  probable  error  is  computed  from  the  given 
residuals.  Vogel's  series  (of  eighteen  plates)  may  lie 
assumed  to  give  T  with  at  least  equal  accuracy;  hence 
the  probable  error  of  the  difference  of  the  two  sets  is 
±0.023  days.  Since  about  910  periods  have  elapsed 
between  the  two  scries,  the  probable,  error  of  the  period 
is  therefore   ±0.000025  days  or  ±2.2  sec. 

Allegheny  Observatory,  April  l(i,   1914. 


ERRORS   IN   THE   RIGHT   ASCENSIONS   OF   NEWCOMB'S   CATALOGUE, 

By  W.  S.  EICHELBERGER  and  H.  R.  MORGAN. 
[Communicated  by  Captain  J.  A.  Hoogewerff,  U.S.N.,  Superintendent  U.S.  Naval  Observatory.] 


The  clock  list  used  in  reducing  the  observations  made 
with  the  9-inch  transit  circle  of  the  U.  S.  Naval  Observa- 
tory 1903-11,  consists  of  277  stars  selected  from  New- 
comb's  Fundamental  Catalogue.  These  stars  extend 
from  declination  —20°  to  +30°,  are  fairly  uniformly 
distributed  in  right  ascension,  and  are  more  thickly 
grouped  along  the  zodiac  than  elsewhere,  so  that  the  mean 
declination  at  the  various  hours  of  right  ascension  varies 
slightly  with  the  right  ascension. 

The  standard  clock  was  a  self-winding  Riefler.  with  a 
nickel-steel  pendulum  and  enclosed  in  an  air-tight  glass 
case  in  which  the  pressure  was  maintained  quite  con- 
stant. It  was  kept  in  a  clock  vault  of  nearly  constant 
temperature,   due  to   artificial   temperature   control. 

All  stars  brighter  than  magnitude  6.1  were  observed 
through  wire  gauze  screens,  reducing  the  magnitude  3, 
5,  or  8  magnitudes,  so  that  all  stars  were  observed  as  of 
magnitude  between  6  and  9.  The  object  of  this  was 
two-fold;  first,  to  eliminate  to  a  large  extent  the  effect 
of  magnitude  equation,  and  secondly,  to  diminish  the 
accidental  error  of  observation  of  the  brighter  stars.  The 
average  magnitude  of  observation  of  the  277  clock  stars 
was  8.0,  and  as  the  deviation  from  this  average  was  in 
only  a  few  cases  more  than  one  magnitude,  no  correction 
has  been  applied  to  the  observations  for  the  magnitude 
equation  of  the  several  observers,  though  these  equa- 
tions were  determined. 

To  eliminate  from  the  clock  corrections  the  effect  of 
the  magnitude  equation  of  the  fundamental   catalogue. 


the  ephemeris  right  ascensions  were  increased,  in  the  first 
reduction,  by  0S.02,  0S.03,  or  0S.05,  according  as  the  mag- 
nitude of  the  star  observed  was  decreased  by  the  use  of 
screens,  3,   5,  or  8  magnitudes. 

All  observations  were  made  at  night,  and  not  extended 
far  enough  into  the  twilight  for  daylight  to  affect  the 
character  of  the  artificial  field  illumination. 

A  fixed  reticule  was  used,  the  transits  being  recorded 
on  a  chronograph  by  the  use  of  an  electric  key. 

The  azimuth  of  the  instrument  was  given  by  readings 
on  a  north  and  a  south  mark,  the  collimation  was  the 
mean  of  that  given  by  opposing  collimators  and  by  the 
marks,  and  the  level  was  determined  by  nadir  observa- 
tions over  a  mercury  basin. 

The  preliminary  azimuths  of  the  marks  were  determined 
from  groups  of  observations,  half  above  and  half  below 
the  pole,  of  close  circumpolar  stars  whose  daily  positions 
are  given  in  the  nautical  almanacs.  The  final  azimuths 
were  made  to  depend  upon  the  fundamental  positions  of 
these  stars  resulting  from  observations,  1908-11,  made 
especially  for  this  purpose.  In  the  determination  of  the 
final  azimuths  there  were  applied  to  the  transits  of  the 
azumith  stars  corrections  for  the  personal  equation  of 
the  observers,  determined  by  the  use  of  the  personal 
equation  machine  belonging  to  the  9-inch  transit  circle. 
The  finally  adopted  fundamental  positions  of  the  azi- 
muth stars  give  the  following  corrections  to  Newcomb's 
right  ascensions,  each  resulting  from  about  fifty  separate 
observations. 
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Table 

1. 

From 

EYl      \\i> 

Sad  Obsi  ev\  w  ions. 

From  Chronograpb  Observations. 

a 

Aa 

a 

la 

a             Aa 

\  Urs.  Min. 

19.] 

-0.22 

51  lit Vphei 

7.0 

|  0.57 

e  lis.  Min.      16.9      -0.01 

4  B  Urs.  Min. 

8.2 

-fO.46 

39  II  Cephei 

23.5 

+1.38 

76  Draconis      20.8     +0.02 

a    I'rs.  Min. 

1. 5 

+ 1 .24 

5  I'rs.  Min. 

18.0 

-0.02 

lhDraconis       9.4     -0.01 

6  B  Urs.  Min. 

L2.2 

•  ii.i:. 

4:-!  H  Cephei 

1.0 

+0.24 

57  B  Urs  Mi". 

15.1 

-0.59 

151  H'  <  Jephei 

4.2 

+  0.26 

When  there  were  two  or  more  observers  on  the  same 

night,  their  relative  personal  equations  were  determined 

from  the  clock  star  observations;   and  from  such  results 

i  [ative  equations  of  the  observers  were  adopted  for 

each  observing  year. 

The  ephemeris  places  having  been  corrected  for  the 
screen  correction,  each  clock  correction  was  reduced  to 
the  standard  observer  by  the  application  of  the  relative 
persona]  equation,  and  the  mean  of  all  the  corrections  on 
a  given  night  was  then  taken  as  the  adopted  clock  cor- 
rection from  that  night's  work,  the  epoch  being  the  mean 
of  the  times  of  transit  of  the  separate  clock  stars. 

The  definitive  clock  rates  were  computed  from  rate 
formulae  obtained  by  least  square  solutions  of  the  indi- 
vidual rates  obtained  from  the  adopted  corrections  just 
mentioned.  Into  the  equation  of  condition  were  intro- 
duced terms  allowing  for  a  variation  of  the  rate  with  the 
time,  with  the  temperature,  and  with  the  barometric 
on-sure.     The  separate  solutions  extended  over  periods 


varying  from  a  few  weeks  to  six  months.  The  clock  rate 
was  found  to  vary  principally  with  the  time,  but  often 
terms  depending  upon  the  small  barometric  and  ther- 
mometric  changes  were  appreciable.  The  performance 
of  the  clock  has  been  very  satisfactory. 

As  the  clock  list  contained  stars  extending  from  dec- 
lination —  20°  to  +30°,  an  examination  of  the  differences 
in  the  clock  corrections  as  given  by  stars  at  different 
declinations  was  made  as  follows: 

On  each  night  when  there  were  observations  of  four  or 
more  clock  stars  between  the  declinations  0°  and  +10°, 
the  mean  of  the  clock  corrections  for  these  four  or  more 
stars  was  taken  and  the  correction  to  reduce  each  observed 
clock  correction  to  this  mean  was  found.  This  was  done 
for  152  nights,  using  2,373  observations.  All  these 
differences  were  then  grouped  according  to  declination 
anil  clamp,  and  the  means  by  groups  are  given  in  the 
following  table: 


Table  II. 


(  '[.AMI'     \\   1   -1 

Clamp  East 

West-East 

X.,. 
Obs 

Mean 

Decl. 

Results  1 

Results  11 

Xo. 
Obs 

189 

Mean 

Decl, 

Results  1 
+o!o39 

KcMlltsIl 

Results  I 

Results  II 

Results  111 

-01)05 

82 

i,v.; 

+  0A108 

-o!oo4 

-14.7 

+0.015 

-0.031 

-0.019 

83 

-    7.1 

+0.008 

+  0.002 

19] 

-    7.3 

+0.015 

+  0.002 

-0.007 

0.000 

-0.002 

82 

+  0.3 

+  0.010 

+  0.00S 

198 

-   0.3 

+  0.011 

+  0.001 

-0.001 

+  0.007 

0.000 

S3 

+  3.4 

+  0.002 

0.000 

124 

+  3.5 

+0.004 

|  0.001 

-0.002 

-0.001 

0.000 

s-> 

+   5.5 

-0.001 

0.000 

130 

+  5.5 

-0.003 

0.000 

+  0.002 

0.000 

+0.002 

S'» 

+   7.1 

-0.002 

0.000 

130 

+  7.0 

-0.002 

+  0.001 

0.000 

-0.001 

-0.002 

83 

+  8.8 

-  0.002 

-0.003 

130 

+  9.0 

+  0.002 

0.000 

-0.004 

-0.003 

0.000 

82 

+  12.0 

in  ii  17 

-0.001 

130 

+  12.5 

-  0.004 

-  (1.(102 

+  0.003 

+  0.001 

+0.001 

83 

•  19  5 

-0.004 

0.002 

130 

+  19.0 

-0.006 

-0.007 

+0.002 

+  0.005 

+  0.002 

82 

■    -.Tel 

o  i  ii  yj 

.  0.007 

197 

+26.0 

-0.025 

-o.oio 

0.027 

+  0.017 

+0.004 

In  Results  I.  the  dock  correction-  were  obtained  by 
using  Newcomb's  right   ascensions. 

In  Results  II.  they  were  obtained  by  including  the 
definitive  azimuth-  and  the  preliminary  corrections  to 
NEWCOMB  from  the  work  under  discussion.  If  the  quanti- 
•     -   were  reformed   using  the  linal   positions  of  the  clock 


Stars,  they  would  be  changed,  at  the  most,  only  a  very  lew 
thousandths  of  a  second. 

In  Results  III,  the  number  of  -tars  is  increased  about 
50%,  the  number  of  observations  3  or  4  fold,  and  the  final 
positions  of  the  stars  resulting  from  this  work  are  used. 

The    preliminary    clock    corrections    were    affected    not 
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only  by  this  variation  with  declination  but  also  by  the 
periodic  errors  in  Newcomb's  right  ascensions  varying 
with  the  right  ascension,  ami  the  accidental  errors  of 
his  individual  positions.  A  definitive  clock  system  was 
derived  from  the  observations  themselves,  in  which  was  e- 
liminated  almost,  if  not  quite  entirely,  these  three  troubles. 
That  the  new  system  eliminated  the  variation  with  dec- 
lination has  just  been  shown.  The  method  of  forming 
this  new  system  was  as  follows: 

Using  Newcomb's  right  ascensions  of  the  clock  stars, 
corrected  for  the  screen  correction,  and  the  preliminary 
values  for  the  azimuths  of  the  marks,  that  portion  of  the 
seven  years'  work  was  reduced  in  which  observations 
were  made  extending  over  7  hours  or  more  on  a  given 
night  and  in  which,  in  addition,  10  or  more  clock  stars 
were  observed  on  that  night.  In  all.  410  nights  were 
found  on  which  these  conditions  were  satisfied,  the  aver- 
age number  of  clock  stars  being  between  17  and  18  per 
night,  and  the  average  number  of  hours  observing  being 
10  per  night. 

Collecting  the  results  of  this  work,  a  system  of  cor- 
rections was  found  to  Newcomb's  positions  of  the  277 
clock  stars,  which  corrected  positions  would  be  com- 
paratively free  from  the  periodic  errors  in  the  ephemeris 
places  and  but  little  affected  by  the  errors  in  the  individual 
places.  The  average  number  of  observations  per  star 
was  20,  about  equally  divided  as  to  clamps. 

As  stated  above,  the  clock  corrections,  redetermined 
by  using  the  results  just  obtained,  still  showed  a  varia- 
tion with  the  declination  (Results  II,  Table  I),  and  in  an 
effort  still  further  to  reduce  this  variation  a  redetermina- 
tion of  the  positions  of  the  clock  stars  was  made. 

The  observations  on  these  same  410  nights  were  used 
for  the  redetermination.  Each  transit  was  corrected  for 
the  difference  in  the  azimuth  as  derived  from  the  pre- 
liminary and  final  positions  of  the  marks,  each  ephemeris 
place  was  corrected  by  the  results  of  the  first  reduction, 
and  the  clock  corrections  were  recomputed.  The  clock 
rates  were  not  changed.  The  right  ascensions  were 
corrected  for  these  changes,  and  new  corrections  to  New- 
comb's places  were   found  for  each   star.     The  average 


difference  between  these  corrections  and  those  obtained 
before,  without  regard  to  sign,  is  0S.002.  The  pre- 
liminary clock  system  corrected  in  accordance  with  this 
re-reduction  was  adopted  as  the  definitive  clock  system. 

All  the  clock  corrections  for  the  seven  years'  work  have 
been  recomputed,  using  these  definitive  positions  of  the 
clock  stars,  and  the  corrections  for  final  azimuth;  and 
all  observed  right  ascensions  have  been  corrected  to  agree 
with  these  definitive  clock  corrections,  and  the  corrections 
for  final  azimuth.  The  resulting  system  of  right  ascen- 
sions, therefore,  will  be  independent  of  any  other  system. 
The  mean  right  ascensions  from  this  final  reduction  have 
not  yet  been  formed. 

The  individual  corrections  to  Newcomb  in  the  defini- 
tive clock  system  range  from  +0M1  to  — 0S.05.  The 
entire  list  of  these  277  corrections  is  not  given  here,  but 
in  Table  III,  the  means  are  shown  for  every  10°  in  declina- 
tion and  every  3  hours  in  right  ascension.  There  is  an 
average  of  7  stars  in  each  mean.  The  right  hand  column 
gives  the  mean  correction  for  each  10°  in  declination, 
giving  equal  weight  to  each  3  hours  of  right  ascension. 
The  variation  with  declination  is  pronounced.  The 
bottom  row  gives  the  means  for  each  3  hours  of  right 
ascension,  giving  equal  weight  to  each  10°  of  declination. 
and  these  means  are,  therefore,  fairly  independent  of  the 
declination.  The  average  magnitude  is  the  same  for  each 
mean. 

Table  IV  was  formed  by  subtracting  from  the  quanti- 
ties of  each  row  of  Table  III  the  mean  value  of  these 
quantities  found  in  the  last  column,  and  shows  more 
clearly  the  periodic  variation  of  the  right  ascension  cor- 
rection with  the  right  ascension.  Using  the  means  in 
the  next  to  the  last  row  of  Table  IV,  an  analytic 
expression  was  obtained  giving  the  periodic  variation  of 
this  right  ascension  correction.  This  expression  is  given 
immediately  below  the  table.  The  values  computed  by 
means  of  the  formula  are  given  in  the  last  row  of  tin 
table.  The  mean  epoch  is  about  1907.0.  The  last 
column  of  Table  IV  shows  that  the  variation  with  right 
ascension  is  nearly  the  same  for  the  five  declination 
groups. 


Table  III. 
Systematic  Corrections  to  the  Right  Ascensions  <>f  Newcomb's  Fundamental  Calalogm 


X 

(i,  1.  2, 

hrs. 
3,  4.  .">. 

lirs. 
6,  7.  8, 

Ill's. 

9,  in.  11. 

Ill's. 
1-!.  13,  It. 

hrs. 

1."),  Hi.  17, 

Ill's. 
18,  19,  20, 

hrs. 
21,22,23, 

Mean 

+  30+20 
+  20+10 
+  10+  0 
-   0-10 
-10-20 

Mean 

+01)15 
+0.040 
+  0.025 
+0.034 
+0.048 

+0.032 

+0.005 
+  0.019 
+  0.028 
+  0.027 
+0.054 

+0.027 

(MIDI 
+  0.006 
+0.004 
+  0.010 
+0.026 

+0.009 

+o!oi6 

+0.020 
+  0.0111 
+  0.(120 
+0.040 

+  0.022 

+  08007 
+  0.018 
+0.018 
+  0.032 
+0.047 

+0.024 

+o!oi3 

+0.016 
+  0.038 
+  0.044 
+  0.054 

+  0.033 

+o!o28 
+0.039 

+  0.036 
+0.034 

+  0.(151 

+  0.03S 

+o!oo8 

+  0.031 
+0.038 
+0.042 
+  0.061 

+0.036 

+o".oii 

+  0.024 

+  0.020 
+  0.030 
+  0.04S 

+0.028 
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0    1 
0.016 

(MIDI 

-  0.004 
0.000 

(-0.005 

I".:. 

o!qo6 

0.005 
0.002 
0.003 

+0.006 

-II. 1)01 

in'' ;, 

I3h.5 

o!oo2 

O.OOS 

+  0.012 
+  0.014 
+  0.006 

+  0.005 

10"..-, 

22".:, 

Range 

-  L5 

+  •"> 

L5 

o!oi2 

-0.018 

0.022 
-  0.020 
-0.022 

-0.019 

o.oo! 

0.010 

-0.010 

-O.OOS 

-0.005 
-0.010 

li.004 

0.006 

-0.008 

+0.002 
-0.001 

-0.003 

;  (UII7 

+  0.015 
+  0.010 
+  0.004 
+  0.003 

+  0.010 
+0.008 

o!oo3 

+  0.007 
+  0.012 
+  0.012 
+0.013 

+0.008 
+0.010 

0°029 

0.034 

0.031 

0.034 
0.035 

Formula 

•  (1.0(17 

-0.004 

-0.013 

O.OI  )'_> 

+  0.004 

Aa  =  -0  .008  sin  «   r  0S.008  cos  a  +  0S.002  sin  2a  +  0-.002  cos  2a. 


Another  series  of  observations  made  from  August,  1909, 
to  April.  1911,  on  quite  a  different  plan,  as  far  as  they  give 
any  information  on  this  subject,  confirm  the  results  of 
ries  jus!  discussed.  Two  groups  of  six  stars  each, 
aboul  12  hours  apart,  the  one  in  6  hours  right  ascension 
and  the  other  in  IS  hours,  were  observed  continuously 
during  the  period  named,  except  the  group  that  transited 
within  two  or  three  hours  of  the  Sun.  These  groups 
transit  at  6  A.M.  and  6  P.M.,  at  the  equinoxes;  and  from 
720  observations  at  four  sucessive  equinoxes,  the  mean 
correction  to  NewcoMB  was  found  to  be  0s. 029  greater 
for  the  is-hour  group,  than  for  the  6-hour  group.  From 
the  individual  corrections  for  these  12  stars,  as  found  in 
the  clock   list  of    277  stars,  the  mean    correction  for  the 


IS-huur  group  is  0\020  greater  than  that  for  the  6-hour 
group. 

The  subject  of  the  periodic  error  in  the  right  ascensions 
of  the  fundamental  catalogue  lias  been  treated  by  several 
writers  recently.  In  Astronomische  Nachrichten,  No.  4668, 
from  a  discussion  of  Cape,  Greenwich,  Pulkowa  and 
Odessa  observations.  Cohn  finds  the  periodic  correction 
to  Auwers  right  ascension  to  be 

Aa  =  -  0».0()7  sin  a  +  0.007  cos  a  +  06.001  sin  2a  +  0».006  cos  2a. 
And  in  the  Year  Book,  1912,  of  the  Carnegie  Institution 
of  Washington,  p.  168,  from  the  San  Luis  observations, 
Boss  gives  the  periodic  correction  to  his  Preliminary  Gen- 
eral Catalogue  as 

Aa  =  -  0».00S  sin  a  +  (T.009  cos  a. 


OBITUARY   NOTE. 

The  Astronomical  Journal  announces  with  sorrow  the  death  of  an  Associate  Editor,  George  William  Hill. 
Doctor  Hill  died  at  his  home  in  West  Nyack.  N.  Y.,  on  April  16,  1014.  At  the  request  of  the  Editor,  Dr. 
;;.  S.  Woodward  has  prepared  a  sketch  of  Hill's  life  which  arrived  too  late  to  be  incorporated  in  the  present 
issue.      It   will   appear  in  the  next  number. 


1912 


NOTES. 
Correction   to  observation  of  Comet    101 1    (/)   (Opienisset),  published  in  Astronomical  Journal  No.  653: 

log  /;  A 


Gr.M.T. 


A' 


A'? 


App.  a 


App.  o 


Febr.    16     19  40  18  -0m  51.04  +6'  43".l  L4  53  27.58  63    27'  -I4".s  9.7O0«     0.599 

Comparison  Star:     Cordoba  Gen    Cat.,  No.  20.297         L912.0        a  14h  54m  18'.81        S  —  63°  34'  35".7 


Kcd.  to  App.  PI. 
a  d 
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GEORGE     WILLIAM     HILL. 


Georgi  William  Hill,  long  a  frequent  contributor  to  this  Journal  and  more  recently  one  of  its  Associate  Editors, 
died  at  iiis  home  in  West  Nyack,  X.  V..  on  April  16,  1914,  at  the  age  of  seventy-six  yen-,  one  month  and  thirteen 
He  was  of  English-Huguenot  descent  and  was  horn  in  New  York  City  March  3,  1S3S.  His  early  education 
appears  to  have  been  without  noteworthy  incident  until  he  entered  Rutgers  College,  where  he  attained  the  degree 
of  A.  B.  in  1859,  and  where  lie  had  the  good  fortune  to  be  introduced  while  yet  an  undergraduate  to  the  Mecanique 
i  'eleste  of  Laplace.  This  introduction  was  furnished  by  Dr.  Theodore  Strong  (1790-18(39),  then  professor  of  mathe- 
matics and  natural  philosophy  in  Rutgers  College,  and  one  of  the  small  number  of  Americans  devoted  to  mathematico- 
physical  science  at  that  time.  Strong  had  a  good  library  in  this  science  to  which  his  pupil  was  given  free  access,  and 
Hill  often  referred  in  terms  of  grateful  appreciation  to  this  circumstance  as  one  of  the  determining  factors  in  his  remark- 
able career  of  research  in  dynamical  astronomy.  That  he  was  a  student  worthy  of  special  privileges  is  evident  from 
his  earliest  investigations.  He  began  independent  research,  indeed,  before  attaining  the  baccalaureate  degree;  while 
shortly  after  he  published  (as  a  prize  essay,  in  Rtjnkle's  Mathematical  Monthly,  1861)  a  very  noteworthy  paper  in 
which  he  attempts  to  extend  Laplace's  investigation  on  the  figure  of  the  Earth.  This  paper  is  still  worthy  of  care- 
ful reading;  and  it  is  especially  instructive  in  showing  that  Hill  had  already,  at  the  age  of  twenty-one  years,  acquired 
thai  mastery  of  analytical  resources  and  that  facility  in  exposition  which  enabled  him  to  become  the  leading 
contributor  to  the  advances  in  dynamical  astronomy  during  the  following  half  century.* 

Happily  for  Hill  and  for  astronomical  science  there  was  offered  him  soon  after  leaving  college  a  position  in  1  lit" 
Nautical  Almanac  Office,  then  maintained  at  Cambridge,  Mass.,  hut  later  (1867)  transferred  to  Washington  and 
brought  under  the  more  immediate  jurisdiction  of  the  Navy  Department.  This  led  him  into  close  association  with 
the  ablest  of  his  American  contemporaries  in  astronomical  research,  and  afforded  the  amplest  of  experience  in  numeri- 
cal computations  in  which  he  became  an  expert  of  the  high  order  essential  to  the  stupendous  calculations  in  planetary 
theory  he  later  undertook  in  collaboration  with  Simon  Newcomb.  It  is  a  remarkable  and  highly  significant  circum- 
stance to  which  educators  and  statesmen  should  give  heed,  that  out  of  this  Nautical  Alumnae  (  Miice,  intended  primarily 
as  a  practical  aid  to  navigation,  there  should  have  come  from  these  two  men  chiefly  not  only  many  important  contri- 
butions to  prai  tical  astronomy  I  mi  most  of  the  more  important  contributions  to  theoretical  astronomy  of  the  second 
half  of  the  nineteenth  century.  Early  during  his  connection  with  the  Nautical  A Imanac Office,  Hill  prepared  for  the 
needs  of  computers,  navigators  and  geographers  a  manual  of  formulas  and  tables  for  the  derivation  of  stellar  positions; 
and  later  on,  in  anticipation  of  the  transits  of  Venus  of  1874  and  1882  he  prepared  a  similar  manual  for  the  American 
Transit  of  Venus  Commission.  He  was  thus  ever  ready  and  effective  in  supplying  the  wants  of  the  more  obviously 
utilitarian  application-  of  astronomy.     But  while  he  never  contemned  such  applications  and  spoke  often  in  admiration 

In  some  brief  autobiographical  notes  he  gives  the  following  glimpse  of  his  college  career: 
"Having  shown  some  aptitude  for  mathematics  it  was  decided  t«.  send  me  to  college;  and,  in  October,  1855,  I  took  up  residence 
:it  Rutgers  College,  New  Brunswick,  N.J.  Hire  I  found  Dr.  Theodore  Strong,  professor  of  mathematics,  who  was  a  friend  of 
Dr.  Nathaniel  Bowditch,  the  translator  of  Laplace's  Mecaniqut  Celeste.  I  remember  seeing  in  Dr.  Strong's  library  the  presentation 
copy  of  this  work.  Under  Ins  guidance,  1  read  such  books  as  Lacroix,  TraU<  du  Calcul  Differential  et  Integral;  I'oissov  'I'm,/,  ,/(- 
Mecanique;    Pontecoulant,  i  ytiqui   duSystim.edu  Mow!,;   Laplace,  M'ecaniqut  Celeste;    Lagrange,  Mecanique  Analylique; 

I,!,.,!  ndre,  Fonctions   Elliptiques.      My  professor  was  an  old-fashioned  man;    lie   liked  to  go  hack   to   Leonard  Euler   for  all  his 
theorems;    as  he  said  'Euleh  is  our  Great   Master.'     lie  scarcely  had  a  hook  in  his  library  published   later  than   1840." 

(161) 
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exquisiti  perfection  of  the  observational  astronomy  of  his  day,  it  was  plain  thai  his  deeper  interests  were  attached 
to  the  more  recondite  field  of  gravitational  astronomy.  To  this  field  nearly  all  his  leisure  during  a  term  of  thirty  years 
of  service  as  assistanl  in  the  Nautical  Almanac  Office  was  sedulously  devoted,  and  the  advances  he  made  in  lunar  and 
planetary  theory  won  him,  bj  common  assen.1  of  his  peers,  a  position  of  pre-eminence  in  this  domain  of  astronomical 
science. 

Naturally  the  large  aggregate  of  fundamental  work  accomplished  by  Hill  made  him  a  voluminous  writer.  He 
published  extensively  in  the  em-rent  journals  and  in  the  professional  papers  of  the  Nautical  Alumnae  ( Iffice.  He  early 
adopted  the  practice  of  printing  promptly  whatever  had  passed  the  tests  of  his  critical  judgment;  and  his  exposition 
is  everywhere  marked  l>y  a  clearness  and  a  conciseness  as  characteristic  as  the  originality  of  his  concepts  and  the  ade- 
quacy of  his  methods.  His  "Collected  Mathematical  Works"  have  been  published  recently  (1905  L907)  by  the 
Carnegie  Institution  of  Washington  in  four  quarto  volumes."  The  first  of  these  volumes  contains  an  introductory 
biographical  and  historico-critical  chapter  of  appreciation  in  French  by  Hill's  eminent  contemporary  and  friend. 
Poincare. 

Unfortunati  most  of  his  contemporaries,  hut  perhaps  fortunately  for  him,  Hill  was  tun  little  known  and 

hence  too  little  appreciated,  especially  by  his  fellow  countrymen.  lie  was  so  absorbingly  preoccupied  with  his  re- 
searches that  he  had  scant  leisure  for  association  even  with  his  more  intimate  friends.  He  held  himself  mostly  apart 
from  the  ordinary  affair-  and  amenities  of  society  and  consecrated  his  energies  to  the  less  obvious  realm  of  celestial 
mechanic's.  But  this  was  not  because  he  lacked  the  social  instincts  common  to  mankind.  To  those  who  knew  him  well 
he  presented  a  singularly  attractive  personality.  Although  his  innate  modesty  obscured  his  superior  talents  in  a  large 
or  in  a  mixed  company,  he  was  a  delightful  companion  for  a  Ions  walk  and  a  very  stimulating  host  to,  or  ^nest  of,  his 
chosen  friends  individually.  His  transparent  sincerity,  his  steadfast  hut  unostentatious  devotion  to  elevated  ideals 
and  the  effective  simplicity  of  his  life  will  he  long  remembered  as  among  the  finer  qualities  of  the  man  Hill  by  those 
who  had  the  good  fortune  to  come  into  closer  assocaition  with  him. 

After  retiring  from  the  Nautical  Almanac  office  in  1892,  Hill  devoted  the  remaining  twenty-two  years  of  his 
life  almost  exclusively  to  his  favorite  researches.  During  this  interval,  however,  he  gave  no  inconsiderable  time  and 
effort  to  cooperation  in  developing  the  American  .Mathematical  Society,  of  which  he  was  President  in  1894-6;  while 
rved  a-  lecturer  on  celestial  mechanics  in  Columbia  University  during  the  academic  years  1898  to  1901.  His 
lectures  on  this  subject,  read  before  a  necessarily  narrowly  limited  group  of  advanced  students,  were  in  a  highly  fin-, 
ished  form.  Each  auditor  was  furnished  with  a  complete  hectograph  copy  made  from  manuscript  carefully  written 
out  by  Hill  himself.  lie  did  not  think  it  fitting,  however,  to  include  these  lectures  as  part  of  his  "( !ollected  Works," 
referred  to  above.  Hi-  productive  activity  continued  throughout  these  later  years  with  little  abatement,  except 
For  the  side  issues  just  mentioned,  and  his  mental  faculties  appear  to  have  retained  their  characteristic  clearness  and 
serenity  to  the  end.  During  the  past  year,  in  fact,  he  has  published  in  this  Journal  several  papers  wherein  one  finds 
the  same  precision,  elegance  and  penetration  with  which  he  ha-  so  long  charmed  and  instructed  his  readers. 

Although  almost  unknown  by  the  learned  world  at  large,  and  lii  lie  known  personally  by  his  contemporaries  in 
onomical  science  .  the  mi  rits  of  i  [ill's  published  work  were  widely  recognized  by  his  peers  and  by  learned  societies 
and  institutions  at  home  and  abroad.  He  was  a  recipient  of  many  honors.  These  were  not  unappreciated,  they 
were  in  fact  warmly  esteemed  by  him.  hut  in  all  of  them  to  a  peculiar  degree  he  figures  as  the  altruistic  man  of  science 
rather  than  as  an  individual  of  distinction.  His  attitude  was  thai  of  a  man  whose  talents  were  applied  in  freest  and 
fullest  measure  to  the  progress  of  hi-  fellow  men  and  he  asked  of  them  only  opportunity  to  labor  unceasingly. 

H,i  L  never  married.  His  mode  of  life,  whether  in  hi.-  residence  in  the  city  of  Washington  or  in  his  home  at  West 
Nyack,  N.  V..  was  one  of  Spartan  hut  dignified  simplicity.  His  laboi  wire  broken  only  by  Ions  walks  in  the  vicinity 
oi  Washington,  whose  environs  he  well  knew,  by  occasional  visits  to  hi.-  more  intimate  friends  and  by  less  frequenl 
vacation  excursions  to  distant  part-  of  the  world.  He  had  a  strong  liking  for  geographical  exploration  and  he  made 
two  trip-  for  this  purpose  into  Canada,  one  into  the  Hudson  Hay  region  and  one  into  the  Canadian  Northwest.  It 
wa-  during  his  journey  through  the  latter  lerriotory  that  he  worked  out  In-  famous  solution  of  the  problem  involving 
an  infj  rminant,  a  solution  "  au;  irdi,"  as  remarked  by  Poini  s.re.      He  was  thus  able  to  main- 

tain bodily  vigor  and  to  meet  the  inexorable  requirement    ol  th<  arduous  science  to  which  he  was  alone  wedded;  and 
he  was  thus  able  to  pass  on  to  his  sin  i  I  insive  additions  to  thai  sorl  of  knowledge  whose  certainty  and  per- 

manence are  comparable  with  the  continuity  of  the  seasons  and  the  constancy  of  the  stars. 

i,\   Hill  will 

i;    s    WOODW  \i:i> 
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DEPENDENCE    OF   SOLAR   MOTION    UPON    SPECTRAL   TYPE, 


Bi    BENJAMIN    BOSS. 


Since  no  discussion  of  stellar  motions  is  free  from  the 
effects  of  solar  motion,  it  seems  regrettable  that  the  de- 
termination of  this  fundamental  element  of  motion  should 
be  liable  to  so  great  a  degree  of  uncertainty.  When,  as 
will  be  shown  later  on,  the  same  material  will  yield  different 
results  according  to  the  method  of  grouping,  it  is  little  to 
he  wondered  at  that  different  methods  and  different  data 
should  produce  results  greatly  at  variance  with  one 
another.  Hut  the  wide  range  over  which  solar  motion 
determinations  extend  might  lead  one  to  suspect  that 
part  of  the  effect   was  due  to  a  real  cause. 

In  A.J.  649-650,  p.  15,  a  preliminary  note  calls  at- 
tention to  an  apparent  dependence  of  the  direction  and 
amount  of  solar  motion  upon  spectral  type.  The  table 
demonstrating  the  effect  i-  repeated  below. 


Table  1. 


Type 


M 


'5.4 
'3.6 


+  40.3 


-21.2 
-22.6 


A  270.0 

F  265.!) 


+28.3  -16.8 

+28.7  -15.8 


The  positions  of  the  apex  were  taken  from  A.  •/.  023-024 
where  Professor  Lewis  Moss  made  the  separate  deter- 
minations by  type,  ami  the  velocity  (if  the  solar  motion, 
as  given  in  the  last  column,  is  taken  from  Professor  < '  wii'- 
ia  i  i  's  paper  in  L.  <).  B.,  100. 

The  two  groups  composed  respectively  of  late  and  early 
type  star-  -tan<l  nut  distinctively  both  as  regards  direction 
and  velocity  of  solar  motion.  Considerable  weight  should 
be  assigned  to  the  results  since  they  were  derived  by 
similar  methods  from  homogeneous  material.  The  posi- 
tions of  the  solar  apex  lie  approximately  along  a  parallel 
of  about  +22°  galactic  latitude.  In  A .  .1 .  655  Professor 
Comstock  classified  according  to  the  mean  magnitude  of 
the  stars  employed,  the  results  lor  the  solar  apex  as  de- 


termined by  various  authorities  who  hail  used  the  same 
method  but  non-homogeneous  data.  He  arrived  at  the 
conclusion  that  the  position  of  the  apex  of  solar  motion 
undergoe-  a  progressive  increase  in  galactic  longitude  with 
diminution  in  the  mean  magnitude  of  the  stars  employed, 
the  latitude  remaining  the  same. 

The  general  similarity  between  Professor  Comstock's 
results  and  mine  suggested  that  thej  mighl  both  be  as- 
signed  to  the  same  cause. 

In  iii-der  to  attain  results  of  any  weight  it  is  very  nec- 
essary to  use  absolutely  homogeneous  material  and  the 
same  method.  Consequently  the  stars  of  the  Preliminary 
General  Catalogue  were  divided  into  three  classifications 
according  to  magnitudes,  the  limits  being  0  —  5.2:  5.3  — 
6.0;  0.1  and  fainter.  The  proper  motions  of  each  classi- 
fication were  grouped  according  to  equatorial  areas,  and 
solved  by  the  methods  described  in  A.  •/.  612  and  614. 
The  normal  equations  in  righl  ascension  and  declination 
have  been  combined  to  give  the  following  normal  equa- 
tions  tor   each    class. 


0M  - 

5". 2 

+265.34 
+     2.22 
-    12.06 

X 

+     2.22  Y 
+  240.:;: 
1.41 

-    12.06 
1.41 

+  245.4-2 

6M.0 

Z 

=  -  73.26 
=  -834.47 

=  +600.21 

+     4.10 
-    1(1.16 

X 

+     4.19  V 
+294.64 

1.22 

6M.l    AND 

-    10.16 

1.22 

-;  290.36 

Fainter 

Z 

=  -  26.86 
=  -904.10 
=  +624.50 

1-276.33 

+     4.32 

+       .85 

X 

+     4.32  Y 
-  284.22 
-     0.62 

+      0.85 

11.02 

+269.57 

Z 

=  +  40.18 
=  -824.86 

=  +545.50 

The  results  from  the  solution  of  these  equations  are 
given  in  Table  11. 


Table  II. 


Limits 
of  Mag. 

\l    in 
Mag, 

No.     ; 

X 

Y 

Z 

A                     D 

M 

X 

P 

K0-5.2 

5.3-6.0 
6.1- 

4+ 
5.8 
6.7 

1442     '      -.14 
2U07          +.02 
1864     1     +.18 

-3.06 
-2.90 

+  2+6 
+  2.14 
•  2.02 

267/7 

270.4          +35.0 

273.6          +34.8 

1.10 
.,  73 
3.54 

29.1 

20.5 

+  25.2 
+  22.8 
+20.3 

It  becomes  evident  from  the  last  two  columns  of  Table 
1 1  that  there  is  no  appreciable  change  in  the  galactic  longi- 
tude of  tin-  solar  apex  with  decreasing  magnitude,  bhe 
recorded  change,  on  the  contrary,  being  one  of  latitude 
The  probable  error  of  solar  apex  determinations  is  such 
that  it  would   be  impossible  to  say  whether  the   noted 


e  in  latitude  with  decreasing  magnitude  is  real  or 
not.  The  range  of  magnitudes  is  not  great  but  is  suffi- 
cient to  record  any  appreciable  change  in  the  galactic 
longitude  of  the  solar  apex  if  such  an  effecf  were  real. 

A  second  solution  of  the  same  material  was  made  com- 
bining with  each  north  equatorial  area  it-;  diametrically 
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opposite  south   equatorial  area.     The  normal  equations 

are: 

0"  —  5". 2  (Combined    \u  - 

+169.13  X     +     3.73  V  1.10  Z     =  -   -".ill 

+     ;;  73  61.96  L.07  =  -528.43 

_     l.io  L.07  •  L61.96         -  -;  386.43 

.V.:;       6U.0  (Combini  d   Vreji 
g.86   \ 
+     0.05  + 

-     0.20  + 


I ).().-.  Y 

0.20  Z 

=  +      1.0(1 

18.49 

+      Ills 

=  -120.82 

0.18 

+  35.61 

-!    75.85 

6".  1  —  (Combined  Abe  \s) 

+  173.05  X       I-     2.71  Y     +      1.18  Z  =  +  24.24 

+     2.7 1  +178.63         +     0.93  =  -514.02 

+     1.18  +     0.93  [-167.2]  =+337.29 

The  conditional  equations  were  weighted  in  all  c  ses 
excepting  5".3  —  6M.0  (Combined  Areas)  where  eacl 
had  enough  stars  to  n  rider  weighting  unnecessary.  Weighl  - 
were  employed  roughly  proportional  to  the  square  roots 

of  the  number  of  stars  ill  each  area.      The  results  for  the 
combined  area  solutions  arc  given  in  Table  III. 


Table  111. 


Limits             Mean 
Mag. 

No.  ** 

X 

Y                     Z 

A                      1) 

M 

X 

0 

"0-5H2 

:,.:;     6.0 
6.1-  .  . 

1.1          III'-' 
5.8         20117 
6.7     !     1864 

08 
+.04 

+  .17 

-3.24 
3.15 

-2.89 

+2.36 

+2.15 

4  J.n:; 

268  5 
270.8 
273.4 

+34.3 
+  35.1 

1.02 
3.81 
3.54 

29.4 
28.2 

29.8 

+  24.7 
+22.4 
+  20.6 

\  comparison  of  Tallies  II  and  III  indicates  that  even 
identical  material  may  yield  slightly  different  results  ac- 
cording to  its  arrangement.  This  is  again  shown  by  com- 
g  the  general  solution  as  derived  by  Prof.  L.  Boss  in 
A.J.  623-624  with  the  general  solution  which  has  been 
derived  by  combining  according  to  galactic  coordinates. 

Equatorial  Areas  =  270°..")        +34  .3 
Galactic  Areas       =  271  .5         +33  .7 

It  will  likewise  be  noted  that  the  general  solution  by 
equatorial  area-  differs  by  about  1°  with  the  mean-  of 
Tables  11  and  III  though  the  identical  stars  were  employed. 
This  i-  caused  by  a  difference  in  the  relative  weights  of  the 
area  groupings. 

Thus  we  h  a  evidence  thai  the  variations  in  the 

position  of  the  solar  apex  have  little  if  any  dependence 
upon  the  mean  magnitude  of  the  -tar-  employed  a-  far  as 
the  material  treated  is  capable  of  determining  such  a 
relation.  Certainly  the  effect  due  to  mean  magnitude  is 
small  as  compared  with  the  effect  due  to  t\  pe. 

The  < '.  type  stars  mighl  seem  to  he  anomalous,  for  the 
po-ition  of  the  apex  of  -olar  motion  as  derived  from  the 
of  this  type  (R.A.  259  .3  Dec!  12  3  is  placed  a1 
:i  considerable  distance  from  the  other  determination-. 
Tlii-  case  ha-  already  been  treated  in  .1../.  649-650,  where 
it  was  shown  that  the  ( i  type  -i.u-  employed  in  the  deter- 
mination of  the  direction  of  solar  motion  had  a  strong 
preference  for  motion  toward  K  vptei  n's  Vertex  II.  How- 
ever, a-  wa-  al-o  pointed  out,  the G  type  star-  of  centennial 
proper-motion  of  over  20"  which  were  excluded  from  the 
solution  tend  strongly  toward  Vertex  I.  so  that  their  in- 
clusion would  considerably  modify  the  -olar  motion  deter- 
mination. Unfortunately,  the  inclusion  of  the  large 
proper-motion  -tar-  influences  the  result-  unduly,  to  30 
greal   an  extent   that   the  -mall  proper-mot  ion-  have  little 


effect  on  the  solution.  Consequently,  in  order  to  include 
them  some  modification  had  to  lie  made.  The  ideal  con- 
ditions would  he  to  reduce  the  large  proper-motions  to  the 
scale  of  the  mean  parallax  of  the  small  proper-motion 
stars  employed,  hut  Lacking  the  required  parallaxes  thi 
large  proper-motion  stars  were  all  arbitrarily  reduced,  to 
20"  centennial  motion.  A  solution  for  solar  motion  was 
made  on  this  hypothesis  placing  the  apex  at  Pi. A.  =  277  A. 
I)ecl.=  +29°. 1.  Thus,  by  including  the  large  proper- 
motion  stars  of  type  (1  according  to  the  methods  delin- 
eated, the  apex  of  solar  motion  has  been  swung  to  tin 
opposite  side  of  the  galactic  parallel  +22°.  It  can  he 
readily  seen  that  by  adopting  a  smaller  value  of  the  cen- 
tennial motion  for  the  Large  proper-motion  stars  the  posi- 
tion of  solar  motion  would  very  approximately  have  been 
placed  near  +22"  galactic  latitude  in  a  position  lying  be- 
tween the  type  V  and  F  results  and  the  type  K  and  M 
results.  Where  parallaxes  exist  for  these  stars  a  smaller 
centennial  proper-motion  is  actually  indicated.  Thus,  it 
seems  to  supply  the  missing  link. 

It  might  he  expected  a  priori  that  the  apex  of  solar 
motion  as  derived  from  the  B  type  stars  (A  =  274.4, 
D=  +34  .9*)  would  he  located  near  the  position-  as 
detern  ineil  from  Types  A  and  F.  The  fact  that  it  does 
not  conform  is  due  most  probably  to  the  small  peculiar 
motion-  of  this  type,  and  possibly  in  part  to  the  peculiar 
uneven  distribution  in  a  limited  galactic  equatorial  zone. 

It  might  he  well  to  state  here  that  peculiar  distribution 
could  have  no  effect  upon  the  solution-  from  other  types 
since  these  solution-  were  based  upon  a  division  of  the  sky 
into  areas,  the  same  divisions  I  icing  used  ill  the  case  of  each 
solution.  For  each  areal  division  the  mean  of  the  X,  Y.  Z 
COeffii  cut-  and  the  mean  of  the  proper-mot  ions  was  used 
in  forming  equations  of  condition. 
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It  remains  to  be  seen  what  evidence  radial  velocities 
have  to  give  on  the  subject.  Unfortunately,  the  material 
in  this  case  is,  comparatively  speaking,  very  limited,  so 
that  the  probable  error  of  a  determination  of  the  direction 
of  solar  motion  according  to  division  by  type  is  very  large. 
However,  a  tendency  such  as  is  evidenced  by  the  proper- 
motion  solutions  is  sufficiently  strong  to  lead  us  to  hope 
for  some  confirmation  from  radial  velocity  solutions  for 
solar  motion.  Therefore  the  radial  velocities  as  published 
by  Professor  < '  \mpbell  in  L.  0.  B.  195,  211  and  229  were 
divided  according  to  the  same  classifications  by  type  em- 
ployed in  the  proper-motion  solutions.  The  formula 
used   was  — 

sin  o  .  X  +  cos  5  cos  a  .  Y  +  cos  5  sin  a  .  Z  +  p  =  0 
where  X  =  Y  sin  D;    Y  =  V  cos  D  cos  A;    7,  =  \  cos  D 
sin  A;    p  =  observed  stellar  velocity:    V  =  Sun's  veloc- 
ity;   A  ,  D  =  coordinates  of  apex;    a  ,  5  =  coordinates  of 
star. 

Y-  =  X-  +  Y-  +  Z- 

X  .       z 


Sin  D  = 


tan  A 


The  first  set  of  solutions  given  in  Table  IV  are  based 
upon  equations  of  condition  formed  from  individual  stars. 

Table  IV. 


jrpe 

No. 

A 

I) 

V 

Corr. 
t«i  Lick 

km 

0-B5 

179 

272.2 

+36.8 

-23.0 

-   2.3 

8-  A4 

228 

260.3 

+27.:. 

-18.3 

-   1.5 

5  —  F9 

248 

267.9 

+  17.8 

- 17.5 

-   1.7 

G 

147 

259.7 

+  28.0 

-26.1 

-10.1 

<;' 

138 

259.9 

+  18.9 

-17.2 

-    1.2 

K 

439 

272.1 

+  29.7 

-23.7 

-   2.5 

M 

80 

271.8 

+  27.8 

-25.2 

-   2.6 

All 

1321 

268.9 

+  28.7 

-21.6 

-   2.1 

The  first  column  gives  the  classification  by  type.  The 
second  column  contains  the  number  of  stars  employed  in 
each  solution.  Columns  three  and  four  give  the  R.A.  and 
Decl.  of  the  apex  of  solar  motion,  and  column  five  the 
solar  velocity.  Column  six  is  a  comparison  of  the  values 
for  the  velocity  of  solar  motion  as  here  obtained  with  the 
values  published  by  Campbell  in  L.  O.  B.  196.  As  can 
I"  seen,  the  results  of  Table  IV  (-(insistently  increase  the 
values  for  solar  motion  as  given  by  (  Jampbell,  undoubted- 


ly due  to  the  fact  that  more  large  radial  velocities  were 
used  than  those  employed  by  Campbell. 

The  row  G'  refers  to  a  solution  of  the  G  type  radial 
velocities  omitting  nine  of  the  largest  values.  The  effect 
is  to  swing  the  position  of  the  apex  of  solar  motion  nine 
degrees,  and  to  change  the  solar  velocity  derived  from  that 
type  by  nine  kilometers.  The  result  obtained  from  G'  is 
consistent  with  the  value  obtained  by  Campbell,  and  is 
most  probably  nearer  the  true  value. 

In  view  of  the  sensitiveness  of  the  solutions  only  an 
indication  of  the  results  obtained  from  proper-motions 
could  be  hoped  for,  but  that  indication  exists.  In  fact, 
with  the  exception  of  the  A  type  (B8  —  A4),  the  results  are 
almost  a  reproduction  of  the  proper-motion  results,  simply 
shifted  by  about  ten  or  eleven  degrees  along  the  parallel 
of  +22°  galactic  latitude  toward  decreasing  galactic  longi- 
tude. 

The  B  type  stars  are  anomalous  again,  the  results  from 
radial  velocitj  placing  the  apex  of  solar  motion  at  almost 
the  identical  spot  where  it  was  located  by  the  treatment 
of  proper-motions.  The  close  agreement  of  the  two 
methods  would  seem  to  indicate  that  either  the  small  real 
motions  of  the  B  type  stars  permit  a  more  definite  solu- 
tion of  solar  motion,  their  peculiar  distribution  effects  the 
problem,  or  there  is  a  strong  one  drift. 

Lest  uneven  distribution  should  play  too  great  a  part 
in  the  problem,  the  radial  velocities  were  next  divided 
into  groups  for  each  type  and  solved.  The  results  are 
given  in  Table  Y. 

Table  V. 
D 

+31.6 

+  27.4 
+  l."i.7 
+25.6 
+  9.5 
+  30.3 

There  were  too  tew  M  type  stars  to  permit  a  solution  bj 
groups. 

The  G'  row  refers  to  a  solution  in  which  the  eight  larg- 
est   radial  velocities  were  omitted. 

Since  the  material  for  individual  types  is  so  limited 
types  A  and  F,  and  types  K  and  M  were  combined  for 
both  proper-motions  and  radial  velocities  and  a  comparison 
of  these  results  is  given  in  Table  YI. 


Type 

A 

B 

278.4 

A 

2li7.4 

V 

263.6 

G 

263.7 

G' 

259.5 

K 

269.4 

V 

Corr.  t<    Lie 

km 

-22.9 

-2.2 

-17.9 

-1.1 

-17.7 

-1.9 

-24.3 

-8.3 

-15..") 

+0.5 

-24.7 

-3.5 

K,M 

A  .  F 

Proper-Motions 
A                  D 

274.6         +41.2 

268.9         +28.9 

X 

34.8 

22.2 

Table  VI. 

0 

+21.7 
+  22.1 

A 

269.9 
261.3 

Radial  V 
D 

+  27.!) 
+  22.2 

BLOCITIES 

21.5  +20.9 

12.6  +26.2 

Diff. 

+5.7 

+  12.3 

+  12.6 

-   0.4 

+8.6 

+  5.7 

+  8.9     -  5.3 

100 
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While  the  agreement  is  nol  perfed  there  is  a  strong 
similarity  between  the  two  sets  of  values  given  in  Table 
VI.  The  velocity  of  solar  motion  as  derived  from  k  and 
M  type  stars  is  24.0  kilometers,  and  thai  from  A  and  F 
types  17.7  kilometer-,  a  difference  of  6.3  kilometer 

Thus  far  solar  motion  has  been  treated  for  dependence 


upon  mean  magnitude  and  spectral  type.  It  also  seemed 
advisable  to  solve  according  to  galactic  distribution. 
Accordingly  lunes  of  galactic  longitude  were  formed  forty 
degrees  in  width  extending  from  north  to  south  galactic 
pole.  The  solutions  of  these  lunes  for  solar  motion  are 
contained  in  Table  VII. 


Table  VII. 


( Salactic 

X 

Y 

Z 

A 

D 

M 

X 

0 

Lunes 

Mag. 

„ 

i 

n 

o 

0 

f 

□ 

o 

340-   20 

633 

0.23 

-2.31 

+  1.93 

264.4 

-  39.8 

3.02 

32.5 

+  28.8 

20       60 

5.7 

560 

+  0.42 

2.88 

+  2.51 

278.2 

+  40.7 

3.85 

36.8 

18.9 

100 

"e7 

610 

■  0.25 

3.86 

+  1.95 

27:;. s 

+26.7 

4.33 

20.1 

17.3 

100     140 

5.7 

623 

+0.39 

3.40 

+  1.86 

276.6 

+28.6 

3.89 

24.:> 

15.7 

1  to-  L80 

5.6 

592 

-0.15 

3.05 

+  1.89 

207.2 

+31.7 

3.59 

24.5 

24.4 

221 1 

5.6 

558 

I  0.08 

3.65 

+  2.28 

271.2 

+  32.0 

4.30 

26.0 

21.3 

220    260 

5.6 

565 

i  0.02 

2.89 

+  2.60 

270.4 

+  41.0 

3.88 

36.1 

24.9 

260-300 

6.0 

540 

-  0.22 

3.87 

+  2.01 

27:;.:; 

+  27.4 

1.36 

22.2 

17.9 

5.7 

568 

0.24 

-2.82 

!  2.01 

265.1 

+35.5 

3.47 

28.0 

27.2 

The  firsl  column  gives  the  limits  of  galactic  longitude 
for  each  lune,  the  second  the  mean  magnitude  of  the  stars 
employed,  the  third  the  number  of  stars,  the  fourth,  fifth 
and  sixth  the  solution  of  the  normal  equations,  the  seventh 
the  righl  ascension  of  the  apex,  the  eighth  the  declination 
of  the  apex,  the  ninth  the  mean  parallactic'  centennial 
motion  due  to  the  Sim.  the  tenth  the  galactic  longitude, 
and  the  eleventh  the  galactic  latitude.  There  is  no  evi- 
dence, whatever,  of  any  systematic  tendency  in  the  dis- 
tribution of  the  :  olar  motion  resulting  from  the 
solution  in  lune-  of  galactic  longitude.  A  rearrangement 
ling  to  mean  parallactic  motion  as  given  in  Table 
VIII  might  possibly  be  said  to  indicate  a  slight  tendency 
toward  decreasing  galactic  longitude  and  decreasing  gal- 
actic latitude  of  the  apex  of  solar  motion  with  increasing 
mean    parallax.     However,    the   tendency    is    not    strong 


Table  VIII 

M 

X 

ff 

o 

3.02 

32.5 

3.47 

2s.o 

3.59 

24.5 

3.85 

36.8 

3.88 

36.1 

3.89 

24.5 

4.30 

20.0 

4.33 

20. 1 

4.36 

22.2 

-28.8 
27.2 

24.4 
18.9 
24.9 
15.7 

21.3 
17.3 
17.0 


enough  to  be  convincing  when  one  considers  the  probable 
errors  to  which  such  solutions  are  subject. 

The  material  was  next  divided  into  twenty  degree  zones 
of  galactic  latitude,  and  again  solved,  the  results  forming 
Table  IX,  which  is  similar  to  Table  VII. 


Table  IX. 


Mean 
Mag 

No. 

X 

V 

z 

A 

D 

M 

X 

P 

.  90 

5.9 

109 

■   0.01 

-2.91 

+  2.77 

270.2 

+43.6 

1.02 

37.9 

|  25.5 

:;:,! 

•  0.42 

3.  1  l 

|  2.30 

277.0 

33   i 

4.17 

29.4 

17.3 

5.9 

0.13 

3.28 

+2.06 

267.6 

!  i 

3.87 

25. 1 

24.2 

i   -  30 

5.7 

933 

■  0.05 

-  3.18 

2.19 

270.0 

-|  34.6 

3.87 

2S.0 

22.4 

Hi  to  -  lo 

5.5 

1316 

0.39 

2.9] 

+  1.73 

202.:; 

+  30.0 

3.41 

21.9 

28. 1 

30  to 

5.6 

1016 

0.03 

3.36 

+  2.02 

200.5 

+  31.1 

3.92 

24.6 

28.7 

-50  to      30 

5.8 

612 

0.0  1 

:;.:»! 

|  2.03 

200. 1 

•JOS 

1.08 

23.2 

22.0 

5.9 

100 

+  0.31 

2.71 

+  2.10 

270.5 

+37.7 

:;.ll 

:;:;.:; 

+  10.2 

-90  to      70 

6.0 

116 

-2.18 

-0.05 

332.2 

-  0.7 

4.69 

29.4 

-44.2 

With  the  exception  of  a  possible  slight  tendency  toward 
similarity  between  zones  symmetrically  placed   with  re- 
gard to  the  galactic  equator  there  seems  to  be  nothing  of 
tematic  character.     Again,  when  as  in  Table  X  an 


arrangement   is  made  according  to  mean  parallax  there  is 
no  evidence  of  any  systematic  arrangement. 

Hut  in  the  last  row  of  Table  I  X  there  is  a  marked  devia- 
tion from  the  mean  value.     This  was  at  first  considered 
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Table   X. 

M 

X 

0 

rr 

o 

o 

3.41 

21.9 

4-28.1 

3.44 

:;:;.:; 

19.2 

3.87 

25.1 

24.2 

3.87 

28.6 

22.4 

3.92 

24.(1 

28.7 

4.02 

37.9 

25.5 

4.08 

23.2 

22.0 

4.17 

20.4 

+  17.3 

4.69 

29.4 

-44.2 

as  solely  due  to  the  Few  stars  in  the  region  around  the  south 
galactic  pole  and  the  weakness  of  their  proper-motions. 
However,  it  was  investigated  and  will  Form  the  subject  of 
a  subsequent   paper. 

SUMM  vi;\  . 

Insofar  as  the  proper-motions  of  the  Preliminary  Gen- 
eral Catalogue  can  be  relied  upon  to  furnish  consistent 
results,  the  following  deductions  are  indicated  in  the  Fore- 
going investigation. 

There  is  little  if  any  shift  in  galactic  longitude  in  the 
position  of  the  apex  of  solar  motion  dependent  upon  the 
mean  magnitude  of  the  stars  employed  in  its  determination 
though  a  slight  and  possibly  fictitious  shift  in  galactic 
latitude  is  noted. 

On  the  other  hand,  there  seems  to  be  a  considerable  de- 
pendence of  the  position  of  the  apex  of  solar  motion  upon 
spectral  type,  probably  due  to  a  relative  drift  between 
early  and  late  type  stars.  It  manifests  itself  in  a  separa- 
tion in  galactic  longitude  of  about  12°  between  the  posi- 
tions of  the  solar  apex  as  derived  from  early  and  late  type 


stars,  the  galactic  latitude  remaining  constant  at  about 
+  22°.  The  evidence  on  this  point  is  satisfactorily  cor- 
roborated by  a  similar  treatment  of  radial  velocities.  It 
also  manifests  itself  in  a  difference  of  about  six  kilometers 
between  the  values  of  solar  velocity  as  determined  from 
earlj  and  late  type  stars. 

There  is,  however,  a  systematic  difference  between  the 
position  of  the  apex  of  solar  motion  as  determined  from 
proper-motions  and  that  determined  from  radial  veloc- 
ities, apparently  of  the  same  order  as  the  difference  due 
to  types. 

The  close  agreement  of  the  solar  apex  as  deduced  from 
the  B  type  stars  from  both  proper-motions  and  radial 
velocities  indicates  one  of  two  extremes.  lather  the  small 
real  velocities  of  these  stars  fit  them  especially  for  a  solar 
motion  determination,  or  there  exists  among  them  a  one 
drift  which  entirely  unfits  them  for  such  a  determination. 
Until  the  real  cause  of  the  agreemenl  can  be  established 
it  might  be  more  advisable  to  exclude  the  B  type  stars 
from  the  determination  of  solar  motion. 

If  there  is  any  real  effect  on  solar  motion  due  to  the 
distribution  of  the  stars  according  to  galactic  longitude  or 
latitude,  the  existing  material  is  not  capable  of  revealing 
it. 

In  the  future,  discussions  of  solar  motion  should  take 
into  account  the  effect  of  spectral  type,  since  manifestly 
a  change  in  tin'  ratio  between  early  and  late  type  star- 
will  cause  a  shift  in  the  position  of  the  solar  apex.  It 
might  be  advisable  for  the  present  to  adopt  as  the  position 
of  the  solar  apex  a  mean  value  between  early  type  and  late 
type  solutions  A  =  272°,  D  =  +35°  from  proper-motions; 
A  =  266°,  D  =  +25°  from  radial  velocities:  or  for  gen- 
eral purposes  the  position  A  =  270°,  D  =  +30°. 


OBSERVATIONS   OF    COMET  /   1913    {delavan), 


\i  \hi:  with  THE   1'- 

-INCH    EQUATORIAL 

AT  THE    NATION  U.   AUG 

\  mm  .    COB i  \. 

BY    A.    ESTELLE    CLANCY. 

1913 

L914 

* 

Comp. 

\a 

A3 

App.  a 

App.  3 

logp  A 

Red.  to 

App.  PI. 

Notes. 

Greenwich  M.T 

a        (i 

a             3 

Dec.  is 

It)  21)  44 

1 

5/    5 

+2 

10^32 

-7  31.2 

3  02  20.37 

-7  19   1  \:l 

9.53(1  0.5837] 

+4J1 

Clouds 

19 

17   10  01 

1 

7/    7 

+  1 

16.02 

-1  31.4 

3  01   2(i.0(i 

-7  13   1  1.5 

0.C.23  0.602ri 

+  4.10 

+  19.2 

( 'louds 

22 

13   14  04 

2 

10/  10 

+  1 

05.67 

c,   16.8   2  50  00.60 

-6  55  57.4 

7.(170  0.559// 

+4.07 

24 

12  34  18 

2 

1(1/  10 

-0 

31.52 

+6  22.7 

2  57  2:;, 40 

-6  43  18.2 

8.792n0.5637i 

+  4.06 

Jan.      3 

i:;   1  1  5:; 

3 

10/  10 

+  1 

8.92 

+  4  43.3 

2  50  05. '.15 

5  31    1  1.8 

9.109  0.5847! 

-Ml. 99 

8 

13  32  40 

1 

11      9 

— 

5.01 

+  1   31.2 

2  47  05.C.0 

-4  51   02.2 

9.325  0.599» 

+  3.1 

16 

13  21   49 

5 

1(1    1(1 

+ 

8.73 

-2  29.4 

2  42  57.89 

-3  37  40.3 

9.417  0.616» 

+0.82 

+  2.9 

Feb.     5 

13  21  38 

6 

10/   10 

+  2 

2.29 

-1  47.4 

2  39  00.02 

-0  29  25.2 

9.596  0.055// 

+0.52 

+   2.6 

9 

13  20  27 

i 

0/     0 

+  1 

12.55 

+  1  55.2 

2  38  47.15 

+0  12  5(1. s 

9.616  0.661;; 

+  0.47 

-\    2.9 

4    Setting 

13 

12  40    Hi 

8 

10      '.1 

+ 

1.86 

-1   22.1 

2  39     2.00 

+0  51  21.6 

9.582  0.6677! 

+0.41 

+  3.0 

Mar.    9 

12  27  47   9 

10/  10 

-1 

59.20 

5   39.(i 

2  45  44.00 

+5  15    2.0 

9.669  0.681  w. 

+0.14 

+  4.0 

l  signifies  transits.     Observations   taken  on    Dec.  26,  29,  Jan.  26  will    be.published   later,  after  the  positions  of  the  comparisi 
have  been  determined. 
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Mean   Places  of  the  Comparison- Stars  for  the  beginning  of  the  year. 


* 

a 

S                               Authority 

* 

a 

0 

Authority 

1 

2 
3 

l 
5 

h       m       s 

3  (Hi  05.94 
2  57 

2   is  56.04 
2  17   10.58 

7  12  02.3 
9  59.5 
6     L.6 

1  52  36.5 

-3  :;." 

A.G.Wien-Ottakring696 
A.G.Wien-Ottakring685 
A.G.Strassburg          690 
A.G.Strassburg         685 
A.G.Strassburg         669 

6 

7 
8 
9 

h      in      a 

2  36  57.21 
2  37  34.13 
2  38  59.73 
2    17    13.06 

-0  27  40.4 
+0  10  58.7 
+  0  55   10.7 
+5  09   L8.4 

A.<  1.  Nicolajew 
\.(  t,  Nicolajew 
A.(  1.  Nicolajew 
A.G.  Albany 

551 
55 ! 
561 
801 

OBSERVATIONS   OF   COMET   a    1914    (kritzinger), 

MADE  WITH  THE  12-INCH  EQ1    ITORIAL  AT  THE  NATIONAL  AH  I  OBSERVATOR1      CORDOBA 

By  a.  estelle  glance 


1914  Greenwich  M.T. 

* 

( !omp 

a     d 

da                J(? 

A  pp.  a 

App.  8 

log  p  A 
a              5 

Red.  to  App.  PI. 
a                  3 

Notes 

Mar.  30  18  57   17 

Apr.      1    17     (I  52 

1  17    11  37 

2  Hi    17  54 
5  20  23  20 
8  20  42  is 

1 
2 

:; 
1 

5 
6 

7/    7 
10/  10 
10'    9 

m  12 

7/    6 
11/  11 

Ill        s 

+  1      1.91 
2  55.73 
f-0  46.23 
-  1   26.78 
4  2  28. 1 1 
-1      0.14 

2    19.1 
4-5  40.4 
-3   1  1.9 
4-3  27.1 
4-5  52.0 
-2     8.1 

16   15   15.77 
16  21    16.1  1 
16  21   21.68 
16  24  26.92 
16  34    18.65 
in  15  lo.si 

-8  54  15.2 
-7  50  49.2 
-7  50     1.1 
-7  16  30.1 
-5  18  56.8 
-3  14   19.7 

9.1:54//  0.528?? 
9.551n  0.579?? 
9.448??  0.563?? 
9. 573??  0.590?; 
8.767    0.585?? 
9.012    0.617?? 

+  1.79   -16.8 
4-1.81  -16.9 

+  1.82  -17.0 
+  1.83  -17.1 
+  1.89  -17.6 
+  1.89  -17.9 

I  i  llouds.    Nucleus. 
/  Brightness=10m.5 

( !louds. 
i  Nucleus. 
i  Brightness=10m.O 

■  signifies  transits 


Mean   Places  of  the  Comparison- Stars  for  tin    Beginning  of  the   Year. 


* 

a                      8 

Authority 

* 

a 

8 

Authority 

1 

2 
3 

16   14™  12^07 
16  21    10.06 

-  s  51 

-7  56   12.7 
-7  40  29.2 

A.G.  Wien-Ottakring  5660 
A.G.  Wien-Ottakrin     >7    ! 
A.G.  Wien-Ottakrii 

4 
5 
6 

16  25  51.87 
L6  32  18.32 

10     Hi      9.00 

-7  19  40J    A.G.  Wien-Ottakring  5715 
-5  24  31.2  :  A.(  \.  Strassburg           5706 
-3  11  53.7  1  A.G.  Strassburg           5764 

ELEMENTS   OF   COMET   b   1914    {zlatinsky). 

T  =  May  8.38,  1914  G.M.T. 
<«  =  116°  22' 
SI  =    32   36 
■  =  1 1 12    59 
q  =  0.543 


The  following  elements  of  Cornel  b  L914  (Zlatin 
have  been  computed  by  Professor  Crawford  and   Miss 
Levy  at  the   Students  Observatory,  Berkeley,  California, 
from  observations  on  May  16,  17.    ad  18. 
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1.1  7T-.  />.('<  .IS   /  .11 

Solar  annual  precession  =  -^ — jz ^r-, — , 

Tu  (l-e-)t.n  +  1 


in  which 


PRECESSION   OF   THE 

By  PERCIV 

1.  The  solar  annual  precession  for  any  planet  is  given 
very  approximately,  in  consequence  of  the  smallness  of 
the  planet's  diameter  as  compared  with  its  distance  to 
the  Sun,  by  the  equation: 

(1) 

(in  radian- 1 

C— A 
its  momental  function;   — ~ — 

I  =  the    obliquity    of    its    ecliptic, 

that  is  the  angle  between  its 
equator  and  its  orbital  plane; 

T  =  its  sidereal  year; 

co  =  its  mean  angular  siderial  velo- 
city of  rut  at  ion; 

e  =  the  eccentricity  of  its  orbit; 

n  =  the  ratio  of  the  Sun's  muss  to 
its  own. 

To  reduce  (1)  to  seconds  of  arc  we  multiply  it  by 

180  .  60  .  60. 

,,,       B.9.(60)3.cos/./(  ..  .      . 

giving  (1)  =  T       _  £2),  )t  +  1  (m  seconds  of  arc) 

when  T  is  reckoned  in  sidereal  days  of  the  planet. 
Except  for  Jupiter  and  Saturn      — r  is  sensibly  unity. 

2.  B,  the  momental  function,  is  the  moment  of  the 
impressed  forces  divided  by  the  moment  of  inertia  of  the 
body.  Its  value  depends  upon  the  distribution  of  the 
matter  composing  the  body.  For  two  limiting  cases  the 
function  may  be  calculated,  to  wit:  for  homogeneity  on 
the  one  hand,  and  for  complete  central  concentration  on 
the  other.  The  actual  distribution  must  lie  between  the 
two. 

For  homogeneity  the  value  of  B  is 

Bk  = 


MARTIAN   EQUINOXES, 

AL   LOWELL. 


a2  +  c2 


For  the  Earth  the  best  value  of  the  latter  is 


where  a  and  c  are  the  long  and  short  axes  of  the  spheroid. 
If  then  we  know  the  polar  flattening  we   can  find  B„ . 

1_ 
297.5 ' 

On  the  other  hand  if  all  the  matter  composing  a  planet 
were  concentrated  at  its  center,  that  infinitesimal  kernel 
of  exceedingly  dense  material  would,  as  I  have  pointed 
out  elsewhere*,  be  perfectly  spherical.  In  consequence 
the  momental  function  in  that  case  or  Be  would  vanish. 
We  have  then  two  definite  limits  for  B  in  the  case  of  a 
planet  corresponding  the  one  to  homogeneity,  the  other 
to  central  condensation.     For  the  Earth  their  values  are: 


Bt  =  0.0033741)  i] Hilar  flattening  =  H7r=-C 

29i  .5 


i.  =  0. 


and  for  Mars,  taking  — —   for  the  amount  of  the  oblate- 


lli ;ss    n   =    

a 

Bh  =  .0050125 
B,  =  0. 

3.  The  next  step  is  to  find  the  actual  B  for  the  Earth. 
This  we  may  obtain  from  the  observed  precession.  For 
since  in  (1)  /,  e  and  T  are  known  very  approximately  if 
we  equate  to  it  the  observed  solar  precession  we  ran 
deduce  B.  Now  the  solar  precession  is  not  directly  fur- 
nished by  observation.  What  observation  gives  is  the 
general  precession,  from  which  must  be  subtracted  the 
planetary  precession  to  give  the  luni-solar  one.  This  in 
its  turn  must  be  separated  into  its  two  constituents,  a 
procedure  possible  by  means  of  the  theoretic  values  of 
each,  since  each  involves  B  directly  which  therefore 
cancels  out  of  the  ratio. 

The  values  of  these  several  precessions  as  computed 


Si  e  Phil.  Mag.,  May,  1910,  page  708. 
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by    Newcomb,    the   result    differing   bu1    little   from   L. 
Struve's  for  the  luni-solar,  are: 

Genera]  precession  =  50". 2504  a  year 
Planetary  precession  =  —  .1127  a  year 
Luni-Solar  precession  =  50  .3031  a  year 

Now  the  ratio  of  the  solar  to  the  lunar  annual  preces- 
sion is: 

4-11,1 

V-    l  sin  I 

in  which  n'  is  the  ratio  of  the  mass  of  the  Earth  to 
that  of  the  Moon  and  i  the  inclination  of  the  lunar  orbit 
ecliptic.  7"  and  T  are  the  sidereal  month  and  the 
sidereal  year,  respectively,  expressed  in  terms  of  the 
sidereal  day. 

For  the  value  of  n'  we  have: 

(1)   from   the  constant   of    nutation  9".21    and    the    luni- 
solar  :  50". 36   '•'  =81.58  according  to  Newcomb. 
lunar  inequality,  taking  the  solar  parallax 
-  81.41 

The  mean  of  the  two  gives  n'  =  81.5 

Finally  e   =  .0167468  for  1910 

e'  =  .054908     for  1910 
i  =  5°  8'  48"  for  1910 

With  these  data  we  gel : 

solar  annual  precession  =  15".993 

lunar  annua!   precession  =  34  .370 

luni-solar  annual  preci  ssion  =  50  .363 

and  equating  the  solar  annual  precession  to  (1) 

B  =  .0032830 

4.     Now  it  is  evident  that  Mars  is  nearer  homogeneity 

than  the  Earth;    because  while  the  mean  density  of  the 

Earth  i-  5.5  i     ig  to  Boys,  thai  of  Mars  is  but  3.93. 

urface  rocks  of  the  Earth  have  a  mean  density  of 

2.65  and  from  whal   we  know  of  the  constitution  of  the 

planet  including  the  mean  density  of  meteors, 

we  are  justified  in  concluding  the  surface  density  of  Mars 

not  to  tlj    From  our  own.     In  consequence  the 

gradienl  of  increase  of  density  inwards  must  be  then-  less 

□  us1    more  nearly   approach  Bu  than 

I  arth. 

If  the  matter  composing  Mars  were  so  arranged  thai 

the  law  of  density  were  there  what   it   is  here,  we  should 

-uiie  ratio  to  hold  for  /.':      » >r  Bj  would  equal 

.0048761. 

Consequently  />',  must  lie  somewhere  between 


Furthermore  from  the  fad   thai   for  the  Earth  where 

the  surface  density  is  one  half  the  mean,  the  value  of  R 
approaches  /:,  so  nearly,  much  more  than  half  way  from 
/>'  to  /',, .  we  perceive  that  it  must  do  so  increasingly  for 
surface  density 


Mars  where   the   ratio 


mean  density 


=  .074. 


.").  Our  problem  is  therefore  this  :  given  three  values 
of  an  unknown  function  to  interpolate  a  fourth.  Inter- 
polation by  differences  is  futile  as  the  third  difference- 
are  lacking  and  would  be  large. 

Now  we  know  that  any  quantity  may  be  expressed  as 
some  function  of  another  if  the  two  be  theoretically  con- 
nected.    Therefore 


B  =  fx      where  x  =  ratio 


surface  density 
mean  density 


Of  this  function  we  know  that  it  is  0  when  a;  =  0:  that 
it  is  .0033749  when  x  =  1;  and  .0032830  when  x  =  h. 
The  simplest  function  that  will  satisfy  these  thn     values 

is: 


B  =  C  x~» 


or  log  B  —  log  C 


log  x 
H 


whence  //  comes  out  25.15. 

Applying  this  to  Mars  we  find  from 

C  =  .0050125 
x  =  Jul 
73!  =  .004!i:;:> 

6.  With  this  value  for  Bx  we  are  in  position  to  calcu- 
late the  solar  annual  precession  on  Mars,  the  other  factors 
to  the  equation  being  known.  From  the  latest  deter- 
mination  at    the   Lowell  (Jbservatorv 


while 


h    =  23°  30' 

ei  =  .093318  for  1910 
7\  =  669.60 


and 


.01  CO  12o 
.0048761 


Therefore  the  solar  annual  precession  For  Mars: 

=  B,  .  9  .  (60)3  cos  h 
T,  .  (1  -  e?)l 

=  13". 31   in  one  .Martian  year 
or  =    7  .OS  in  one  terrestrial  year 

since    the    Martian    sidereal    year  =  686.979  mean    solar 
terrestrial  days. 

The  great  difference  between  this  result  and  tin  one 
for  the  Earth  is  due  to  the  greater  distance  of  the  Sun.  the 
other  factors  being  on  the  whole  larger. 


N°-  669 


THE    ASTRONOMICAL    JOURNAL 


171 


An  interesting  corollary  follows  from  this  investigation 
on  the  precession.  Contrary  to  one's  general  ideas  on  the 
subject  if  the  pole  of  the  disturbed  body  coincide  with  the 
pole  of  the  body's  ecliptic  this  coincidence  not  only  does 
not  annul  the  precession  but  actually  renders  it  a 
maximum. 

This  may  be  demonstrated  as  follows: 
The  amount  of  the  motion  of  the  pole  of  the  disturbed's 
equator  around  the  pole  of  its  ecliptic,   in   a   direction 
parallel  to  its  ecliptic  is: 

6  ir2  B .  n         _,  T       .       T    ._    ,    ,. 

rr    ,, =V5  T~T   L)  .  cos  I  .    sin  1   (C   +  I)  —  terms 

7co(l  —  e-)i   n  +  1 

which  are  periodic,  dependent  on  the  Sun's  longitude  and 

the  longitude  of  the  periplanetan  /  being  the  longitude  of 

the  disturber  and  C  a  constant.      In  tin'  case  of  tin-  Sun 

I  is  the  obliquity  of  the  ecliptic. 

To  find  the  precession  of  the  equinoxes  we  must  divide 

this  amount  by  sin  /.  giving  for  the  precession 

cos  /  sin  I 


sin  / 


(C  +  I) 


Now  let  us  examine  the  value  at  the  limit  when  / 
In  this  case  the  precession  bee 


0° 


I  (('  +  /) 


that  i.-  indeterminate. 


To  evaluate  it  we  differentiate  both  numerator  and  de- 
nominator according  to  the  well-known  method  in  cases  of 
indetermination.     This  gives 


=  2ira 


cos2  I  —  sin2  I 
cos  J 


in  which  making  7  =  0°  we  find 

=  2wa  cos  I  =  2ira 

This  is  a  maximum  value  for  the  function  since  cos  /  lias 
here  its  greatest  value,  1. 

We  thus  see  that  in  the  case  of  coincidence  of  the  planes 
of  the  orbit  real  or  virtual  of  the  disturber  and  of  the 
equator  of  the  disturbed,  the  value  of  the  precession  of 
the  disturbed's  equinoxes,  far  from  being  zero,  has  in  fact, 
its  maximum  amount.  The  physical  explanation  of  this 
paradox  is  that  though  the  amount  of  motion  induced  in 
one  pole  round  the  other  parallel  to  its  ecliptic  is  in  truth 
nothing  the  pole  of  its  ecliptic  is  also  no  distance  from  the 
planet's  axial  pole,  giving  for  the  precession  the  indeter- 
minate form  -  which  analytics  show  has  in  this  case  in 
fact  a  finite  value  —  and  that  value  actually  its  maximum. 
!  Obst  rvatory,  May,  1914. 


DISCORDANT    MAGNITUDE    DETERMINATIONS    INDICATING 
POSSIBLE    VARIABILITY, 

By  HEROY   JENKINS. 


In  the  course  of  a  preliminary  reduction  of  the  Photo- 
metric work  of  the  Department  of  Meridian  Astronomy 
of  the  Carnegie  Institution  of  Washington  at  San  Luis  a 
number  of  discordances  were  found  which  may  be  of 
interest  to  variaUc  star  observers.  The  list  which  follows 
contains  stars  for  which  the  San  Luis  observations  were 
discordant;  stars  whose  magnitudes  measured  at  San 
Luis  differed  considerably  from  those  given  by  Harvard 
and   a    few   stars  whose   magnitudes   differed    from   those 


given  by  Gould.  The  San  Luis  observations  given  in 
the  list  have  been  reduced  to  the  Harvard  scale.  The 
magnitudes  taken  from  the  Argentine  General  Catalog, 
the  Zone  Catalog,  the  Cordoba  D  M  and  the  Cape  Photo- 
graphic DM  have  not  been  corrected.  On  one  night 
So50  1232  at  10h  14m  52s  was  certainly  fainter  than  L0.5 
as  it  could  not  be  seen,  while  the  adjacent  stars  in  the 
field  were  full  brightness. 


Suspected  Variables. 


Name 


R.A.  1910     Decl.  1910 


San   Lots 


Harvard 


1 .  58 

0   17  41 

L  171 

0  34  52 

L  212 

0  37  28 

L208 

0  41   27 

L377 

1   18     0 

I.  ltd 

1  24  44 

L  042 

2  53  38 

CPD-24,  -417 

3  21  30 

L  1263 

3  27  21 

Lai  8769 

4  33  28 

-38  53.0 
-74  27.2 

83  31.7 
-54  19.6 
-52  32.9 
-80  21.8 
-36  47.7 
-24  47.9 
-82  34.7 
-23   13.8 


8.46  8.68  8.27 
7.SI5  7.07 

8.56  S.55 

9.62  9.55 

8.60  s.71  9.07 

8.93  9.16 

8.10  7.82 

9.96  9.63 

8.54  8.81  8.71 

8.42  8.15  7.77  8.05  8.06 


8.18  8.02  7.88 

7.50  7.51  7.55  7.50  7.41  7.26 

7.22  7.32 

9.26  9.26  9.06 

9.00  9.00 


7.36  7.52  7.41 
9.10  9.10 

S.07  7.97  8.07 


A.G.C.  Z.C.  CD.  (PI). 


8.0 
7.5 

7.8 

8.4 

s.i 
8.8 
7.:! 
8.6 
7.8 
6.8 


8.0 

7.5 

8.1 

vy2 
sy2 

7.2 

8.5 
8.5 

7 

7.4 

7.7 

7.4 

m 

8 

8.8 

8 " 

9.0 

7.8 
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Name         R.A.  1910     Decl.  L910 

I.  17.->7 
I.  1795 
I.  L827 
I.  2719 
Taj  3090 

I  2883 
I.  2964 
Tay  3518 

I.:;.;  in 
3o     Ms:, 
-       1232 
I.  1647 

1086 
So     1494 

CI)  IK, .",'_' 
Bl,  6534 

,  Observatory,  Albany,  N.Y. 


5 

5 

30 

5 

1  1 

15 

5 

19 

:,ii 

(i 

57 

3 

7 

'_'7 

13 

7 

:il 

56 

7 

12 

1 

S 

1  1 

2 

s  26 

11 

10 

1 

54 

L0 

1  1 

52 

11 

s 

26 

12 

1!) 

s 

Hi 

47 

s 

17 

51 

17 

IS 

53 

56 

59 

59.7 

39 

31 

1(1.7 

Sll 

1.1 

34 

47.(1 

11 

29.7 

39 

37.8 

59   16.7 

30 

1.4 

55 

19.7 

44 

47.4 

H, 

28.6 

43 

23.6 

44 

56.3 

50 

8.1 

65 

2.6 

San   l.i  is 

Harvard 

7.24 

7.92  8.02  0.S2 

7.73  7.1  1  7.28 

0.72  6.03  0.70  7.16  7.18 

7.40  7. (•()  S.12  7.00  S.50  7,14 

7.30  7.7S  7.27 

8.03  8.39 

8.99  8.79 

7.20  7,15  7.2S  7.07  0.03  7.0S 

8.15  7.05  7.51  7.64  8.01  7. 

7.0  1  7.62  7.50 

7.10 

0.17  0.20 

0.7S  7.17  7.05  7.41 

7.31  7.2!  7.5S  7.44  7.40  7.47 

7.00  8.39  7. so  7.50  s.oo 

7.70 

7.00  7.52  7.27  7.52  0.7  1 

s.21  7.74 

7.05  7.70  7.99  8.08 

8.34  8.84 

9.65  s.()5 

7.00  7.86 

6.77  6.95 

8.10  7.20  s.iil 

8.05  8.13  s.()2  S.01  S.40  8.07 

8.46  S.66 

7. si  8.13 

(US  s.oo  s.so  0.14  0.03 

9.29  9.99  10.19  10.09  9.79 

7.S0  7.3,5  7.4S  7.68  7.23 

8.05  8.15 

r.3.5 


A.G.C.  Z.C.  CD.  C.P.D. 


8.4 
6.9 

7.6 
8.9 

8.2 


7M 

8.0 

7.2 

8.0 

7.5 

7% 

7.6 

7.5 

s'4 

8.5 

7lA 

8.0 

7.9 

m 

7.5 

7.1 

7:;, 

8.0 

8.0 

7ZA 

7.5 

8 

8.0 

7.7 

m 

8.1 

m 

9.8 

( 

7 

7.7 

s;, 

S.5 

s', 

8.6 

8.6 

9.5 

9.5 

8 

8.0 

s.l 


s.o 


s.o 
9.3 
8.3 
9.3 

8.9 

9.6 

7.7 


PHOTOGRAPHIC   POSITIONS   OF  COMET   1911  c 

By  WILLIAM   O.  BEAL. 


(BROOKS), 


The  plates  from  which  these  positions  have  been  obtained 
were  exposed  by  Prof.  F.  P.  Leavenworth  and  Mr. 
\i  mm  ii  Davis  ai  the  observatory  of  the  University  of 
Minnesota  with  the  10J^-inch  equatorial.  The  scale  of 
the  plates  is  lmm  =  1'.  The  measurements  were  made 
with  the  Repsold  measuring  machine  by  the  persons 
indicated  in  the  column  headed  "computer." 

The  plates  with  long  exposure  times  were  originally 
made  for  the  picture.  On  these  the  star  images  are  trails 
from   1   to  3  mm.  in  length,  and  the  positions  obtained 


from  them  have  a  much  smaller  weight  than  those  from 
the  plates  with  short  exposure. 

The  star  places  were  taken  from  the  A.  G.  Zones.     The 
computers  are  designated  as  follows: 

B   =  William  O.  Beal, 
L   =  Greta  Lagro, 
T   =  Ella  Thorp, 
F   =  G.  Lee  Fleming, 
Lv=  F.  P.  Leavenworth. 


1911  Minneapolis  M.T. 

a  1911.0 

d  1911.0 

log 

pA 

No.  of 
Exposures 

No.  of 
Corap. 
Stars 

Exposure 
Time 

Computer 

a 

3 

1 

d         1,        III       s 

Sept.  15   10      1   31 

Hi'  44m.58!30 

56°  34  47^8 

0.S5S 

0.278 

1 

4 

30' 

B 

2 

Sept.  10    8    0    9 

15  50  37.37 

54  35  20.1 

0.7SS 

9.977 

1 

4 

2 

L 

3 

Sept.  21     7    13     5 

15  34  12.68 

53     0   13.6 

9.787 

0.137 

1 

4 

2 

B 

1 

-   pt.  22     7  50  13 

15  23  31.67 

52  20     8.0 

0.70S 

0.277 

2 

4 

2 

B 

5 

Sept.  22     7  50   IS 

15  2:1  31.83 

52  20     0.1 

0.70S 

0.277 

2 

4 

2 

F 

6 

Sept.  29     7     6   10 

1  1  20  43.60 

45    10  31.6 

0.704 

0.548 

1 

4 

3 

T 

7 

7     6  59  30 

13  20   17.66 

35  20   10.5 

9.703 

0.745 

4 

6 

2lA 

Lv 

8 

Oct.      s     7     5  56 

13  24     4.41 

33  58   17.3 

0.000 

0.70S 

3 

6 

2 

Lv 

9 

Oct.     0     7     2   10 

13    10    11.21 

32  ::o  26.7 

9.682 

0.777 

1 

2 

15 

B 

in 

Oct.    10     0  57   14 

13    11   31.11 

31     13     0.6 

9.678 

0.772 

1 

3 

26 

B 

11 

Oct.    26    16   50     6 

12  33   21.1  1 

0    17  21.1 

0.017// 

0.780 

1 

4 

19 

B 

12 

Oct.    20    17    13   32 

12  33  20.66 

0    15   51.0 

0.007// 

0.775 

1 

4 

6 

B 

13 

<ict.    27    17     7  23, 

12   33     .',70 

5    17    1S.S 

0.607// 

0.7S0 

1 

4 

25 

B 

11 

Oct.    28   17     7   L3 

12  33     1.25 

3  50  24.4 

0.001// 

0.783 

1 

2 

41 

B 

15 

Oct.    20   17     7  41 

12  33   12.1s 

2  23  50.7 

0.001// 

0.7S6 

1 

2 

3,1 

B 

16 

Nov.     1    17     S  50 

12  35     1.H7 

-  1   46  20. 1 

0.501// 

0.796 

1 

1 

27 

B 

17 

Nov.    4  17  28  21 

12  38  32.22 

5    12   30  7 

9.574/1 

o.sos 

2 

2 

5,  10 

B 

■   2,  1 '.  1 1  1 . 
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SUNSPOT   OBSERVATIONS, 


MADI 

AT    BERWYN,  PENN., 

wi  n 

A    4} 

-INCH    REFRACTOR, 

By 

ALDEX    W. 

QUIMBY. 

New 

Total 

Fac. 

New 

Total 

Fac 

New 

Total 

Fac 

1914 

Time 

Def. 

1914 

Def. 

1914 

Time 

Def 

Grs 

Grs. 

bpots 

Grs. 

'Irs 

Crs. 

Spots 

(Irs. 

Grs 

(Irs 

Spots 

Grs 

Jan.      1 

8 

_ 

1 

3 

fair 

Mai'.    5 

s 

fair 

May    6 

4 

1 

fair 

2 

8 

- 

1 

5 

- 

" 

7 

9 

- 

- 

- 

" 

7 

7 

- 

- 

- 

- 

" 

3 

8 

- 

1 

1 

- 

poor 

8 

8 

- 

- 

" 

8 

8 

- 

- 

- 

- 

" 

5 

11 

- 

- 

- 

" 

9 

9 

- 

- 

" 

9 

7 

- 

- 

" 

6 

8 

- 

- 

- 

- 

" 

10 

8 

- 

- 

•• 

10 

7 

- 

- 

gi  )i  ii  1 

7 

8 

- 

- 

- 

" 

11 

3 

- 

v.  poor 

11 

7 

- 

- 

- 

- 

" 

8 

8 

- 

- 

- 

- 

fair 

12 

8 

- 

- 

1 

fair 

12 

7 

- 

- 

- 

fair 

9 

8 

- 

- 

- 

- 

•• 

13 

8 

- 

- 

1 

13 

5 

- 

- 

- 

- 

" 

10 

8 

- 

- 

- 

" 

14 

8 

- 

- 

•■ 

14 

7 

- 

- 

- 

- 

g 1 

11 

12 

- 

- 

- 

" 

15 

8 

- 

- 

- 

•■ 

15 

7 

- 

■• 

12 

8 

- 

- 

- 

- 

" 

16 

7 

1 

1 

2 

1 

" 

16 

7 

- 

" 

13 

8 

- 

- 

- 

- 

" 

17 

7 

1 

2 

1 

" 

17 

7 

- 

- 

- 

- 

" 

14 

8 

- 

- 

- 

•• 

18 

11 

- 

- 

- 

- 

poor 

18 

7 

- 

- 

•• 

15 

S 

- 

- 

- 

- 

" 

19 

8 

- 

- 

- 

- 

fair 

19 

7 

- 

- 

- 

- 

" 

16 

8 

- 

- 

- 

- 

" 

20 

10 

- 

- 

- 

- 

" 

20 

7 

- 

- 

- 

1 

" 

17 

2 

- 

- 

- 

- 

" 

21 

8 

- 

- 

- 

- 

" 

21 

7 

1 

1 

3 

1 

" 

IS 

8 

- 

- 

- 

- 

" 

22 

11 

- 

- 

- 

- 

" 

22 

5 

- 

1 

5 

- 

fair 

19 

8 

- 

- 

- 

- 

poi  >r 

23 

8 

- 

- 

- 

- 

" 

23 

7 

- 

1 

5 

- 

" 

20 

8 

- 

- 

- 

- 

fair 

24 

8 

- 

- 

- 

- 

" 

24 

7 

- 

1 

5 

- 

" 

21 

8 

- 

- 

- 

- 

" 

25 

8 

- 

- 

- 

- 

" 

25 

7 

- 

- 

- 

1 

" 

22 

8 

- 

- 

- 

- 

" 

26 

8 

- 

- 

- 

_ 

" 

26 

7 

- 

_ 

- 

1 

" 

23 

8 

- 

- 

- 

- 

" 

27 

3 

- 

- 

- 

- 

" 

27 

7 

- 

- 

- 

- 

good 

25 

8 

- 

- 

- 

- 

" 

28 

8 

- 

- 

- 

- 

" 

28 

7 

- 

- 

- 

- 

" 

26 

8 

- 

- 

- 

- 

" 

29 

2 

- 

- 

- 

- 

v.  poor 

29 

7 

- 

- 

- 

- 

" 

27 

8 

- 

- 

- 

- 

" 

31 

7 

1 

5 

1 

fair 

30 

7 

- 

- 

- 

- 

" 

28 

8 

- 

- 

- 

- 

" 

Apr.     2 

7 

- 

6 

1 

" 

31 

7 

- 

- 

- 

- 

" 

29 

8 

- 

- 

- 

- 

" 

3 

7 

- 

6 

1 

" 

June    1 

7 

- 

- 

- 

- 

" 

30 

8 

- 

- 

- 

- 

" 

4 

7 

- 

10 

1 

good 

2 

7 

- 

- 

- 

- 

" 

31 

8 

- 

- 

- 

- 

" 

5 

5 

- 

24 

- 

v.good 

3 

7 

- 

- 

- 

- 

" 

Feb.     1 

S 

- 

- 

- 

- 

" 

6 

7 

- 

23 

- 

" 

4 

4 

- 

- 

- 

- 

fail- 

2 

8 

1 

1 

4 

- 

" 

7 

7 

- 

20 

- 

" 

5 

7 

- 

- 

- 

1 

good 

3 

9 

- 

1 

5 

- 

" 

8 

9 

- 

12 

- 

poor 

6 

7 

- 

- 

- 

1 

" 

4 

8 

- 

1 

5 

- 

" 

9 

8 

- 

6 

- 

fair 

7 

5 

- 

- 

- 

1 

" 

5 

9 

- 

- 

- 

- 

poor 

10 

4 

- 

4 

1 

" 

8 

7 

1 

1 

4 

1 

" 

7 

2 

- 

- 

- 

- 

fair 

11 

8 

- 

- 

- 

1 

good 

9 

7 

- 

1 

4 

1 

" 

8 

8 

- 

- 

- 

- 

" 

12 

8 

- 

- 

- 

- 

fair 

10 

11 

- 

1 

4 

- 

fair 

9 

8 

- 

- 

- 

- 

" 

13 

8 

- 

- 

- 

- 

" 

11 

7 

1 

2 

3 

- 

(i 

10 

9 

- 

- 

- 

- 

poor 

14 

8 

- 

- 

- 

- 

" 

12 

7 

- 

2 

3 

- 

" 

11 

8 

- 

- 

- 

- 

fair 

16 

2 

- 

- 

- 

- 

poor 

13 

5 

1 

3 

12 

1 
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FURTHER     DATA     BEARING    UPON    THE    REALITY    OF    THE 
AXTATI-IX    GROUP,    A.  J.,  635-636, 

By  benjamin  boss 


In  .1. ./.  635  636  a  group  of  stars  has  been  pointed  out 
with  a  convergent  a1  R.  A.  =  !t»7°,  Decl.  =  -40°.  Be- 
cause of  tlir  proximity  of  this  convergent  to  the  antapex 
of  solar  motion  the  group  was  called  the  Antapex  Group. 
On  page  eighty-nine  of  the  number  referred  to  a  compari- 
son was  made  between  the  observed  mean  proper-motion 
oupings  arranged  according  to  distance  from  the 
convergent,  and  the  value  of  the  proper-motion  com- 
puted on  th  true  parallelism  of  motion  of  the 
group.     The  agreement  was  perfect. 

li  may  now  be  interesting  to  treat  the  few  star-  of  the 
group  whose  radial  velocities  If  once  more  it 

is  assumed  that  perfect  parallelism  of  motion  exists  in 
this  case,  we  have  tin  means  of  determining  the  group 
velocity  from  the  observed  radial  velocities,  and  reversing 
the  process  we  are  able  to  obtain  computed  individual 
velocities  from  the  group  velocity. 

Radial  velocities   were  given  for  seven  stars.     Six  of 

them  are  contained   in  the  table,   where  the  first   column 

the  number  of  the  star  in  the  Preliminary  Crucial 

•  the  second  column  the  observed  radial  veloc- 

the    third    the    computed    radial    velocity,    and    the 

the  residual  computed  minus  observed. 


P.G.C. 


p  Obs 


p  ( !omp. 


C-0 


6031 

-  3.7 

-  7.4 

-3.7 

101 

+  12. 

+  10.7 

-1.3 

107 

+  9. 

+  10.8 

+  1.8 

422 

-  1.2 

-  1.6 

-0.4 

885 

+  17. 

+16.3 

-0.7 

2074 

+  6.8 

+  4.0 

-2.8 

The  computed  values  were  based  upon  a  group  velocity 
of  +21  kilometers  relative  to  the  Sun.  One  star  P.  G.  C. 
ion  .,"  Tiiciii.),  was  omitted.  Its  radial  velocity  0  was 
based  upon  only  one  observation.  The  agreement  In- 
computed  ami  observed  radial  velocities  is  very 
fair,  and  lends  considerable  more  reality  to  the  group. 

The  suspicious  agreement  between  the  vertex  of  the 
group  and  the  antapex  of  solar  motion  taken  in  con- 
junction with  the  group  velocity  indicates  that  we  are 
dealing  with  stars  practically  at  rest  in  space. 

As  far  as  I  am  aware  only  two  of  the  stars  have  measured 
parallaxes.  /'.  <!.  ('.  5944  is  given  an  observed  parallax 
of  +".026  by  Flint,  while  the  value  computed  on  the 
hypothesis  of  group  motion  is  +".024.  The  parallax  of 
/'.  G.  C.  2987  was  found  to  be  +".041  by  Jost,  while  the 
computed  value  amounts  to  +".022.  It  is  unfortunati 
that  the  computed  parallaxes  of  these  stars  are  so  small, 
since  it  deprives  us  of  an  additional  means  of  testing  the 
reality  of  the  group. 


ERRATA    IX    BOSS'S   PRELIMINARY   GENERAL   CATALOGUE, 

Bi    unnui;  .1.  ROY. 

Star  Xo 


Through  the  kindness  of  some  of  our  colleagues  in  fur- 

;  ii-  with  a  lisl  of  errata  in  the  Preliminary  General 

i  -i-ii  the  discovery  of  additional  errata 

by  members  of  the  staff,  we  have  become  possessed  of  a 

list   of  errors  and  typographical  faults  who-. rrection 

may  save  the  reader  considerable  trouble.  The  list 
follows: 

Page  VII  hue  ('amh.  30,  tor  Vol.   X  read  Vol.  XI. 

VIII  line  Sail'.  85,  for  1875  read  1885. 

XIX   fourth   line  from   bottom  of    page    fur  0*.36 
read    0.36. 

Page  XXXII  line  27  for  Pi  I'.ioo  read /'/  L800. 
X...     M0  for  +  ".0028  read  +».0034. 
Hill  2  both  notes  pertain  to  1012. 
2033  lor  ".008  read   -".008. 
2087  for  a  Puppis  read  I.  304  I. 
3064  for  -.")°  read  -75°. 


3356  for  22M0  read  23U6. 
3693  for  L5920  read  L5921. 
3885  for  -".013  read  +".013. 
1 193  for  Sagilarii  read  Sagittarii 
1030  for  +".0025  read  +".0027. 
1955  for  -6".853  read  +6".853. 
5349  for  -s.0002  read  +*.0001. 
:,0i',o  lor  343°  read  243°,  foot  note. 
Page  200  line  11  from  bottom  of  page  for  DoBERK  read 
I  >OBER(  K. 

Page  207  line  4  for  a2  read  a1. 
207  line  0  for  a1  read  a2. 
271  line  28  for  -1.33  read  -2.33. 

279  line  27  insert  comma  (,)  after  "right-ascension." 

280  in  formula  for  e2  read  (e02. 

2S0  tenth  line  from  bottom  lor  ±"30  read  ±".30. 
340  line  1  for  "1880  to  1884"  read  1880  and  1884. 
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THE    TAURUS    CLUSTER, 

By  JOHNSON    O'CONNOR. 


For  over  a  year  I  have  worked  during  my  spare  moments 
on  the  motions  of  groups  of  stars.  It  may  be  interesting, 
after  the  recent  announcement  from  Dr.  Slipheh,  that 
the  nebula  in  Virgo  is  rotating,  to  summarize  briefly  what 
I  have  so  far  found.  In  1908  (Ast.  J.  604)  Lewis  Boss 
showed  that  thirty-eight  stars,  within  an  area  in  the  sky 
of  about  thirty  degrees  diameter,  have  motions  in  space 
practically  equal  and  parallel  to  one  another.  This 
means  that  the  projections  of  these  motions  —  or  the 
proper  motions  which  we  measure  —  must  all  converge 
at  a  single  point.  This  point  Professor  Boss  gives  for 
1875  as  R.A.  &  7m.2;  Dec.  +6°  56'.  I  separated  the 
motion  of  each  star  into  two  components,  one  on  the  line 
from  the  star  to  the  convergent,  the  other  perpendicular 
to  this.     If  it  is  true  that  the  motions  in  space  are  parallel 


III 
Dec. 


IV 
R.  A. 


1040 
1044 
1045 
1046 
1054 
1055 
1143 
1058 
1086 
1090 
1184 
1067 
1226 
1114 
1087 
1043 
1056 
1092 
1047 
961 
1013 
1004 
1007 
980 
892 
1000 
919 
952 
1018 
1031 
1017 
1034 
991 
1022 
1029 
1026 
1027 
1033 


.60 

.63 

.11 

.35 

.14 

-.04 

.67 

-.08 

-.03 

.60 

.82 

.00 

.50 

.02 

.98 

.48 

.36 

-.07 

.15 

.00 

-.82 

-.51 

-.76 

.17 

-.28 

.08 

-.25 

-.85 

-.02 

.10 

.08 

.27 

.45 

-.37 

1.00 

.02 

-.46 

.46 


:i7 

.52 

.17 

.15 

.23 

.20 

.24 

.28 

.30 

.45 

.20 

.33 

.30 

.33 

.38 

.36 

.51 

.44 

.41 

.34 

.47 

.44 

.28 

.26 

.36 

.38 

.54 

.60 

.35 

.44 

.35 

.38 

.37 

.39 

.46 

.58 

.34 

.38 

.40 

.51 

.34 

.33 

.33 

.36 

.40 

.40 

.36 

.38 

.40 

.is 

.16 

.18 

.44 

.57 

.31 

.30 

.42 

.42 

.46 

.15 

.is 

.18 

,10 

.39 

.29 

.30 

.29 

.32 

.28 

.30 

.23 

.30 

.38 

.48 

.27 

.38 

Position 
Angle 

2° 
4 

21 

28 

36 

52 

57 

58 

70 

74 

83 

97 
116 
132 
133 
136 
147 
157 
168 
201 
231 
240 
270 
275 
284 
287 
295 
315 
331 
335 
336 
340 
341 
342 
352 
356 
356 
358 


to  one  another,  this  last  component,  across  the  line  to  the 
convergent,  should  be  zero,  except  for  errors  of  observa- 
tion, regardless  of  the  parallaxes  of  the  stars.  The  other 
component,  that  toward  the  convergent,  depends  upon 
the  parallaxes;  and  as  these  arc  unknown,  or  not  known 
accurately  enough,  the  length  cannot  be  computed. 
Column  I  of  the  table  gives  the  Preliminary  General 
<  'atalogue  number  of  each  star.  Column  II  gives  the  com- 
ponent of  the  star's  motion  perpendicular  to  the  line  from 
the  star  to  the  convergent.  Columns  III  and  IV  give 
the  probable  errors  as  computed  by  Professor  Boss  ami 
given  in  the  P.G.C.  Although  about  half  of  the  resi- 
duals of  Column  II  are  larger  than  the  probable  errors 
given,  and  several  are  twice  as  large,  there  is  little  in  this 
fact  to  show  that  they  are  not  errors  of  observation.  If 
however,  the  stars  are  arranged  as  in  the  table,  according 
to  their  increasing  position  angle  about  the  point  R.  A. 
lh  'JO'",  Dec.  14°. 8,  near  the  center  of  the  cluster  the  posi- 
tive and  negative  residuals,  instead  of  being  distributed 
about  evenly,  fall  into  an  arrangement  too  definite  to  be 
due  to  errors  of  observation. 


Position 

Number  of 

Mean  of 

Number  of 

Mean  of 

Angle 

+  Residuals 

+  Resid. 

—  Residuals 

—  Resid. 

333°— 153° 

20 

".43 

5 

".13 

153°— 333° 

3 

".20 

8 

".44 

One's  first  thought  is  that  this  is  due  to  a  wrong  con- 
vergent point.  Professor  Boss  found  the  convergent  by 
least  squares.  Possibly  it  would  be  better  to  make  the 
sum  of  the  squares  of  the  residuals  larger,  if  by  this  one 
could  do  away  with  the  arrangement  of  plus  and  minus. 
Eight  convergent  points  were  therefore  chosen,  surround- 
ing the  first,  and  increments  computed  to  be  added  to  the 
old  motions  to  give  the  new.  If  the  direction  of  the  taw 
convergent  from  the  old  were  right,  regardless  of  its  dis- 
tance, within  certain  limits,  the  increments  should  have 
the  same  signs  as  the  residuals.  Neither  from  these,  nor 
by  interpolating  between  them,  could  I  find  a  new  con- 
vergent which  would  justify  the  increase  in  the  1'rr. 

If,  as  it  seems,  the  residuals  are  due  partly  to  actual 
motions,  opposite  in  direction  on  opposite  sides  of  the 
center,  the  stars  are  either  separating  into  two  groups  or 
are  revolving  about  a  center  near  R.  A.  41'  20m,  Dec.  14°.8. 
If  the  last  is  true  the  stars  near  position  angle-  153"  and 
333°,  where  the  residuals  change  sign,  should  have  residu- 
als numerically  less  than  stars  90°  from  these  points.  If, 
however,  the  stars  are  separating  into  two  groups,  the 
residuals  will  be  approximately  the  same  size  everywhere. 
The  mean  of  the  three  residuals  between  positions  angles 
138°  and  168°  is  ".19,  the  mean  of  the  six  between  318° 
and  34s°  is  ".22.     Ninety  degrees  from  these  points  there 
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are  five  residuals  between  is3  and  78°,  two  between  228° 
and  258°;  and  their  means  arc  respectively  ".28  and  ".66. 
This  gives  a  mean  of  ".21  for  the  residuals  near  153°  and 
■  or  those  ninety  degrees  from  these  points. 
Everything,  so  far  at  least,  points  to  the  fact  that  the  stars 
\  olving  about  a  common  center. 
If.  however,  the  stars  are  moving  in  circles  whdse  plane 
is  perpendicular  to  the  line  of  sight  the  signs  of  the  resi- 
duals should  change  where  the  angles  between  the  direction 
of  the  residual  motions  and  the  directions  of  the  tangents 
to  the  circle  arc  90°  and  270°.  Instead  the  signs  change 
where  these  arc  60  and  240°.  In  order  that  this  shall  be 
so  the  motions  of  the  stars  in  the  plane  perpendicular  to 
the  line  of  sight  musl  be  in  an  ellipse  whose  eccentricity 
is  more  than  .8  and  whose  major  axis  lies  between  position 
angles  290°  and  340°.  This  means  that  if  the  stars  are 
moving  in  circles,  or  nearlj  so,  they  arc  inclined  aboul 
50   or  more  to  the  tangenl  plane. 


I  have  tried  to  go  further  and  have  made  several  as- 
sumptions, that  the  stars  were  revolving  under  the  law 
of  gravity,  that  they  were  revolving  as  a  solid  mass,  and 
that  they  were  each  moving  the  same  amount.  But  not 
one  of  the  three  fitted,  even  making  allowances  for  errors 
of  observation.  There  was  but  one  arrangement  which 
seemed  to  fit  at  all.  That  they  follow  this  I  cannot  prove 
and  I  wish  to  state  it  only  as  a  possibility.  There  is  a 
group,  spherical  in  shape,  clustered  closely  around  the 
center  and  revolving  as  a  solid  mass.  The  rest  arc 
scattered  hut  all  lie  in  a  plane  passing  through  the  center 
group,  and  move,  not  as  a  solid  mass,  hut  the  outside  ones 
less  than  the  inside 

To  summarize  briefly,  although  the  residuals  published 
by  Professor  Boss  are  small  compared  with  the  probable 
errors,  their  signs  follow  an  arrangement  which  suggest- 
that  the  thirty-eight  stars  besides  moving  in  parallel  lines 
are  also  revolving  about  a  common  center. 


NEW    LONG    PERIOD    VARIABLE 

By  ALEX   W.  ROBERTS. 
While  making  observations  of  /  Carina  the  variability 
approximate  position  for  1875  is 

L0h  '.>"'  :;.v 
58°  24' 
ha-  been  detected. 

The  variation  has  been  confirmed  at  Harvard  through 
Professor  Pickering  kindly  examining  the  photographic 
e-i  imates  of  the  star. 

The  following  are  the  LoVEDALE  measures  of  the  star: 

1913 
Mar.         1 


IN    CARINA, 


1908 

„ 

Jan. 

■  i 

1(1 

10 

9  30 

8 

s 

12 

9.40 

L912 

1  > 

15 

i 

40 

9  50 

Hi 

11 

25 

9.60 

1913 

Jan. 

31 

in 

5 

9.70 

Feb. 

in 

~ 

50 

10.30 

14 

7 

0 

10.45 

April 


May 


7  0 
6  45 

6  15 
10  30 

7  0 
5  50 

8  50 
7  0 
7     (I 


10.73 
10.70 
10.90 
11  .on 
11.00 
11.00 
11.20 
<11.30 
<11.30 


1913 
May 

.bine 


Aug. 

1914 
Feb. 

Mar. 
Apr. 


12 

3 

21 

27 

4 


15 

27 
20 

28 


5  35 

5  28 

5  20 

6  33 

7  L'n 


May 


6    6  15 


<11.30 

<  11.30 
< 1 1 . 30 
< 11.30 

<11  30 


10.10 
9.10 

9.25 
9.50 
9.80 
9.85 


1914 
May- 


June 


16  8 

19  7 

21  6 

22  5 

23  6 

24  6 
30  6 
12  6 
16  7 

20  7 

21  5 

22  6 

23  4 


9.75 

9.75 

'.i  7(1 

9.70 

9.90 

9.75 

10.25 

10.60 

10.80 

10.90 

11.00 

11.10 

11.10 


The  magnitudes  are  only  roughly  reduced  and  may  be 
0M.2  in  error. 

A  period  of  450  days  will  prove  to  be  not  far  from  the 
true  duration  of  variation. 

Lovedale,  2  t  June  1914. 
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DEVIATIONS    OF    FALLING    BODIES, 

By  WM.  H.  ROEVER. 
[This  article  consists  of  two  parts.     Part  I  contains  a  discussion  of  Dr.  R.  S.  Woodward's  recent  work.     Part  II  contains  a  new- 
treatment  of  the  problem.     The  author  wishes  it  to  be  understood  at  the  outset  that  the  frequent  use  of  Dr.  Woodward's  name  in 
references  to  his  work  is  made  purely  in  the  interest  of  accuracy  and  precision.     The  same  consideration  accounts  for  the  frequent  use 
of  the  personal  pronoun.] 

PART  I. 


Introduction. 

In  an  article  recently  published  in  the  Astronomical 
Journal  (Nos.  651-652)  under  the  title:  "The  Orbits  of 
Freely  Falling  Bodies,"*  Dr.  R.  S.  Woodward  treated 
a  problem  which  had  already  been  solved  by  me,  by 
two  different  methods,  in  Vols.  XII  and  XIII  of  the 
Transactions  of  the  American  Mathematical  Society.^ 

In  this  article  claim  is  made  (page  IS,  middle  of  first 
column)  "to  carrying  the  order  of  approximation  in  the 
solution  of  the  problem  one  step  beyond  that  hitherto 
attained." 

In  the  following  pages  it  will  be  shown  that  this  claim 
has  not  been  substantiated  —  Dr.  Woodward  not  having 
carried  the  order  of  approximation  in  the  solution  of  the 
problem  as  far  as  was  done  in  my  papers,  published  before 
his  —  and  furthermore  that  the  results  which  Dr.  Wood- 
ward gives  for  the  meridional  deviation  are  not  the  ones 
which  correspond  to  his  assumptions. 

In  his  summary  on  p.  2'.)  Dr.  WOODWARD  asserts  that, 
"The  problem  of  falling  bodies  has  hitherto  been  inad- 
equately treated  by  reason  of  neglect  of  the  effect  of  the 
square  of  the  angular  velocity  of  the  Earth,"  and  at  the 
top  of  the  first  column  of  p.  22  he  says  that  "The  equa- 
tions of  Gatjss,  Poisson,  and  all  subsequent  writers,  so 
far  as  I  am  aware,  are  equivalent  in  their  first  members 
tn  the  first  members  of  (25),  if  terms  in  a2  are  neglected." 

*An  article  of  the  same  title  was  published  by  Dr.  Woodward 
in  Science,  Vol.  38  (New  Series),  pp.  315-319. 

t  The  first  of  these  articles  is  entitled  "The  Southerly  Deviation 
of  Falling  Bodies,"  and  occupies  pp.  335-353  of  Vol.  XII,  the 
second  is  entitled  "The  Southerly  and  Easterly  Deviations  of 
Falling  Bodies  t'er  an  Unsymmetrical  Gravitational  Field  of 
Force,"  and  occupies  pp.  469-490,  Vol.  XIII.  1  shall  call  these  my 
first  and  second  papers,  respectively. 


Concerning  these  assertions,  I  should  like  to  point  out 
that  a  superficial  reading  of  the  equations  of  motion 
which  are  expressed  in  terms  of  the  potential  function  of 
the  field  of  force  which  determines  weight,  might  lead 
line  erroneously  to  the  conclusion  that  «2  was  neglected, 
when  in  reality  it  was  not.  For  instance.  Dr.  Wood- 
ward's differential  equations  (25,)  : 
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are  expressed  in  terms  of  the  potential  function  1"  of  the 
field  of  force  due  to  gravitational  attraction  alone.  If 
we  denote  by  IF  the  potential  function  of  tin'  field  of  force 
which  determines  weight,  then  II' and  V  are  connected  by 

t  lie  relation 
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If  we  now  substitute  for  the  derivatives  of   V  their  ex- 
pressions in  terms  of  1!'.  the  above  equations  become 
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These  equations  do  not  explicitly  contain  to2  but  never- 
theless, they  are  the  equivalents  of  the  equations  first 
written  and  not  the  approximations  thereto  made  by 
neglecting  o2.     [nmy  second  paper  1  wrote  my  differential 
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equations  of  motion  in  the  latter  Form,  <.< .  in  terms  of  the 
potential  function  W.  Hence  my  treatment  was  not 
inadequate  by  reason  of  the  negled  of  w2.  In  tart,  my 
differential  equations  (2)  on  p.  177  of  my  second  paper 
are  the  same  a-  equatl  ove.     Dr.  Woodward's 

form  of  these  equations  is  given  by  me  several  lines 
above  m\  equ  letters  x,  y,  i,  U,  cot  respond- 

ing lo  his  letters     p,  ;;,  e.    I   . 

Similarly,  if  Dr.  Woodward's  equations  (25 
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he  expressed  in  terms  of  the  potential  function  II".  thej 
assume  the  form  : 
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The  latter  equations  are  equations  (5)  on  p.  481  of  my 
second  paper.  They  are  not  only  not  approximations  to 
Dr.  Woodward's  equations  obtained  by  neglecting  co'-'. 
but  they  are  more  general  than  Dr.  Woodward's  equa- 
tions for  the  reason  that  they  hold  for  a  general  asym- 
metric distribution  of  the  Earth's  gravitating  matter, 
whereas  Dr.  Woodward's  equations  hold  for  the  less 
general  case  of  a  distribution  of  revolution,  i.e.  a  distribu- 
tion for  which  <>Y/<>\  li,  where  \  denote-  longitude. 
oo1  ii' > i ■   i"  equations  (8)  of  this  paper.  I 

Besides    the    differential    ei |iia I  ion-    of    niolioii    already 

written.  Dr.  \\ ward  gives  the  equations  of  motion  in 

terms  of  the  polar  coordinate-  r,  ■+.  X  (his  equations  (24  1 1, 
and  1  give  on  p.  :;I7  of  my  first  paper  the  equations  of 

motion  in  term-  of  cylindrical  coordinates.      These  equa- 
tions   are    equations     (15)     and     (13)     respectively    of    this 

The  latter  equations,  i.e.  (13),  are  simpler,  and 
probably  more  easily  integrated,  than  the  former.  The 
various  coordinates  used  by  Dr.  Woodward  are  shown 
in  Fig.  3  of  this  paper,  and  those  which  I  use  are  sin. 
I  ig  2  .  Dr.  Woodward  practical!}  assumes  a  distribu- 
tion of  revolution  by  his  statement,  below  his  equations 

*ln  Fig    3  the  path  c  of  the  falling  part  id.,  is  shown  by  a  curve 
which,  in  the  neighb  i  P     i       abli     an  ellipsi       ["hi 

case  because  Fig,  3  represents  a  view  taken  from  a  point  fixed  with 
■  axes  0  -x,  y,  :.  which  axes  do  aol  ro1  U 


(3),  that  "X,  and  /*,  refer  to  /',,  as  well  as  to  /'  since  both 
are  in  the  same  meridian  plane."  I  have  not  made  this 
resl  net  ion. 

Dr.  Woodward  does  not  explicitly  define  his  terms 
meridional  and  easterly  deviations.  He  states  precisely 
below  his  equations  (2)  how  the  "point  /',  is  located  with 
reference  to  the  initial  point  Po."  Below  his  equations 
( lSi  he  implies  that  these  deviations  are  the  values  which 
his  variables  £  and  ij  have,  respectively,  for  the  particular 
value  of  the  time  I.  for  which  f  =  0.  These  are  the  defi- 
nitions which  I  give  in  §1  on  p.  47:>  of  my  second  paper,  my 
letters  /'„  and  R  corresponding  respectively  to  his  letters 
/',  and  /',.  Definitions  1  and  2  in  Part  II,  §  1,  of  this  paper 
are  very  precise  definitions  of  these  terms.     See  also  1'i^-  1  ■ 

Among  "The  defects  in  previous  investigations  which 
need  to  be  remedied,"  l>r.  Woodward  mentions  in  the 
lirst  column  p.  18  "(a)  inadequate  expressions  for  the 
gravitational  potential  of  the  Earth  for  points  outside  its 
surface;  (6)  unjustifiable  neglect  of  terms  in  the  complete 
differential  equations  of  motion  of  the  falling  body;  (c) 
neglect  of  the  distinction  between  geocentric  and  geo- 
graphic  (or  astronomical)  latitude."  By  defect  (6)  Dr. 
Woodward  probably  means  the  neglect  of  the  square  of 
the  angular  velocity,  that  is,  of  or.  and  of  this  neglect  1 
have  already  shown  myself  to  be  not  guilty.  A  careful 
reading  of  my  papers  will  show  that  they  do  not  contain 
defect  (c).  Concerning  defect  (a)  1  should  like  to  say 
that  in  Part  II,  §4,  of  this  paper,  I  show  that  the  potential 
function  which  I  use  under  assumption  4,  of  my  first  paper, 
(p.  342),  and  corresponding  to  which  I  derive  the  formula 
for  the  southerly  deviation  which  is  given  at  the  bottom 
of  p.  344  of  that  paper,  is  the  same  as  Dr.  Woodward's 
potential  function  (4(>).  Therefore  1  am  also  not  guilty 
of  defect  (a)  if  Dr.  Woodward's  potential  function  (46) 
is  to  lie  regarded  as  an  adequate  expression  for  the  gravi- 
tational potential  function  of  the  Earth.  Concerning  the 
adequacy  of  this  potential  function  I  will  say  something 
in  the  sequel.     (Seethe  Remark  which  follows.) 

1  have  now  shown  that  the  mathematical  problem 
in.  led  by  Dr.  Woodward  is  the  same  as  one  previously 
ti  :ated  l>\  me.  that  is,  that  (1)  the  definitions  of  the 
deviations,  (2)  the  differential  equations  of  motion. 
(3)  the  potential  function  are  the  same  in  both  treatments: 
and  furthermore,  that  my  treatment  does  not  contain 
the  defects  which  Dr.  WOODWARD  attributes  to  investi- 
gations   made    before    his.      Notwithstanding    these    tact-. 

Dr.  Woodward's  results  differ  from   mine.     Statements 

of  the   result-   obi  lined   in   the  two  treatments  are  given 

to  the  inertial  axes  of  the  solar  system.  In  Fig.  'J  the  path  r  of  the 
falling  particle  is  shown  bj  a  curve  which  has  a  cusp  at  P0,  and  this  is 
ill.-  case  because  Fig  '_'  represents  a  view  taken  from  a  point  fixed 
with  respect  to  thi  3olid  pari  of  tic  rotating  Earth. 
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Dr.  Woodward  confines  his  treatment  to  a  distribution 
of  revolution  and  furthermore,  to  the  particular  distribu- 
tion   of   revolution   which   corresponds   to   his   potential 

function  16  ,  For  the  easterly  deviation  he  derives  a 
formula  which  is  practically  the  same  as  that  given  by 
(  ;  ujss  for  this  deviation.  ■  For  the  meridional  or  southerly 
deviation  lie  does  not  give  an  explicit  formula,  statins 
however,  that  it  is  always  away  from  the  equator 
(statement  3  in  summary  on  p.  29)  and  that  it  varies 
as  the  square  of  the  time  of  fall  (Science  article,  middle 
second  column,  p.  318).  For  the  particular  data:  height 
of  fall  h  =  49024  cm.  and  astronomical  latitude  <p  =  4,">c. 
he  finds  as  the  numerical  value  of  the  meridional  devia- 
tion 3.03  cm.,  i.e.,  £  =  —3.03  (sec  top  of  second  column. 
p.  25,  of  his  A.J.  paper).  Incidentally  he  remark.-,  end 
of  second  paragraph,  first  column,  p.  19)  that  the  point 
Pi  is  nearer  to  the  equator  than  the  point  T.  in  which  the 
normal  at  /'„  pierce-  the  plane  tangent  to  the  equipotential 
surface   through  Pi. 

In  my  first  paper  I  confine  my  treatment  to  a  distribu- 
tion of  revolution  and  to  the  southerly  deviation,  for 
which  I  derive  the  general  formula  : 


S.D. 


M 


S.  /;.  =    2co2  sin  2<£ 


9glW 


in  which  S.  I>.  denotes  southerly  deviation  of  the  falling 
particle,  co  denote-  angular  velocity  of   Earth's  rotation. 

//    denotes    the    height    of    fall,    and    <i>,  g.   —dgl&k    denote 

values,  at  the  place  of  observation,  of  the  astronomical 
latitude,  the  acceleration  due  to  weight,  and  the  derivative 
of  the  acceleration  with  respect  to  the  latitude,  measured  in 
linear  units  along  a  level  surface.  See  formula  (3),  p.  338 
where  i>  corresponds  to  - ;:  here  used).  Then  1  find  the 
special  forms  which  this  general  formula  assumes  for  four 
different  potential  functions.  Thus  I  obtain  for  Gai  ss' 
assumption  (thai  the  lines  of  force  of  the  weight  Held  have 
no  curvature,  i.e.,  that  dg/&£  =  0),  Gauss'  formula 
\S.D.  =  W  sin  2<i>  .  h?  g\  for  the  southerly  deviation; 
for  two  assumptions  made  by  M.  i.k  Comte  de  Sp 
1  obtain  results  obtained  by  him*,  and  for  the  potential 
function  which  Dr.  Woodward  uses  (his  formula 
I  derive  the  special  formula: 

Comte  de  Sparrb  uses  a  different  definition  for  the  southerly 
deviation  than  the  one  here  used.  He  measures  this  deviation  from 
the  vertical  o)  the  initial  point  /',,  and  not  from  the  vertical  of  Pi  us 
Dr.  Woodward  and  1 '1".  Various  definitions  have  been  given  for 
1 1,,  southerly  deviation,  but  the  one  which  I  have  adopted  is  the  one 
directly  measured  in  experiment.  M.  Fotjche,  in  Vol.  XXXIII,  of 
the  Hull*!, n  ./<  la  Societe  Math  mqliqm  ■!■  Frano  .  gives  four  different 
definitions  for  southerly  deviation,  but  he  does  not  show  how  to 
compute  any  of  these  deviations.  In  an  unpublished  note  which  I 
communicated  to  Professor  F,  R  M01  lton  in  a  letter  dated  Feb.  21, 
l'.tl  1,  I  derived  formulas  for  each  of  the  four  types  of  deviation  gh  en 
by  M.  Foci  he. 


4<7, 
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where  ^0  and  r„  denote  the  values  at  the  initial  point  /',,. 
of  the  geocentric  latitude  and  distance  from  Earth's 
center,  and  <n  and  t  are  constant-  which  have  the  values 

<7,  =  .00346  ,         e  =  .00167  .  (m) 

(See  formula  at  bottom  of  p.  344  where  <£,  and  p„  corre- 
spond to  v^i  and  /-,,  hen-  used). 

In  my  first  paper  I  also  point  out  the  necessity  of  using 
an  approximation  to  the  potential  function  which,  at  the 
initial  point,  has  not  only  the  same  first  derivatives,  hut 
also  the  -ann'  second  derivative-  a-  the  function  approx- 
imated. Al-o  the  advantage  of  using  the  definition  of 
southerly  deviation  which  I  adopted,  in  order  to  be  able 
to  compare  theory  with  observation.  (See  introduction 
P.  335). 

In  my  second  paper*  1  treat  the  problem  under  the 
general  assumption  of  an  asymmetric  distribution  and 
find  for  the  deviations  the  general  formulas  : 
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iii  which  E.D.  and  S.D.  denote   easterly    and   southerly 

deviations  respectively.  u>,  h,  <f>,  g  have  the  same  meanings 
as  above.  II' denote-  the  potential  function  of  the  field  of 
force  which  determines  weight,  and  £,  ?/,  f  represent  dis- 
tances measured  along  the  north-and-south  line,  the 
east-and-west  line,  and  the  vertical,  respectively,  at  the 
initial  point,  these  distances  being  positive  to  south,  easl 
and  zenith,  respectively,  and  hem  e 


(/  = 

\ '?  Uo 

°8)   , 

where  the  subscript  0  denotes  that  the  particular  value  has 
been  taken  which  correspond-  to  the  initial  point  /',.  For 
the  special  case  of  a  distribution  of  revolution 

(3¥/0M,  =  0     and    {d2W    d£dr,)«  =  0, 
/•   I    1/  N  .  Vol.  XIII,  pp.   169   190 
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and  the  second  terms  in  the  expressions  For  E.D.  and  S.I). 
drop  out. 

In  my  second  paper  I  also  call  attention  to  the  fact  thai 
the  derivatives 

dg__  >  \\  'II  ,r  || 

which  enter  into  the  early  terms  of  the  expressions  for  E.D. 
and  S.D.  can  be  determined  experimentally  by  a  method 
due  to  the  Hungarian  physicist,  Baron  Roland  Kotos. 
In  Table  II  of  thai  paper  (which  is  also  given  in  this 
paper,  Pt.  II,  §4),  where  x,y,z,  correspond  to  —  £,  tj  and 
—  £  here  used,  experimentally  determined  values  of  these 
derivatives  are  given.  The  Table  shows  thai  these  values 
mam  t  imes  those 


9g 


8.14    •    in  '  sin  2<*> 
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which  correspond  to  Dr.  Woodward's  potential  function 
16).     In    closing  the  introduction  to  thai  paper  I  state 
that  "The  surprising  conclusion  is  reached  that  known  Incut 
irregularities  in  th  Earth' 's  gravitational  field  of fora  (caused 
presi  net  of  mountains  or  of  mineral  deposits  or  evt  n  of 
tnnel       l  i  influence  the  southerly  devia- 
tion to  tin  extent  of  from  —  16  to  +  40  times  the  amount 
which   is  given  by  tin  formula  of  Gatjss  for  the  southerly 
on"  {S.D.      Jw2sin2<£    h-    g).  "(2)  affect  the  easterly 
amounts  which  an  comparable  with  the  effect 
which  ( rAUSS  finds  is  due  to  air  n  sistanct ." 

Remark.  In  view  of  this  conclusion  and  on  accounl 
of  the  fact  (which  I  have  already  shown  in  my  first  paper) 
thai  corresponding  to  Dr.  Woodward's  potential  function 
Pi  the  southerly  deviation  is  aboul  4'  times  as  great  as 
that  given  by  Gatjss'  formula,  it  follows  that,  for  the 
southerly  deviation,  Dr.  Woodward's  potential  function 
(46)  is  quite  inadequate.  In  fact  the  conclusion  is 
sufncienl  to  prove  the  inadequacy  of  any  formula  for  the 

meridional  (southerly)  deviation  of  freely  falling  bodies 
which  i-  based  on  a  particular  potential  function,  and  to 
show  thai,  in  the  future,  ex  pen incuts  for  the  determination 
of  the  deviations  of  freely  falling  bodies  should  be  preceded 
vperiments  for  the  determination  of  the 
9-'  W 

values  of  these  derivatives   when   used   in   formulas   (2) 
above  take  into  accounl   the  effect  of  local  irregularities 
in  the   Earth's  field  of  force.     However,  formulas  (v)  do 
in  it  take  into  accounl  the  effects  of  air  resistance,  air  cur- 
rents  the  actions  of  the  Moon  and  Sun  and  the  weight  of 
imports  the  plumb-bob.    (See  Pt.  II,  §4.) 
In  §1,  Pari   1.  of  this  paper.  I  show  thai  if  Dr.  Wood- 
ward's firsl  method  of  solution  i.e.  the  one  given  under 
eading  :     "Integration  of  Equations  (24)"  be  carried 
through    without     making    approximations,     there    will 


0$  dt) 


These 


resull  for  the  easterly  and  southerly  deviations  the  first 
terms  of  formula-  (i»).  More  specifically,  I  shofl  thai  if 
the  solution  r,  4.  \  of  Dr.  Wounw  vrd's  equations  (24) 
be  obtained  in  powers  of  the  time  /,  inclusive  of  the  fourth 
power,  and  if  then  the  transformation  from  the  variables 
r.  4.  A  to  the  variables  £,  rj,  -f  be  made  by  his  exad 
relations  (Si  instead  of  by  his  approximate  relations  (18) 
and  (  KM,  and  finally  if  it  be  recognized  that  the  coefficienl 
of  t"  in  the  development  of  £  contains  as  a  factor  the 
quantity  h  (heighl  of  fall),  which  itself  is  proportional 
to  the  square  of  the  time  of  fall,  then  there  results  for  the 
easterly  deviation  the  formula  of  Gauss  for  that  devi- 
ation and  for  the  southerly  deviation  my  formula  («). 

In  §2,  Part  I,  of  this  paper,  I  show  (1)  that  ill  the  in- 
tegration of  his  differential  equations  (25])  Dr.  Wood- 
ward does  lint  use  the  potential  function  (46)  which  he 
sets  nut  lo  use,  bul  that,  on  account  of  the  assumption 
that  the  variable  quantities  iv  and  v22  in  his  equations  (51 ) 
are  constants,  he  approximates  his  potential  function 
(46).  for  which. 


dg  _  2a,  — t 
&l  ~      r 


by  a  function  for  which 
_  <?£  _   vj-  —  V\ 
d£  2 


«,  sin  2  +  =  8.14  X   10~*  sin  2  4>  ■      (0,  I 

Inch 

sin  2  4>  =  5.13  X  10-9  sin  2  4>  ;        {o2j 


(2)  that  if  his  exact  solutions  p.  a  ,  (56)  (57)  of  his  equa- 
tions (51),  in  which  i','-'  and  v-r  are  regarded  as  constants. 
be  transformed  to  the  coordinates  t,  f  by  means  of 
his  exact  equations  (10),  then  there  results  for  the  south- 
erly deviation,  not  the  formula:* 

S.  I>.  =  |2  u>-  +  5  2<Jl  ~  e  r/,,1  sin  2  <f> .  ^-        {it,) 


=  51.33  X  10-9sin2^  . 


«ff  ' 


which  corresponds  to  his  potential  function  (46),  but  the 
formula  : 

S.D.  =  [2^  + 5^]  sin  2*. | 
=  36.29  X  10-9  sin  2<£  .  ^  ■ 


This  is  practically  the  same  us  formula  (A).     For  the  coefficient 

of    lc  sin  2$    may  be  written 


1  lUit 

(i   r  I      g 


|       .-M-V,     -«)S 


where    qjg    is   nearly   unity  and     a>V/g     is   nearly  equal   to    a\  . 
Hence  this  coefficienl  takes  the  form     .,  .—     I2ai  —  ~>e       and  tlms 

ft  2 


we   get    the   foi  inula 


!(<■>    ) 

which  i-  practically  the  same  as  formula  {X) 
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which  is  just  the  formula  which  would  be  obtained  l>> 
substituting  in  my  formula  (k)  the  expressions  for  — 9g/9£ 
which  is  given  by    (0>). 

Thus  it  is  clear  that  Dr.  Woodward's  own  methods 
when  executed  with  sufficient  precision  lead  to  my  results, 
in-  lather  tu  those  special  cases  of  my  results  which  corre- 
spond to  his  special  assumptions.  From  these  results 
we  conclude  : 

(1)  That  for  Dr.  Woodward's  potential  function  (46) 
as  well  as  for  the  approximation  thereto  made  by  assuming 
v{-  and  vi  to  be  constants,  the  meridional  deviation 
is  towards,  and  not  away  from  the  equator. 

(This  follows  from  equations  (in)  and  (x2).) 

(2)  that  the  meridional  deviation  when  expanded  in 
powers  of  the  time  of  fall,  begins  with  the  fourth,  and  not 
with  lli<  second  power.  (This  follows  from  formula  U). 
since  //  varies  as  the  square  of  the  time  of  fall). 

(3)  that  for  the  data  :  //=  49024  cm..  4>  =  45°,  the 
southerly  deviation  for  Dr.  Woodward's  potential 
function  (46)  is 

S.D.  =  +  .021  cm.,   (by  formula  (xi)  ) 
and  for  his  approximation  made  by  assuming     vr  and  vr 
to  be  constants, 

S.D.  =  +  .0148  cm.,   (by  formula  (ir2)) 
as  against  the  value      —  3.03  em.  which  he  obtains. 

(4)  that  for  the  potential  function  (46)  as  well  as  for  the 
approximation  thereto,  already  referred  to,  the  point  Pt 
is  farther  away  from,  and  not  nearer  to.  the  equator  than 
the  point  T  in  which  the  normal  at  P„  pierces  the 
tangent  plane  to  the  equipotential  surface  through  Pi. 
(This  follows  from  the  fact,  well  known  in  Geodesy,  that 
the  lines  of  force  of  the  weight  field  are  concave  in 
that  direction  on  a  level  surface  in  which  the  rate  of  in- 
crease of  the  acceleration  is  greatest.  Since  for  a  distribu- 
tion of  revolution  dg /9tj  E=  0,  the  concavity  is  to  the 
north  if  —  dg/d^yQ,  and  by  (0,i  and  (02)  this  is  the 
case  for  both  potential  function  (46)  and  its  approxima- 
tion.    See  also  Part  II,   §4.  of  this  paper.) 

In  addition  to  the  evidence  which  I  have  already  given 
of  the  correctness  of  my  results.  I  have,  in  a  paper  soon 
to  be  published,  and  abstracted  in  the  Bulletin  of  the 
American  Mathematical  Society,  Vol.  XX.  No.  4,  p.  175, 
given  a  geometric  proof  of  my  formula  u).  Furthermore, 
I  give  in  Part  II  of  this  paper  a  new  proof  of  my  general 
formulas  (v).  This  proof  is  analytic,  whereas  the  proof 
given  in  my  second  paper  was  somewhat  geometric. 

Addendum. 
Since  this  paper  was  presented  for  publication  Pro- 
fessor F.  R.  Moulton  published  in  the  Annals  of  Math- 
ematics (second  series.  Vol.  L5,  No.  4,  pp.  184-194)  an 
article  entitled  "The  Deviations  of  Falling  Bodies."  In 
this  article  Professor  Moulton  treat-  the  problem  which 


was  treated  by  Dr.  Woodward  in  the  article  reviewed 
above.  Like  Dr.  Woodward,  he  confines  his  treatment 
to  the  case  of  a  distribution  of  revolution  and  to  the  par- 
ticular distribution  which  corresponds  to  the  potential 
function  used  by  Dr.  Woodward.  His  results  agree,  how- 
ever, with  those  which  I  obtain  (in  my  first  paper)  for 
the  potential  function  which  he  uses.  This,  he  himself 
states  at  the  bottom  of  page  184  of  his  article. 

For   the   southerly    deviation    Professor    MOULTON    de- 
rives the  formula   (his  equation  35) 


!"[27 


4oj2    sin  2  ipo  + 


■> 


in  which  <p0,  <ph  p?  are  the  geocentric  latitudes  respectively 
of  the  initial  point  P0,  the  point  Pi  at  which  the  falling 
particle  meets  the  level  surface  on  which  the  deviations 
are  measured,  the  point  P2  which  is  the  foot  of  the  perpen- 
dicular from  Pn  to  the  level  surface  of  P,,  and  r„(l+h) 
and  ro  are  the  distances  from  the  center  0  of  the  Earth 
to  the  points  P„  and  P,,1"1  respectively,  the  latter  point 
being  the  intersection  of  the  level  surface  of  Pi  by  the 
radius  vector  to  Po-  These  coordinates  are  represented 
in  Fig.  4.  The  quantity  to  is  the  value  of  the  angu- 
lar velocity  of  the  Earth's  rotation  and  the  quantities  a 
and  (3  are  given  by  the  formulas: 

a  =  KM  ,  13  =  |  (C-A)  . 

where  .1/  is  the  mass  of  the  Earth  (in  c.  g.  s.  units),  k  the 
gravitation  constant,  and  ('  and  A  are  the  principal  mo- 
ments of  inertia  of  the  Earth,  C  being  that  with  respect  to 
the  axis  of  rotation  and  A  that  with  respect  to  an  equa- 
torial axis. 

From  these  values  of  a  and  3  it  follows  that 


=  4 


.1/     r,r 


50  n 

r05    c 


By  the  relations  which  are  given  between  equations  (40) 
and  (41)  which  follow,  these  expressions  are  practically 
equal  to  4<r,  and  :";<;.  respectively,  where  <r,  and  t  have 
the  values  given  by  the  equations  (m)  above. 

Hence  Professor  MoultOn's  formula  may  be  writ  tin 
as  follows:  — 

<P2~ <p\  =  ?  (4(7i- ;";«)  sin  2<p0    h-  . 

Since  Professor  Moulton's  symbols  po,  ''"  (<pz  —  <Pi),  roh 
stand  for  the  same  quantities  respectively  as  my  symbols 

!/.,,  .  S.D.,  h  ,  it  follows  that  Professor  Moulton's  formula 
is  the  same  as  my  formula  (X)  above. 

Professor  Moulton  also  states  on  page  191  of  his  arti- 
cle that  "the  deviation  of  a  body  freely  falling  a  small 
distance  near  the  Earth'.-  surface  is  equatorward  for  all 
latitudes  between  0  and    ±90°  ."  meaning,  of  course,  for 
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the  particular  potential  function  which  he  uses,  which 
function  i-  the  same  as  Dr.  Woodward's  function  (Hi) 
ami  function       s  this  paper.     This  statement  agrees 

with  conclusion  '!>  which  is  stated  in  this  paper  below 
equations 

jl.    Kim  lt  hi    Dr.  Woodward's  First  Method  When 
Carried    Through    Withoi  i     Making     ^pproxi- 

MAl  IONS. 

Dr.  Woodward's  firsl  method  is  given  in  the  section 
of  his  paper  (.1../.  Nos.  651-652)  headed  :  "Integration 
quations     24)." 

Instead  of  using  Dr.  Woodward's  approximate  rela- 
tions (18)  ami  i  P.M.  we  will  use  his  exact  relations  (8), 
which  we  will  put  in  a  differenl  form  by  means  of  his 
exact  relations  (7  .  i  L2),  i  13),  (14). 

By  the  first  of  (14;  and  the  last  of    I  ! 


and  thus  obtain  t  he  equations  : 
dV 

t     —  t(oj  +  X  )-  =  7T—  >    a     =  ■ 


(tt) 

>v     dr  „        ,1    dv 

*'  5k(-+x)r«: 


I  ll  1111 


=  >p  -  $,  =  5  +  5o 


cos  (<p       r  cos        •   5o)       cos  S  cos  So  —  sin  5  sin  So , 

-in  i  <p  —  \p\)  =  sin  (5  +  50)  =  sin  5  cos  <5„  +  cos  5  sin  So . 

By  (13 

OS  5  =  /'n  —  //  cos  So     .     m  sin  5  =  h  sin  So  . 

and  hence 

COS       p     -   lj/\)    =    h   —    r„  COS  On   , 

-  /•,  sin  {<p  —  if/i)  =       -  r0sin  50  - 
Vlso  bj    7    and    L2), 

c  —  ip  =  <P  ~  &U  "I"  Ai/<  =  5,i  +  Ai/'  . 
Hence 

os  (So  +  A^<)  =  cos  8  cos  A^  —  sin  So  sin  A^, 
sin  (<fi      v'      -  sin  (So  +  A\f/)    -  sin  So  cos  A^  +  cos  So  sin  A^ . 

Since 

sinAtf  -    Atf  -  !.'M  '::  -  •  •  •  cosA^  -  1  -  ^(A^)2  +  .  .  , 

it   follows  that 

tp—]f)  =  r  cos  5n  —  rA\p  sin  So  —  Jr1  A^  I2  cos  So  +  .  .  , 
■p— ij/)  =  r  sin  So  —  <'-W  cos  So  -   i»"(A^  I2  sin  5„  +  .  .  , 

Therefore   the  third  and  the  firsl   of   Dr.   Woodward's 
equations    8)  may  be  written  as  follows  : 

I 
f  =  h  H  rA^  sin  5 

+  .  —  '_'/■  cos  v  cos  (f  sin2  '.AX  , 

-in  .        ■  i. '  ■      i  .       sin  So  +  .  . 

A  cos  .'       i  '.  AX  . 

In  order  to  integrate   Dr.  Woodw  ird's  equations    24 
lei  us  transform  them  by  the  transformation  : 

-  =  r  cos  C      .     r,    -   r  -in  i/      .     ,\       ,\  . 


Since    9V    ,'.\       0,    the  last  equation  yields  the  first 
integral 

r2  (w  +  X')  =  constant  =  ro2w  . 
u  hence 

cj  +  X     =  —  a>  . 


and  therefore  the  firsl  two  equations  become* 

dV  r0"  3Q  „         <>Y        3fi 

T        =   — h       —    0)-    =     — -    .      <7       =-—=—-: 

I'T  T  I'T  <>(J  <><J 


{Hi) 


(nO 


n  =  y 


The  solution  of  these  equations,  for  the  initial  condi 

tions  : 

W  hen  /   =   I)  .       t  =   Tii  .      <r  =  Cm  .       r'   =   0  ,  <r'   =  0 


where 


t  =  r„  +  a2/L'  +  a^4  + 

(7  =  o-„  +  ,y-  +  w  + 


a2  =  ^  n°  ,    pi,  =   ^o°  , 


(w) 


a4  =  2T!     9;lQr+0- 


-     n2+  a2 
2  4!    »<A  T        " 


the  upper  "  denoting  the  particular  values  of  the  deriva- 
tives of  ^  to  which  they  are  attached,  for  the  values 
r  =  to     ,     a  =  Co  • 

Hence 

and 


r2   _|_   0-2    =    .1    _|_    Sf2   -f  Cf  + 


''=    '    ^    +    ';'  '     "     ->,,1        +    N-lV.l  '     + 

where 

A  =  t„-  +  ov  =  '•„'-'  ,     li  =  2  ia:T,:   |-  pVo)  . 

C  =   ay  +  /322  +  2  (a,T,i  +  pVo) 

and  thet efi ire 


irn) 


also 


.     (020-0  —  pVo)2  +  2)-02  (ajTo  +  cmq-q) 
2r„» 


i .,n  ;    ='■  =  I)  +  Et-  +  Ft*  + 


I  hiese  are  tl quations  .-it  the  top  of  page  348  of  my  first  papei 

/I   \I.S.,\o\.  XII),  where)     ,  1  .  ■■    tand  fpr  -,  a,  Q,  V  respectively. 
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where 

Finally,  by  (m) 

D  =  —  =  tan  1/.,,    .           A  =  —             -    . 

^  ,          To2  —  t-            —  2a2  to  <2  —  (a22  +  2o4  t0)  /4  +  ■ 

Mi 

A                   2        w                         •>  _i_  o           y  _l                     "■'    » 
t-                               ro    -+-  _'a2  r,,  £"-)-•• 

„            T„(  -,,ii4   —    OnO.il    —    O-jlTnft    —    O0O-2 

r    -        -  -                        ,, 

TO3 

and  therefore 

tan  ^  -  tan  ./„  =  Ef  +  A/>  +     ■     . 

=    -^2  +  -.    . 

T 

whence 

AX    =    X    -    Xn     =      -    !t    —  «3    +    ■                                     IM' 
•i       To 

Rut 

tan  i/-  —  tan  1/1,  =  sec- 1^,,   ■    (i/  —  i^o) 

+  sec-  ^o  tan  i/,,     (1/  —  i/„>*J  +  •  -  , 
whence  by  inversion 
\j/  —  \p0  =  cos2 i/,,     [tan  tp  —  tan  ^0] 

Equations  (vii),  (viii),  \i.n.  where  o2,  ft,  a4.  ft  have  the 
values  given  below  equations  {vi),  arc  the  solutions  of 
Dr.  Woodward's  equations  (24 

Let  us  now  put  these  expressions  for  r,  <//,  X  in  Dr. 
Woodward's  equations  (8),  using  for  the  middle  one  the 
form  which  he  gives  and  for  the  first  and  third  the  forms 

—  cos1  t/u  tan  i^o[tan  <j/  —  tan  ^()]2  +  ■  ■  , 

=  cos=  i^o    A'    f2 

+  [cos-  ,/„    F  -  cos4  \i„  •  tan  i/„-A"-]^  +  •  . 
Or 

given  in  equations  (I)  above. 

Then 

r,  =  r  cos  i  sin  AX  =  t[AX  -  J  (AX)2  +       ]   . 

=  (to  +  a2<2  +  ■  •  )  [-  l~2t3+  ■                       (*) 

(nn) 

Ai/-  =  fa       ^  —                         P 

=  -  §a2  ■  a)  •  i3  +  •■ 

Also 

f  =  ft  +  (/  —  r0)  cos  a,,  —  rA^  sin  5„  +  .  . 

$    (<T»a-<  —  Toft)'2  On     .     Toft  —  OoO-j      a2 

C            >V            T(,                r0-            to 

,      .    5°2rO  +  fto0                         0,.0,,-ftr,,     .       ./,.,. 

=  h  +< —                  coso„  -                 —sin  80}  I'  +   '  ■ 

0-0O4    —    Toft    )    u     1      . 

r02         $ 

and 

£  =  (r  —  r0)  sin  50  +  ''Ai/-  cos  50  —  \r(  Ai/)-  sin  50  +  -  • 

O'. 

7,, 

+  ft 

On 

O-C 

00 

-     ft 

7 

sin  on 


,.,     .    (a2Oo  —  ftr,,)-    .  a4Tn  +  fto„     . 

i2  H s-: sin  So  +  —  sin  o. 


.        ,  -  1       a40,i   —    ftTn 

+  .'•    cos  o„    +   —  Ci  IS  0 


i, 


1   (a2On  —  ftr 


sin  o, 


Where 
.1  '   = 


(a-j<Ji,  —   ftr,,)2  On  ftTp  —   O2O0   Oi      .      (o2Op  —  ftru)   (02T0   +  fto,,l 


r,r  r,i  /',,  to  To" 

la-jfTi,—  ftr,,)  [(a2o-,i  —  ftr,,)  o,,  +  (02T0  +  fter0)  r0]  +  /Va-  (ftr,,  —  a2o,i) 


=   0 


Therefore 


( xii 1     £ 


O2T0    +    fto„       . 


a2(T,,  —  ftr,, 


sin  00  +  —  COS  5o  >•  / 

Cm 

a,-,  -|-  .j icr,,    .      r  04  o„  —  ftrn 


/',, 


5o  I 


sin  o„  + 


c I  /'  +  .  . 


Now  let  11-  express  the  coefficients  of  the  powers  of  / 
in  c  .  {xi),  (xii),  in  terms  of  the  values  of  the  deriva- 
tives of  ft  at  P0  (r„,  <r0)-  For  this  purpose  let  us  take 
a  set  of  rectangular  axes  /'„  —  p,  q  in  the  meridian  plane 
of  Pa,  and  such  that  I  he  negative  p  -  axis  passes 
through  the  origin  0  (see  Fig.  a)  : 


Tina. 


q  =  (t  —  To)  sin  \p,t  —  (o  —  oo)  COS  ^0 
/>  =  (r  -  ro)  cos  ^0  +  (o  —  <r0)  sin  1/,, 

or 

</  =  J  cos  5„  —  (f  —  ft)  sin  5o  , 
/>  =  £  sin  5o  +  (f  —  ft)  cos  5„  . 

Hence 

£  =  (r  —  Ti)  sin  </>  —  (o  —  Oil  cos  <t>   ■ 
f  =  (t  —  n)  cos  <6  +  (<r  —  <ri)  sin  </>  , 

since 

T(,   —   Ti    =   h  COS  it    ,  On    —    Ol    =    /(  sill  <i> 

and  .  <#>  =  i^n  +  5U  . 
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By  the  first  of  these  equations  of  transformation 

"  =  a  /  fesinV  ,1s-1"  r"~  lAo   (■  SJ "  sin  ^n 


r0 


=  o;  sin  v  is  v  s  Or0  sin  ^0       G.°  cos  ifo     =   .,s-\"  ■ 


euro  + 


M>+af>l 


a,a„  ~  to    =         1 

)•„  2     4  !    3n 


4  !|_#g 


By  the  second  of  the  equations  of  transformation  (xiix  I, 


O'>T0 

+  /32<to 

O2T0 

'•o 

+  &<r0 

cur,, 

)-o 

O2(T0 


=  U  n/cosS,,  -  O,°sin50  |  =  \ll" 

■       .       ,     n-j(7„   —   (32T0  1  f_  „    .  ,     _  n  "1  I 

sm  50  H —  cos  do  =  n\  "p  sin  So  +  si,0  cos  5„   =  -  SI;"  , 


-      .    a4<rii  —  J|7„ 

sill  5o  d COS 

''0 


Fig   0 


c     /> 


Therefore  equations  (a;),  (si),  (aai)  may  be  written  as  <  and  expression    (xvi)    may  be  written  as  follows 
follows  : 


.,--■  n,°<3  + 


,     J-  =  ft  +  -  fi:"  /=  +   -        . 

i  i   r  <>  t 

2°'°' +2-4!b*(a   +a)J<  +■ 

By  the  List  of  the  equations  of  transformation  (xiii)  the 
coefficienl  of  '  in  the  lasl  equation  may  be  written  as 
follows  : 


p   (WT°  W„°+WJ>  W.,a)sm<l>-(Wr0W„0+WJ>WJ)cos<t> 

—  -tuf'  sin  <f>  WT° 

=  ^[§i(W*  +  W.*)-4rfsm<l>  .11'  ]" 

But,  by  the  last  of  (wt) 

117-  +  WS  =  117  +  II'  -  and  W,  =  W,  sin  4>  -f  11',  cos  <t>  . 

Equations  {xv)  may  now  be  written  as  follows  : 
1 


jr."  C0S<£   +  H"."sin  c|.      /■>  + 


1      T  >' 
274!    *    <r 

=    !f  '    Q    '.!         !.'    n    i    sin<£ 


I!        -ill  *   -  0  !->        COS 


os*T 


ar°fl  "  ;  n  "n  ,°)cos^> 


The  potential  function  Q  was  expressed  in  terms  of 
the  potential  function  V  by  means  of  relation  id. 
Since  the  direction  of  the  vertical  l\  l'«  of  l\  is 
determined  by  the  weight  field  of  force,  it  is  desirable  to 
introduce  the  potential  function  of  thai  Held  of  force. 
If  we  denote  this  potenti  m  by  II'.  we  have 


II         V    ■ 


£  =  \w?  t-  +  ^  \w?Wf+  ir"  ii' ," 


(.r/.r) 


lor  -ill  <#>  (II'."  ens  <f>   +  11' °  sin  <£)  \t:  , 


t=!l+    ^11'.:"/=+    ..        . 

Since  Jl'.  =  ()  .  11',,  Jl",  are  the  components  of  the  vector 
representing  the  acceleration  due  to  weight,  and  since 
the  line     /',/'„     is  the  vertical  of     /',  ,     it  follows  thai 


W 


=  (l  ,     11' 


12         II  -^   (  r-  - 


Therefore 

ir    .    n        ii     .    ;»  '      u 
ii      .  a         ii  . 


i 


Since   further,     I',     is  on   the   vertical   of     l\  .     and  at 
distance    h     above     /',  . 

ii '     w  "  h   .    iiv  =  w,(1)  +  uv"  -ft*  . 

Hence  the  first  two  of  equations  (xix)  may  be  written  as 
follows  : 


*  For  a   more  detailed   treatment   of  this  sort   see  Part  II,  §:!. 
equal  ions  (20). 
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is;, 


(xx) 


q  =   —  -  a)     cos  <f>     H'   ''  +  (( 
+  sin*     UV")/i  + 


2W'm 
4  to2  sin 


ir 


1 

0.-..S*    WV"  +  i       )/i  +  U4  + 


Let  us  now  denote  by  (  the  lime  of  fall,  i.e.,  the  value 
of  i  for  which  f  =  0.  Let  the  corresponding  values 
of  v  and  £  be  denoted  by  ij  and  J  respectively. 
Then  -q  and  J  arc  the  easterly  and  southerly  deviations 
of  the  falling  particle.  In  order  to  express  these  in  terms 
of  t  we  proceed  as  follows: 

From  the  lasl  of  {xix) 

1 


h  = 


ir 


t-  + 


and  for  this  value  of  It  .  equations  (xx)  become 


(.en) 


IJ  =    -  ^OJCOS*      II'    "      P  + 


24 


HV"   5UV1!  +  4o>2sin 


<#>U4  + 


If  further  we  substitute  for  t  its  value  in  terms  of  It. 
we  get 

2     -  hs/1 


(xxii) 


n  =  -  V2  a  cos  <t>  •  y/_wm  + 


H^' 


+  4<j;-  sin  4>  cos  <f> 


h 


cir  since 

-  II'"  =  «/,     .  W 

we  have 


-  II"  " 


(xxiii) 


V2 


to  COS 


..=  + 


ir,  .  ■ 

^   =  -    4  uj-  sin 


.->(<;„,  9£),  |-  + 


These  expressions  for  -q  and  J  are  respectively  the 
first  terms  of  the  expressions  for  E.  1).  and  S.  D.  given 
by  formulas  (v)  above.  Thus  it  has  been  shown,  as 
stated  in  the  introduction,  that  Dr.  Woodward's  firsl 
method  when  executed  with  sufficient  precision  leads  to 
my  results. 

§2.     Dh.  Woodward's  Second  Method.     Tut:  Effects 
of  Some  of  His  Assumptions. 

Dr.  Woodward's  second  method  is  given  under  the 
heading:  "Integration  of  Equations  (25)  and  (25i)." 
(A.J.,  Xos.  651-652). 


We  will  show  first  that  by  his  assumption  that  two 
quantities  (denoted  by  >v  and  i>22)  are  constants,  Dr. 
Woodward  approximates  his  potential  function  (46)  by 
a  potential  function  for  which  the  value  of  the  accelera- 
tion g,  due  to  weight,  does  not  differ  much  from  thai 
given  by  (46),  but  for  which  the  value  of  the  derivative 
(  —  ^'/A^h  which  enters  into  the  expression  for  the 
southerly  deviation,  is  only  §  as  large  as  that  correspond- 
ing to  his  potential  function  (46). 

Dr.  Woodward's  equations  (45)  may  be  written  as 
follows  : 


I   dV\ 

p  r)p  J 

i;"  +  2top'  —  (  or  H —  )  7j  =  0   . 


(a) 


1  9V 


=    0 


Since    his   potential    function    (46)    is   a    function   of 


7  =  \/p-  +  r}-     and  a  .  it  follows  that 

1   dV  _  1  9V  _    1   3V 

p   ,}p  v  '''? 

By  putting 


T      <>T 


(b) 


—    V\~    =    CO2    + 


1  dV 


am  I        —   !'■_.-   =  -  — — 


(c) 
(d) 


equations  (a)  become 

p"  —   2uV  +  v,2p   =  0    ,         -q"  +  2u)  p    +  vfq   =   0 
a"  +  v-?<T  =  0     . 

and  these  are  Dr.  Woodward's  equations    51  i. 

In  order  to  integrate  these  equations.  Dr.  Woodward 
assumes  that   r{-  and  v-r  are  constant   quantities. 

By  this  assumption,     V    is  defined  to  be  the  function 


V  =  -  JiVr  +  "2)t2  +  "2V I  + 


constant,  (e) 

and     W  =  V  +  co-r-    2     to  be  the  function 

W  =    1"  +   %r-    =    -  ||"i2r2+  r,V- 1+  constant.     (/) 

This  follows  from  equations  (c). 

The  derivatives  of  the  first  order  of  the  latter  function 
are 

dW  ,         3W 


and  hence  the  value  of  the  aceeler.it  ion  due  to  weight  is 


9  =  \/>Vt2  +  f2V 
:ii  a  general  point     (r,a).    For  the  potential  function  (/) 
.'\  ri  \  !r\  el  surface 


v{2t'-  +  I  v-fia"  =  C 


(h) 
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is  an  ellipsoid  of  revolution.  The  value  of  C  for  the 
standard  spheroid  of  major  and  minor  semi-axes  a  and 
h.    \<  determined  by  either  of  the  relations 


or  =  2C    xr     .     Ir  =  2< 


The  equation  of  this  standard  spheroid  may  he  written 
in  the  parametric  form 

t  =  a  cos  \p     ,     a  =  h  sin  4     . 
where    4    denotes    geocentric    latitude.     The    value    of 
</  on  this  spheroid  i-  then  found,  bj  {g),  {j),  I / 1,  to  be, 


\   J(     \         i  OS*  4  +  v?  sin-  4 
=    v''_>< 


!  +- 


sin2  4 


-'        [l  +  i:h^}  S'"J  *  + 


[f    we   denote  by    g     the  value  of    g   at  the   equator 
of  the  standard  spheroid,  we  have  by  equations  (g)  and  (i), 


\  2CV  =  (j. 


and  henci 

(/ 


-*[ 


1  + 


sin2  41  + 


■]■ 


2 

If   further,   we  denote   by    £    distance,   measured   to 
the  south,  along  a  meridian  of  the  standard  spheroid,  we 

have  approximately 

-  d£  =  ad  4    . 

and  hence  by  differentiation  of  equation  (k), 
da        v-?  —  vi2     .      ,  , 


The  value   of   the   derivative    -  3gi    9|  may   be   gotten 

more  accur  ollows.     For  the  potential  function 

which  is  of  the  form    W  =  f  (t,  a)  ,   we  have 


1 


9f 


=  0 


>, 


and  therefore  by  the  last  relation  of  the  following  footnote  . 


(») 


dg 


>in  2  <i>    . 


where  <£  dem  I  ronomical  latitude. 


*lf  ii  function     W     of  the  weight   field  oi   I 

of  the    form 


1! 


so  that 


.'.\ 


0   . 


the  value  of  the  acceleration  at  ;i  general  point     P 


-j(?    gy- 


According    to    Dr.    Woodward    i.l../.    Nos.    ♦  >."> i -t i.~>_? . 
p.  '_'(i.  second  column 

15449.27   x    Id  '"  .       >-r  =   15346.62  X  10  "  . 


Hence 


=  .00334 


5.1325  X  10- 


The  first  of  these  two  numbers  does  not  differ  by  more 
than  one   unit    in   the   last   decimal   place,  from   the   com- 
-  b         ja,  —  j>, 


mon  oblatenes 


=    .0033c 


the   equi- 


potential  surfaces  (h). 

Thus  we  see  that  corresponding  to  the  potential  func- 
tion (/)  ,  which  is  the  approximation  made  by  Dr. 
Woodward  to  his  potential  function  (40)  by  virtue  of  his 
assumption  that  v\-  and  p«'-  are  constants,  the  values  of  g 
and  dg  9£  on  the  standard  spheroid  are  given  by  the 
formulas: 

(P) 

4-  .  003:3  sinV    .  -  '  !l  =  •"'  •  132  X  10-'-'  sin  24, 


.4. 


where  ga  is  the  value  of  ;/  at  the  equator  and  4  denotes 
geocentric  latitude.  In  Part  II  (§4,  eqs.  45,  40),  of  this 
paper  it  is  shown  that  for  the  potential  function  which 
is  the  same  as  Dr.  Woodward's  function  (46),  the  cor- 
responding formulas  for  the  same  standard  spheroid  are 


</  =  </.  1  +  -oo. 


52  sin-  4    ■ 


(9) 

=  8  .  14  X  10    'sin'-V  • 


Since  ga  =  078.06,  the  value  of  g  given  by  the  first  of 
formulas  (p)  <l<«'*  not  differ  much  from  that  given  by 
the  first  of  formulas  (q).  However,  the  value  of  —dg/di, 
given  by  the  second  of  formulas  (p)  is  only  aboul  •">  8 
as  large  as  that  given  by  the  second  of  formulas  (q). 

Thus  we  have  proven  the  statement  made  at  the  be- 
ginning of  this  section,  and  also  the  first  part  of  the 
statement  which  was  made  concerning  this  section  in  the 
introdud  ion. 

where  <t>  denotes   the  astronomical   latitude  of   P.     Also 

,i\  ,>( 

■      COS*     =    0 

■  >-  '>a 

and  then  fot 

.  -  g  sin  tj>   =   —  • 
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Remark.  If  we  admit  (what  I  have  proven  in  both  of 
my  published  papers  and  in  Part  II  of  this  paper)  that 
the  southerly  deviation  of  a  falling  particle  is  given  by 

the  formula: 


S.D. 


2*-  5{dg /9£)]^ 


where 


r  =   5.3173  X  10- 


we  have  by  (n)  and  the  last  of  (o)  [or  by  the  second  of  (/>),] 
for  potential  function  (/), 

W        **-[«  +  .  *^]*.»*  | 

h- 


=    36.29  X  10-"  sin  2  <£ 

and  by  the  last  of  (q)  , 

for  Dr.  Woodward' s  function  (46)  , 

(s) 

S.D.  =  51.33  X  10""  sin  2$ 


"</ 


Therefore  the  assumption  that  vr  and  v£  are  constants 
reduces  by  about  30%  the  magnitude  of  the  southerly 
deviation,  from  that  corresponding  to  Dr.  Woodward's 
potential  function  (46). 

We  will  now  show  that  if  Dr.  Woodward's  exact  solu- 
tion (56),  (57)  of  his  differential  equations  (51),  in  which 
vi2  and  C22  are  regarded  as  constants,  he  transformed  to 
the  coordinates  J,  j"  by  means  of  his  exact  equations  ( 10), 
there  will  result  for  the  southerly  deviation  the  formula  r 
which  is  obtained  from  my  general  formula  (k)  by  sub- 
stituting for  the  derivative  3g/0£  the  expression  of 
this  derivative  which  corresponds  to  the  approximation 
to  Dr.  Woodward's  potential  function  (46)  made  by 
assuming  c,  and  c2  1"  be  constants. 

If  we  expand  tile  sine  and  cosine  of  wt  and  ut  in 
powers  of  /,  the  first  of  Dr.  Woodward's  equations 
(56)  and  (57)  become 

p  =   poj   1    -  g  («'-  -  or')/-  +    —  [»•'  +  2ir'-ar'-3a>1)/4  + 


,/, 


24 

!    1  L       2  ,2     ,        ] 


24 


t*  + 


Furthermore 


•  >r  !l\_^T      <>t-  <>a      c?<j3rj 

f  92  f  d-f 

=      -  \     — ■-,    COS   <j>    +    -    •         -ill 

3Jl   =   If?/,    g'/      ,    9/     gg/"| 

e>ff  <I\_Jt      rirda  <J<y      <)a"  ] 

gsinf]. 


3  -Y 

i    5     ''"s  *  +    ) 


where 

,/•-  =  j,^  -(-  w2  . 

From  Dr.  Woodward's  exacl  equations  of  transforma- 
tion* ( 10)  we  get  the  following  equations  : 

£  =  (p  —  pi)  sin  <h  —  (o-  —  <n)  cos  <^i    ,  an 

s    =  (p  —  pi)  cos  <^>i  +  (a  —  u,)  sin  <j>,    , 
where 

pi   =   ;-|  cos  xpi    .      0"!   =   r,  sin  \pi    . 

Note.  In  order  to  distinguish  the  geographic  latitude 
of  Pi  (which  Dr.  Woodward  denotes  by  <£)  from 
the  latitudes  of  other  points,  I  will  denote  the  latitude 
of    Pi     by    <t>\-     thus    using  <£,     where    Dr.   Woodward 

uses  <£  .     By  in)  and  it) 

$  =  (p„  —  p,)  sin  <£i  —  (o-ii  —  a,)  cos  <#>,  (r) 


+  ~    ivco  cos  <£[  —  e,-  p„  sin  <t>\    t" 
j'l'pu  sin  4>\    m- 


+  ^  I  v,4p"  sm  ^'  —  ''-4(r"  l'l's  ^i  +  ^ 


t*  + 


=  (pa  —  p\)  cos  <£,  +  (a»  —  ffj)  sin 

sin  <j>,  +  1',-p,,  cos  <f>,  I/-  H 


2[^<x„ 


—  a\  =  h  sin  <£i      ,     ) 
v-i-ai  =  ;/,  sm  <t>,    .     \ 


In  order  to  evaluate  the  coefficients  of  these  series,  we 
make  use  of  the  following  relations  : 

pn  —  p\  =  h  cos  (j>,      ,      < 
"i~Pi  =  </i  c<>s  4>\     ■ 
The  first  two  of  these  relations  are  easily  deduced  from 
Fig.  0  (p.  184).     The  other  two  may  be  obtained  as  follows. 
By   Dr.  Woodward's   equations  (51)    (or  equations  (d) 
above),   in  which    v,    and    e2    are   regarded    as    constants. 
the  components  of  the  acceleration  of  a  particle  starting 
from  rest  with  respect    to  the  axes     (I  —  p,  -q.  a     (which 
are   tixed   with   respect    to  the  solid   part   of  the   rotating 
Earth  and  are  shown  in  Fig.  3,  p.  191)  are 
—  i'rp  .      —  pi2ij   .      -    Vi2a   , 
and  hence  the  magnitude  of  the  acceleration  at  a  general 
point  is 

g  =  \V(p2  +  v2)  +  >vV    . 

For  the  particular  point   P,.  i  />,,  I),  a,  i  the  value  of   g   is 

f/i  =  v'iVpi2  +  P2W     . 

It  vye  denote  by  I  distance  measured  to  the  south  along  the 
meridian  of  the  level  surface  which  passes  through  the  general 
point     P,     we  have 


dg  =   "*!/ 


dH 


drda 
9 


sin  <£  — —  cos  <f> 

''a 
cosJ  <t>  —  sin2  <t>)  +  (— -2  —   — =j  J  sin  <£  cos  <^> 


(  dr-daW^r)        \da)  J       \_da"        <>t:]  ,)t  <>a  \ 


In  the  first  two  of  Dr.  Woodv  ikd's  equations     in  .  sin  •■     and 
cos  tp  should  be  interchanged. 
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The  last  two  of  equations  (w)  follow  from  the  fact   that 
the  vector  representing  acts  along  the  line    /'.  /'■ 

See  Fig.  8,  p.  Is' 

l'.\  the  first  two  of  equations 

p, I  sin  </>[  -  (<ro  -  <ri)  cos  <pi  =  0     . 
(p0  —  Pi)  cos  <pi  +  (<r0  —  (Ti)  sin  </>,  =  //      . 

These  relations  also  follow  from  equations  (w),  because 
when     p   =  po     and      a  =  cr,,,     £  =  0     and     £  =  h. 

The  co-efficients  of     /'-     in  equations  in  may  be  written 
as  follows  : 

-      v-?o    COS  >i>    -  vrp\  sin  <#>i  +  C22(oo  —  ffi)  cos  <£, 

-   '  i 


-  pi  I  sin  <p, 


I     | 


!'jJ(7     >ill  <f>i   +  C|"pi  COS  <£,    +   K22(<7|     —    <T]  i  sin  4>i 

p      COS   '.*> 


By  relations  (w),  these  may  be  written  respectively  as 
follows  ' 

r.     I   -ill  <f>,  COS  <p| 


,.r. 


-/i   U'./-'  sill  2<£i    +    it'  cos-  </>[) 

The  co-efficient    of    f    in   the   firsl    of  equations   (j>) 
may  be  written  as  follows  : 

'pi  sin  <p,  —  f2Vi  cos  <p!  +  4i>rp,  sin  <£,    «'-' 

■f  vi*(po  -  /m1  sin  </>,  -  r-j'io-,,  -  <t,i  cos  'i> 

+  4»<i2(po  -  pi )  sin  <i>!    co2  t     ■ 


By  relations    u>  i  this  may  be  written  as  follows 


I    j 
24    ( 


j  i/,  sin  </>,  cos  <£,    (I','-'  -  c22  +  4o2) 

+  /?  sin  t/>,  COS  <p,     li'i1   -  !■■■'  4     h'i"  u2) 


(a*) 


With  the  values  of  the  coefficients  given  in  (xi),  (xa), 
(.(':;).  equations  (v)  may  be  written  as  follow-  : 

" 
+  2w2 


V22    -    J-!-'      //       . 

E    =   -      .,  ■.,S|11  - 


/J+21    [* 


+  It 


V24   +   T'i  ''u.'-' 


{•   =   A  —    -       ;/i  /'  -f   //  lr,'J  sin-  </>,   +   (/j2  cos-  <pi)     -/-  +  '■    . 

Let  us  now  denote  by  /  the  time  of  fall.  Then  for 
t  =  t,  f  =  0  and  £  =  £,  where  J  is  the  southerly 
deviation.     Then  from  the  last  of  the  above  equations 


ta  <2  + 


/i  = 

1     —    (l/22  sill'  <^>|    +    I',"  COS-  <£;)/'-'    + 

whence  the  first  equation  becomes 


\<htl  + 


E    =  ^  {  5  V^~1  +  2a,S  !  "'  si"  2^    '4  + 


(3) 


<    S 


+  2oj-  '-  sin  2 


lii/, 


which  is  the  same  as  formula  (r)  given  above. 


PARI 

§1.     Definitions  of  the  Deviations. 

Let   us  assume   a    set  of   rectangular   axes  ()  —  u,  v,  :. 

which  is  at   rest   with  respect    to  the    solid  part    of  the 

rotating  earth,   and   such   that     Oz    coincide-  with   the 

earth's  axis  of  rotation,  the  positive  sense  of    Oz     being 

from  the  celestial  south  pole  to  the  celestial  north  pole. 
The  held  of  force  which  determines  weight,  i.e.,  the 
held  in  which  a  plumb-line  is  in  equilibrium,  is  at   rest 

with    respect    to    these   axes.      We   shall    call    this    field    of 

force  the  wt  ight  field. 

Let  u-  denote  by     1\    a  point  (on  or  near  the  earth's 

i  which  i-  at  rest  with  respect  to  the  axes    O—u, 

["he  straighl  line  which    passes    through     /'     and 

gives  the  direction  of  the  force  of  the  weighl  field  al    /'  . 

is  defined   a  lical  of  !'■.     This  vertical  coincides 

with  the  string  of  a  plumb-line,  the  bob  of  which  is  sit- 


*The  derivation   of   the  formulas  for   the  deviations  which    is 

given    in   Purl    1 1.  v.  .i     pi I  to    the    Vmerii  m    Vial  hi 

New   York  meeting,  Feb   28    1914      See   Bi  lletin 
Americas    Mathematical  Society,  Vol.  XX,  \<>   8, 

fit  i-  I    thai    the  string  of   the  plumb-line  is   weightless 

and  perfectly  flexible,  and  that  the  bob  is  a  heavy  particle. 


II.* 

uated  at  /',.j  In  general  the  vertical  of  a  point  does 
not  intersect  the  axis  of  rotation  Oz.  The  astronomical 
meridian  plane  of  1\  is  the  plane  which  passes  through 
the  vertical  of  1\  and  is  parallel  to  the  axis  of  rotation 
Oz.  The  astronomical  latitude  of  P\  is  the  complement 
<P\  of  the  angle  which  the  vertical  of  /\  (to  the  zenith) 
makes  with  the  axis  of  rotation  Oz  (to  the  celestial 
north  pole.)  The  astronomical  longitude  of  Pi  is  the 
angle  tl  which  the  meridian  plane  of  I',  makes 
with  a  fixed  plane  (z  0  u,  say)  through  Oz,  and  is  measured 
from  0°  to  360°  to  the  east.  The  horizontal  plane 
of  l\  is  the  plane  which  passes  through  I',  and  is 
perpendicular  to  the  vertical  of  l\.  The  north-and- 
sovih  line  of  l\  \<  the  line  of  intersection  of  the 
meridian  ami  horizontal  planes  of  Pi.  The-east-and-west 
Inn  of  l\  is  the  straight  line  which  passes  through  /', 
and  is  perpendicular  to  the  meridian  plane  of  Pi.  This 
line  is  the  intersection  of  the  horizontal  plane  of 
/',  by  the  plane  which  passes  through  /',  and  is 
perpendicular    to    the    axis    of    rotation    Oz.%      By   tht 


JThe  above  definitions  arc  practically  the  same  as  those  given  by 

P        '      /    ■  ''  I '•   ia  U  on  tica  {1906     . 
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cardinal  axes  of  Pi  we  shall  mean  the  rectangular 
axes  composed  of  the  vertical  of  Pi,  the  north-and- 
south   line   of     Pi     and   the   east-and-west    line   of    Pi. 


The  positive  senses  of  these  axes  shall  be  those  to  the 

zenith,  to  the  south,  and  to  the  east,  respectively.     Fig.  1 
represents    in    orthographic    projection    the    point     P, 


(whose  projection  on  the  plane  uOv  is  P/),  the 
vertical  PiA  of  Pi  (whose  projection  on  the  plane 
uOv  is  Pi'A'),  the  astronomical  latitude  <£,  =  <  P/ 
A"  P,  ot  P,,  the  astronomical  meridian  plane  K 
I',  I']'  of  Pi,  the  astronomical  longitude  e,  =  <u  M 
P.'  of  Pi,  the  horizontal  plane  NESW  of  Pi, 
the  north-and-south  line  .Y  P,  N  of  P,.  and  the 
east-and-west  line     K  P,  11"  of  P,. 

Now  let  us  take  a  point  P„  above  P,  and  in  the 
vertical  of  P,.  The  vertical  of  P„  will  m>/  coincide 
with  the  vertical  P0  Pi  of  P,,  but  it  will  pierce  the 
horizontal  plane  NESW  of  P,  in  a  point  T  which 
does  not  coincide  with  P,.  Let  us  suppose  a  material 
particle  to  fall,  under  the  influence  of  the  earth's  gravita- 
tion, from  an  initial  position  of  rest  (with  respect  to  the 
axes  0-u,v,z)  a1  /'„.  The  path  of  this  falling 
particle,  with  respect  to  the  axes  0  -  '.  i .  :  .  is  a  curve 
/  which  pierces  the  horizontal  plane  NESWoi  P, 
in  a  point     C. 

Definition     l.     The    perpendiculai     d    tana     of    the 
point     C    from    tfa    north-and-south    line     N  PiS  of  Pu 
is  called  the  easterly  deviation  of  the  falling  particle,  and 
\arded  as  positive  to  the  east. 

Definition  2.  The  perpendicular  distance  of  the  point 
C    from   the  east-and-west  In,,'     /-.'/',  \v  of  P,.   is  called 


the  meridional  or  southerly  deviation  of  the  falling  particle, 
and  is  regarded  as  positive  to  the  south. 

These  are  the  definitions,  stated  in  precise  geometric 
form,  which  arc  used  by  both  Dr.  Woodward  (A. J., 
Nos.  651-652,  p.  19,  first  column)  and  myself  (T.A.M.S., 
Vol.  XIII,  p.  47H.  §1.) 

§2.     Equations  of  Motion  of  the  Falling  Particle. 

In  order  to  derive  the  equations  of  motion  in  the  mosl 

elementary  manner  let    us   choose  a   sit   of  rectangular 

axes  0  -  x.  I/,  z  of  which  the  origin  0  and  the  axis 
Oz  are  the  same  as  those  of  the  axes  0  —  u,  v,  z, 
and  such  that  the  positive  part  of  the  axis  Ox  is 
directed  to  the  vernal  equinox.  See  Fig.  2,  The  axes 
0  —  u,  v,  2  rotate  around  0  Z,  with  respect  to  the 
axes     0  —x,y,z,     once   in   a   sidereal  day. 

Lei  ii-  denote  by  V  the  potential  per  unit  mass 
at  a  general  point  /'  exterior  to  the  earth,  by  s  the 
distance  from  P  of  an  clement  of  ma"  dm  of  the 
earth,    and    by     k     the   gravitati •onstant.      Then 


dm 


I 


and  the  equations  of  motion  of  the  falling  particle  are 
—  -  dV       <Py_9V       (Pz  _  dV 

nr       '>.,■  '    dt*       ■>■,      ,ir    '     • 
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It'  we  denote  by     i     the  angle    xO  u  (.Fig.  2), 
di 

», 

where    u     is  the  angular  velocity  of  the  earth's  rotation. 
and  tlic  equations  of  transformation  from  the  coordinates 
to    the    coordinates     u,  v,  i    are 


shorter  form  by  the  introduction  of  the  potential  function 
of  the  weighl  field, 

W=  V+i  l«Hrl     . 


By  means  of  relation  (5)  equations  (4)  take  the  form 


x  =  )i  cos  i 


y  =  it  sin  i  +  ''  cos  i  , 


,1-u 
ill- ' 


>)W     d-r  du  =  3  ll7 


fPz 

dP 


(6) 


By  thi~  transformation  the  equations  (2)  are  transformed 
into  the  equations  : 

d-u      ,    dp        .        3V     dh  ,   ,    d«        .,       3V     </'J:      &V 
<ft«  di  du     di  ill  ■>)■     dt-      dz 

These  are  the  equations  of  motion  with  respect  to  the 
...  -     i)  —  a,  v,  z.     They  may  be  put  into  a  somewhat 


Since  the  deviations  of  the  falling  particle  are  referred 
to  the  cardinal  axes  of  Pi,  let  us  refer  the  motion  to 
theseaxes.  Let  us  denote  by  17,  £,  f  distances  measured 
along  the  east-and-west  Hue,  the  north-and-south  line 
and  the  vertical  respectively,  the  positive  senses  being 
to  the  east,  south  and  zenith  (see  Fig.  2.)  The  equations 
of  transformation  from  the  coordinates  u,  v,  z  to  ?/.£.  f  are 


Viewed  from  a  point  fixed  with 
respect  to  the  axe?  o-u,  v,  z 


it  =  a,  +  (|  sin  4>i  +  .7  cos  4>i  I  cos  f,  -  ?)  sin  t,    , 
7  |  -in  <f>,   f  7  COS  <t>,)  sin  ei  +  ij  cos  e,    ,     ■ 

z  =  zx  -  i,  cos  </>,  +  f  sin  <£,    . 

When  subjected  to  this  transformation  the  system  of 
equations    6   is  transformed  into  the  system*: 


dr 
dh, 

dt- 

d? 


—  2u>  sin  <t>\ 
+  2u  (  sin  <t>\ 


dv        d  W 
dt    "      9*    ' 

.     jt    +  COS*, 

dt 

./„      <>w 
dt   ~    dt 

If  we  had  subjected  the  equations    t)  to  the  transformation  i7i      „"  _j_  2w  (£'  sin  d>j  -\-  {"'  cos  $] 
ined  the  equations 


£     =    *r  •       (8) 


J"  —  2«  sin 


u2  sin  <t>,  [£  sin  </>i    :   7  cos  <!• 
+  ih  cos  e,  +  V\  sin  e,J   = 


—  ar[r;  +  l\  cos  e,   —    l/i  sin  e,]  = 

2d)   COS    </>,     '   T)'     —    OJ-    COS    4>l    [s    Sill    </>] 

+  t  COS  <£i  +  1*1  cos  ei  +  /',  sin  u  I 


ay 

9F 
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If  further  we  represent  by  r  the  perpendicular 
distance  of  a  general  point  P  from  the  axis  0  z,  and 
by  X  the  angle  which  the  plane  POz  makes  with 
the  plane  uOz  (see  Fig.  2),  the  equations  of  trans- 
formation from  the  rectangular  coordinates  it,  v,  z  to 
the  cylindrical  coordinates     r,  X,  z     are, 

(12)  a  =  t  cos  X  ,     v  =  t  sin  X  ,     z  =  z  . 

By  this  transformation  the  equations  (4)  are  transformed 
into  the  equations  : 

(13) 
<P_ 

at 


-  r[w  + 


ay 

tl 

3t 

dt 

&Z 

(If   = 

dV 

Oz 

T-     CO    + 


dX\> 


<a; 


ay 


Finally,    we   will   denote   by     r    the  distance   from     0 


Figure  Showing 
Dr.  Woodward's  Coordinates 


of  the  general  point  P  and  by  <p  the  angle  which 
the  radius  vector  OP  makes  with  the  plane  uOv 
(see  Fig.  2).  Then  the  equations  of  transformation  from 
the  cylindrical  coordinates  r,\,z  to  the  polar  co- 
ordinates    r,  \p,  X     are 

t  =  r  cos  ^  ,       2  =  ;•  sin  ^  ,       X  =  X  .  (14) 

By  this  transformation  equations  (13)  arc  transformed 
into  the  equations  : 


dt- 


#v 


riw  +  m)  cos"'/' 


dV 
dr 


-I  ;-—  1  +  /~(co  +  ^-J    cos^sm^=   —  ,       (15) 


tit  \     tit 


d  <    ,.  /      ,dk\  ) 


dxf, 

dV 


Initial  position  of  /'u 


Viewed  from  a  point  fixed 
with  respect  to  axes  O-x,  y,  z 


Fig.  :; 


where  accents  denote  time-derivatives.      Since  by  relation  (5) 

(10) 

dW _  dV 

~dt    ~   yt   +  oj-siii^,  [tsi,,^,,  +  <-<-os<£,  +  Hicose,  -r-cjsinei]   , 

3W  _  dV    .      „ 

-J_    -   ^-  +  co-  [i?  +  ri  ens  e,   -   »,  sin  €,]    , 

3W  -  °V  JL.     •> 

■l    COS  <A    [i  sin  <£,+  (-eos<£i+  u,  cost,  +  ,■,  sine,]    , 

it    follows    thai     these    differential    equations    are    the    same    as 
equations     8 


If  in  equations  (9)  we  put 
the  equations 


0     and     E]  =  (l  .     we  obtain 
£"  —  2co  sin  <t>\  ■  r\   —  co-  sin  <f>i  ■  it 


9V 


<>\ 


■q"  +  2co  [£'  sin  <f>i  +  j-'  cos  <£,]  -  co2>;  =    --     .      ill) 


2co  cos  4>\    v'  ~  c°2  ('°s  $    " 


3y 


It  i-  no  loss  in  generality  to  assu \>\  =  () .    but  it  is  a  loss  to 

assume  both    vi  =  0    andei=0,    for  by  so  doing  we  assume  the 
i  tronomical  meridian  plane  of   /'i    to  pass  through    Oz.      Henci 

equation-  Ml'  are  less  general  than  equations  (8)  or  (9). 
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Before  commenting  on  the  various  equations  of  motion 
just  found  we  will  make  the  following  definitions  : 

Definitions.  1i  the  distribution  ol  the  earth's  gravi- 
tating matter  is  of  such  a  nature  thai  the  potential 
functions     V    or    II      are  of  the  form  : 


\    •+!<-  —  V  x-  +  y- 

we  will  say  that  there  exist-  a  distribution  of  revolution. 
When  this  is  nut  the  ease  we  will  call  the  distribution 
asymmetric. 

Each  of  the  five  systems  of  equations  (2),  (4)  or  (6), 
8),    L3),    15)  holds  for  an  asymmetric  distribution.     For 
a    distribution    <it'    revolution    the   function     I'     -atisfies 
identically  the  relation. 

BV 


16 


9X 


=  0. 


Dr.  Woodward  virtually  assumes  a  distribution  of 
revolution  when  he  asserts  below  his  equations  (3)  (.1../., 
Nos.  651-652,  p.  19)  that  "X,  and  M>  refer  to  /'„  as 
well  as  to  Pi."  His  various  systems  of  coordinates 
are  represented  in  Fig.  3.  Notwithstanding  his  assump- 
tion, his  equations  (24)  ami  (250  {A.  J.,  p.  21),  which 
are  the  same,  respectively,  as  equations  (1."))  and  (4) 
hold   for  aii  asymmetric  distribution.     However, 


In-  equations  (25)  {A.J.,  p.  21).  which  are  the  same 
as  equations  (II)  above,  do  mil  hold  for  an  asymmetric 
distribution,   but    hold   for  a  distribution  of  revolution. 

-  latenieni    below    equations    (11)    in    the    foot-note    to 

equations  (8)  ). 

Equations  (8)  above  which  are  more  general  than 
Dr.  Woodward's  equations  (25)  (A.J.,  p.  21 1.  were 
derived  by  me  in  my  second  paper  (T.A.M.S.,  Vol.  XIII, 

pp.  169-490)  by  two  different  methods.  The  first  of 
these  is  the  same  as  that  outlined  above  (see  §3,  p.  477) 
and  the  second  made  use  of  the  equations  of  relative 
motion  (See  §4,  p.  181).  The  special  form  which  the 
system  of  equations  (13)  assumes  for  a  distribution  of 
revolution,  was  derived  by  me  in  my  first  paper  i  T.A  .M.S., 
Vol.  XII,  pp.  335-353)  in  §2. 

Professor  I-'.  H.  Moulton  in  the  paper  referred  to  in 
the  addendum  to  the  introduction  of  this  article,  uses  as 
his  equations  of  motion  (1)  the  equations  (15)  above. 
However,  in  the  integration  of  these  equations  he  assumes 
a  distribution  of  revolution.  He  states  this  assumption 
bj  saying  "V  \-  a  sum  of  zonal  harmonics  and  conse- 
quently independent  of  X."  Professor  Moulton's  co- 
ordinates are  shown  in  Fig.  4  of  this  article. f 

tAll  of  the  equations  (2),  (4),  (8),  (13),  (15)  may  be  gotten,  as 
I)r  Uoiiinvimi  (jets  his  <-i pint n >n^  e.'li.  '-'•">).  25|),  el../.,  p  21', 
by  the  Lagrangian  equation  of  motion  : 


d    fdT 
(it  \?p' 


dp 


dV 


Denoting  time  derivatives  by  accents,  the  kinetic  energy  of  a  nun 
particle  in  the  various  systems  of  co-ordinates,  is 

T  =  £  (x'-  +  y'-+z'-) 

=  i  [»'-  +  v'2  +  z'-  +  2w(uv'  -  vu')  +  u.'-  (//'-'  +  r-)] 

=  h)k"'  +  i"""'  +  v"1  +  -"[(£'  si"  4>\  +  K'  cos  <f>\) 

(/(,  sin  e,-n  cos  ei)-fc-(£j/'  —  £'rj)  sin  <f>\  +  (£77'  — f'17)  cos  <t>, 
+  j/'(Mi  cos  ei-(-l>]  sin  ti )]  +  oo-[iJ  sin-  <f>\  +  2£f  sin'f'i  cos<£, 
+  f2cos2<£i  -rV  +  21  J  sin^i  +  fcos^,  I  \n,  cosei+yisinei) 
—  !2>j  ( ii\  sin  e,  —  /',  cos  t,  )  +  //,'-'  +  r,-]  \ 
=  i[r'2  +  r1  ^'-  +  r-  (w  +  \' )-'  cos2  i~\ 
=  £[r,2  +  z'2  +  T2(a>  +  X')2] 
Of  these  five  expressions  for  T  the  last  one  is  aol  given  bj  Dr. 

WoODV*  \m>.  Hie  next  to  last  is  the  same  as  Dr.  WOODWARD'S  ex- 
pression (20),  (A.J.,  p.  21),  and  the  second  is  the  same  as  the  last 
ni  Dr.  Uiiiiiih  ird 's  expressions  (21)  since  his  co-ordinates 

are   practically    the   same   as  my    CO-Ordinates     II,  V,  However, 

i  In'  expression  for  7'  in  terms  of  ?,ij,C  which  is  here  given  is  more 
general  than  the  first  of  Dr.  Woodward's  expressions  (21)  because 
in\  co-ordinates  -r .  <,  .  :  are  mure  general  than  his.  It  leads  to  the 
equations  (8)  or  (9),  which  (as  already  pointed  out  below  equations 

ti    and     16      ire  more  general  than   Dr.  Woodward's  equations 

25       1  ■/  .  p   21 
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§3.     Integration  of'the  Equations  of  Motion. 

Let  us  integrate  the  system  of  equations  (8).  Since 
the  falling  particle  starts  from  a  position  of  rest  (with 
respect  to  the  axes  /',  —  77,  J,  J-)  at  P0,  whose  dis- 
tance above     Pi     is     /;,     the  initial  conditions  are 


(17)     when        t  =  0 


r,  =  £  =  0, 
d£       di 


r  =  i> 


di 


di 


=  0 


In  the  solution  the  symbols     IE,0,  W,°,  Wsa,  WJ,  W„(a, 
etc.,  will  appear.     These  stand  respectively  for  the  values 


which   the  derivatives 


•>W     dW 


''V    '      ak 
etc.,  have  at  the  point    P„. 

The  solution  of  the  system  of  equations   (S)   which   is 
subject  to  the  conditions  (17),  is* 


*  In  order  to  obtain  this  solution  we  will  write  equations    8    in 
the  following  form : 


(a) 


77"  +  2a-  (sin  <£,     £'  +  cos  <#>,     f')  -  W,    =  0  , 

£"  —  2a>  sin  <t>i     r\'  II     =  0  , 

f"  —  2ai  cos  <t>i     r/'  —  II',    =  0  , 

where  the  primes  (')  and  seconds  (  "  l  denote  the  first  and  second  de- 
rivatives, with  respect  to  the  tunc  /  .  of  the  functions  to  which  they 
are  attached,  and  the  subscripts  (>?,£,  f)  denote  the  first  partial 
derivatives  of  W  with  respect  to  the  attached  subscript.  In  the 
ei  pint  ii  ins  which  follow  t  hire  Is  i  "'),  etc  .  and  double  subscripts  (7777  , 
77^  ••■)  ,  etc.,  will  be  used  to  denote  the  higher  derivatives.  For  the 
particular  values  of  17,  J.  f  .  and  their  derivatives  with  respect 
te  (,  which  correspond  t<i  /  =  0,  we  shall  use  the  symbols, 
70,  £o,  fo,  Vo' ,  £<)',  >"'•  V<>"  ■  £o",  etc.  Hence  condition  (17) 
may  be  written  in  the  following  form; 


09) 


rjo  = 


0. 


=  /;  .        V  =  So' 


0  . 


Fur  the  particular  values  of  the  derivatives  oi  It"  which  correspond 
to  77  =  770,  £  =  &,  f  =  j-o  we  shall  use  the  symbols    U\".   U\".    II'". 

ir",  \\\t  ir".  11  ".  11 .".  etc. 

For  a  set  nf  functions 

77  =  x  (0  ,        £  =  n  (0  ,  j-  =  c  (0  , 

which  is  a  solution  of  the  set  of  equal  ions  0  .  t  he  left  hand  member 
of  each  of  the  equations  (a),  vanishes  identically  when  regarded 
as  a  function  of  the  time  t  .  Therefore,  for  this  solution,  the  deriv- 
ative with  respect  to  /  of  each  of  the  left  hand  members  of  equa- 
tions (a)  nuist  also  vanish  identically.     Thus  we  obtain  the  identities: 

(a') 

<*>,  ■  r  > 

7,'    +    U  s'    +    II  f)=0, 

1?'+  nv  ;-'+  11    •£')  =  0  , 
ij'+  n«s'd-  if,  -f)  =  0  . 


17" 

+  2a>  (sin  <^>i    £"  +  cos 

-  ill'.. 

£'" 

-  2w  sin  <>i  •  77"  -   1  II 

f" 

—  2a'  cos  </>i     7/"  —  1  11" 

Sin  il 

1  assume  the  existe 

7,  =  iW,°  .1-  is 

-   Ja,[cos<h     II'"  +  sin<£,     IE0]     /;i 
+  jLpr.v    lb  "  +  II'  •    IE"  +  IE"    IE"-  4a.-lE"]    t*   I 
sV"i  "V'   [cos<£,  •  (IE°+  lb"-4.r')+sin<£,    ir°] 
Wt°    [C0S<£,     IE0+sin<?i,     1  Ib.0+lb"-4a')];     f5 

+   .    .    .    . 


+ 


£  =  ill''1     (s 

+  Ja  sin  <jfe ,     IE"    / : 

f  &[W£     Jb.°  +  IE"     IE"  +  II'"     IE" 

-  4u>-sin<fV  !cos4>,    W{°  +  sin  <fr  ■  We0)]  •  f4 


—  ia>-  sm  <pi    (cos  <pi     11  ,  -f-  sin  <pi     11  (')J    r 
+  fru  I  lb,"   [sin  *,     lb.,?  -  cos  </>,     IE0] 
+  lb."    [cos<£,     IE°+sin</>.    (H"„°d-lb°-4a-i];    ts 

+  .   .   .    . 
h  +  ill"    /' 

+  fa  cos  <*>,      lb."     t" 

+  AC^iJ  '  W  +  Wn     W,"  +  W&     IE" 

-    b-ms^,      (eOS<£,      11'"+  sin<7>,  .  lb,")]    I' 


lur'cos</i|      (cos<7>,     lb"+sm<p,  . 

+  ,LU  J  lb,"     [ensf      lb.1;  -  sin  <£,      lb;°] 
+  lb."[sin  <#>,     Ib'.'  +  cos-Ti,     llb."+Ib    -4a>: 

+  • 


)]|   v- 


J 


tives  which  are  needed,  we  obtain  bj  successive  differentiations  with 
respect  to  /   the  follow  ing  identities: 

(a") 

77'v+2adsin</Vr'+  cos^rf'")-  I  »'■•   '/"+  "' -    S"+W      t"  ' 


''l^  +  ^^  +  f^- 


S'B  -  2u  sin  <7>,     r,'"  -   (H\.     77"  4-  II",;     J"  +  If-     f"  1 

f1  -  2a-  cos  <?>,    77'"  -  1  ir;..  7,"  +  iEf  •  S"  +  ^   r" 

,  d  ,  d  ,  d        \ 

"JtW   +?«"»  +  !'*"<')■' 

(a 

77"+2co(sin<ji,  ■*''"  + cos  <Ai     ('  '   -  1  W     7; ' "  -4-  H "  _ 

-K^,,;'+^.,r +^"'>° 

r  -  2a>  sin  <£,      7,"'   -    1  II",      7,'"  +    II"       t'"  +   II",       f") 

:v"I^.  +  r|».  +  r«|r.) 

''J"-  +='£"- +>',;"«•■) -°- 

f"  -  2oj  cos  <7>,     77'"     -   ill"  -.  V'-r-  II"..    i'"  +  W         "") 


»C«"5'-  +  «">+      ■'"" 


t»  d 

d! 


<'>  -  +  *"£«'..  + r 


I'M 
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These  are  the  parametric  equations  <>i   the  curve    / 
Fig    I).     From  them  it  is  evident  that  the  tangent  to    / 
:,t    P0   is  the  vertical    /' T  of  P 

From    Definitions    1    and   2   (Pari    II.   §1)   it    follow! 
that  the  easterly  and  southerly  (meridional)  deviations  of 


nun    1  no  c.asiei  i\    aim    soutneii\      inn  mmnaii  ucvintiuus  ui 

From  these  identities  «■■  can  find  tin-  values  of  the  constants    170, 

I  rona  conditions    (o1 1   we 
already  know  thai 

Vo  =  0,    f0  =  0.    ft  =  /;.  ijo'  =  0.    |0'  =  0,    .Co'  =  0  . 

Therefore  when  (   =0  the  identities  (a    yield  the  relations 

i?o"  =   "'"  .     £o"  =  W,"  .     f0"=   1" 
the  identities   i  o'  i   the  relations 

7,,,'"  =  -  2a  (sin«fo      If/'  +  cos<h     II 
t„'"  =   +  2w  sin  <#>!      ir."  . 

COS  4>i       nMI  ; 

cos  (j>i     2a  o>s  <£,      H' ,'M 


=    —  2a'(sin  <£i     2a'  sin  <t>i      II."  +  cos  r 

+    II"     II        •     II         II        -     II  "     II1 

II  " 


the-  identities     a       the  relation 

VoT 

=   -  4a-      If"  +   If"     If."  -;     II"      II  II 

&*    =   +  2a-  sin  4>i     <  ~2a  I   I  sin  <£,  ■  If,"  +  COS  </>:      II 

ii  ■    •   ii      ii  ■  -4  ii  ;•    it  - 

=    -  4a'J  sin  <£,     (sin  <f>.      If.-0  +  cos  f      II 

+  ii"    ii      -   u  "    u  "  +  u\"    ii  "  . 

f'J    =   +  2acos<£,  •  (-  2a)  (sin  <f>{     If"  +  cos  </>,      II   ") 

■   ii       ii  i  f  w  "   u\"  +  it      ir" 

=    —  4a>2  cos  <t>i  ■  (sin  ^     If,"  +  cos  <t>,      II   °  I 

+  if/'    ir."  +  \v°    w,°  +  ir.°    u?  ; 

and  th"  identities    a        i  he  relations 


4>,     II  "  +■  cos  <!■,  If" i 

i   ! 

</>,  If-;"    +     COS</',      If") 


0'     =    —  2a  [sin  <f>\  ■  \  —  4a*2  sin  <j>i     (sin  </!>, 

+  n%°-  »-."  +  if,°  if'1  +■  if   if"; 

+  cos  4>i  '  I  —  4a-  cos  </> ,      (sin  4>\     If,"  +  co 

+  ir     n     ■  it  ■   ii     -  ii      if "(] 

in  </-,     W,°  +  cos  f     II    ') 

+  W%    2a  sin  <!>,     If."  +  If .?     2a  cos  </>,     II   " 

=  8aj3  (sin  <K     II  U 

-  2a  [if,"  (sin 'I.,     W,1  +  sin  </.,     II  '       11 

+  lft0  (cos  fa  ■  WS  +  cos  fa  ■  If.','  +  sin  <|>i     lf/0] 

£oc  =  +2a 
+  H. 
+  W?,    2asin<f>i 


is  <pi  ■  Wti  t  cos  9,  ■  ii  ,,.  -f  sm  <i>,     n  {f;j   . 

lasin^  ■  [-4a- 1 1   "-II    '  II  ."  -II         It  II        II   »] 

IlV  (-2u)  (sin  tj>)  ■  If,"  +  COS  'f',      If  "I 

sin  fa     W  "  +  ll  II  " 


=    —  8a"  -in  fa      II 

+  2a' [If."  (sin  fa      If.','  -4-  sin  </>,      If/,'  +  COS    '        H 
+   If,"  (sin*,      If.'-   -   COS  ■'■       I!    J)]     , 


the  falling  particle  arc  the  values  of  r;  and  £,  re- 
spectively, for  the  particular  value  of  /  for  which 
f  =  0.  Lei  us  denote  this  value  by  /  and  the  cor- 
responding values  of  v  and  £  by  r\  and  £  re- 
spectively. 

rov=   +  2acos</>,  •  [-4a-     If."  +  If.0     If ."  +  If/'      lf;" 

+  W%     IlV]  +  lf;°  (-2a)  (sin  fa     If,"  +  cos  fa      ll   "i 
+  If,?  ■  2a  sin  <J>,     II   "  4-   II"     2a>  cos  fa     If" 
=   -  8to3cos  </>,     if." 

+  2a  [If."  u.-,'.       If"    f    cos<(),     If  "  +  sin  </-i     II  "i 
+  If,"  (cos./..     If,'.1  -  sin  fa     If/.')]      . 

[t  should  be  noted  thai  for  i  =  u  the  expressions 


d  d  d 

-  II"..    ,       -  If,,   ,11 
dl  dt  dl 

wliicli  occur  in  the  idenl  ii  ies   (  a 

d 
d,] 


II 


v'  +  if 


d 

If. 
dl 

all   vanish. 
0    . 


(/ 
-  11" 

(// 


II 


and  for    1=0,      1\     =  £'  = 

Let  ns  now  assume  that  the  conditions  arc  satisfied  under  which  the 
sel  of  differential  equations  (8)  or  (a)  have  a  solution  of  i he  form 

1?   =   au  +  ai  t  +  "2  '"  +  "3  f3  +  04  '4  +  «;,  lb  +   ■  ■  ■       , 

£  =  b0  +  hi  +  h  I"  +  b3  f'  +  In  I'  +  Ik,  tb  -\ ,      (7) 

j"  =  r0  +  f  1  /  +  r,  /'-  +  c3  ts  +  c4  /4  +  c,  (5  +   ■  ■  ■       , 

in  the  neighborhood  of  the  point  Pa,  (£  =  0,  tj  =  0,  $  =  h)  .  It 
then  follows  from  the  preceding  work  that  for  the  initial  conditions 
(17)  or  (18), 

"II   =  t)o  —  0   ,  h,l  =  £n  =  I)    . 

„,  =  ,,(,'=  0  .  b,  =  tV=  0  . 

02  =  W  =  iiy,0  ■     b2=Uo"  =  iWi° 

":i  =  JW  =    _   ;iu.'[sin'|a      If/1  +  Ci 
b.i  =    ^0'"  =    +  fa  sin  01      H" •"     ■ 
C3   =    |fo'"   =    +   JWCOS^I       If"     . 

»4  =  ,m>?;;  =  -At"'-0  if"+if "  if "-1  h  " 


fii  =  fo   =  A    . 

n  =  fo'  =  0  , 
.-s  =  if.."  =  All".-"  • 
0,     If/']    . 


","-4a-      11", [l]    , 


''4  =  5'4s'o"  =  ^[Ifj"     M'-°  +  W,1     II'.''  +  "'«     ii'<" 

-  la'J  sm'/>i     (sin  fa     If."  +  cos  <f>,      W  :'l]    . 

r,   =    ^fi'    =   .'.[If-?      If,"+   If,/      lf,"+   If"      II    ° 

-  4a-cos</.1     (sin  cp:     If /'  +  cos  </>,     If/1)]    . 

a5=   ,!,„V=-  -,;,„-a'|lff0[f«.s^1    If//  +  sm^»,    ( If .!'+ If/,  -  4a-)] 
+  lf/'[smrti1     Wg+coefa     ( 11",?+  U  /--4a-)];    , 

b5  =  ,  bio'  =  +  ffV<»J  U'.^cos^,    If/Z  +  sin^.,    (iy„0-r-^{;-4a)2)] 

t  11  "[-!!,</>,   11,"  -  cos^j  if/];  . 

r.,=   riTrfo*=     'i:'.----!  "'■  "Lsm</>,     If  "  +  cos<^(lf,'/-Hf/'-4a->] 

+  if/'L'c,,-^;   11"  -  sm</>,   if,."]; 

Thus  are  obtained  the  coefficients  of  the  solution  (18). 

This  method  of  getting  the  integrals  (18)  1-  the  same  as   that 

given  in  §J 13   second  paper  (T.A.M.S..  Vol.  XIII,  pp    169 

lain,  except  that  here   If,"  and    It  "    are  not  zero 
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In  order  to  express  the  easterly  and  southerly  devia- 
tions n  and  £  in  terms  of  the  time  of  fall  t,  we  must 
examine  carefully  the  coefficients  of  the  series  (18).  For 
this  purpose  we  will  make  use  of  the  fact  that  tht  quan- 
tities W,  ,  W(  .  II",  .  layed  off  respectively  on  the  axes 
Pi  ~  v<  '•  T.  are  the  components  of  the  vector  which  repre- 
sent* the  acceleration  g  at  the  general  point  P,  and  this 
vector  lies  along  the  vertical  of  P .  Accordingly  if  we 
denote  by  II",  " '  ,  117",  11'.."  and  </,  the  values  of 
W  .  W(  .  11'.  and  g,  respectively,  at  /',  .  we  have, 
since    Pi  —  rj ,  £,  f    are  the  cardinal  axes  of   Pi , 

I L9)  uv>'  =  117"  =  0  ,        !I?1!  =  -  gi  . 

Therefore,    since    the    coordinates   of     Pt      and      P0      are 

in.  a.  in     and     (o,o,h)     respectively,* 

(20) 

ir."  =  i!":11  i,  .       ir."  -  ir:11  +  irm  h  . 

117  =  WW  +  WW  .h  . 
W."  =  IF!"   h  .       w%  =  WW  +  w®   h  , 

117,'  =  Wff  I   11  ':"    h  . 

IT"  =  11',"+  WW    h  ,      Wts  =  WW  +  WW    h  , 
11'.  =  WW  +  WW    h  , 
plus  higher  powers  in    h. 

Hence  equations  ( 18)  may  be  written  as  follows  : 

f    r,  =  +  i  WW    h    t- 

-  j  co  cos  <*>,  nv"  t3 

-  £co[cos<fc    WW  +  sincf),    WW]    h    t:t 

+  ,,\  WW    H"     P 

-  ^w  II'."1  [cos./,,     (U'"'+  WW  -  W-) 
+  sin</>,    WW]     th+-        ■ 

{    £  =  +  i  WW    l>    t* 

+  Jusin  </-,    WW    I'  -e 
+  A  W^IWW  -^sinc/),    cos<M    t> 
+  b^jO,    W  '   [sin./.,    II'"   -  cos*,     WW]    t- 

+  •  ■  •   , 
f  =       h-h  \  W  "     «2  +  £  11""    ft    P 
+  $cocos<*>,     II"'    ft    /:; 

+   L,'4   II'"'  .  [IP1    -   -ko-'cos-<M  ./'  +         •     . 

Since      f  =  I)     when      /  =  /.      we    find    from    the    last 
equation 

*  if  »  =  /  o> ,  * ,  r  i  . 

„  =  „"+„,"'  (,_,,,) +  M{u)  .({_{,)  +  „,<«  ■(f-f1>+  ■  ■ , 

and  if,  in  particular,         tji  =  £i  =  fi  =  0  , 

h  =  uf»  +  u.  '      v  +  ««"      s  +  -"  ■{■+•■   . 
Finally  if        lj  =  ijo  =  0  ,        £  =  £o  =  0  ,        f  =  fo  =  A    • 
«"  =  i»<»  +  „.  "     A  +   . 


(22) 

h  =  _  £U7" .  r-  +  A"'  '  ■  pr:"  -  fa* cos2 fa] .  p  +  o> 

1  +  iH'I!1    /~2  +  &cocos<J>,  -WW    i"  +  ■■■ 

=     -    £117"    ■  Z1    +    AH',;"1  [5TPJ}1    +    4oT  COS"   fa]       P 

+  ^ir,"  ir:!'cos^,,  •/•'  +  •   ■  . 

Hence  (23) 

V=~  JcoCOS^i     II'1      /         fy  II     i      II'"     /'  i 

+  ^wWWL9sm<t>1WW+cos<l>l(VWW-WW+W)]ts,  f 

?  =  -  ,l4H':-u    [5in,"  +  4a.-  sin  <^,  cos  <#.,]  ?  I 


,'„^  WW    [9  sin  c/.,     U':r+  cos^j  ■  WW]     /'  . 


and 


0 


Equations  (23)  give  the  easterly  and  southerly  (me- 
ridional) deviations  ij  and  £  in  terms  of  the  time  of 
fall  t.  Equation  (22)  gives  the  height  of  fall  h  in 
terms  of  the  time  of  fall.* 

*  The  coefficients  oi  the  powers  of  I  in  equations  (22)  and  (23) 
arc  expressed  in  terms  of  the  astronomical  latitude  of     Pi     and  the 

values  at  Pj  of  the  derivatives  of  W  taken  along  the  cardinal 
axes  of  Pj.  In  order  to  express  these  roi-tficients  ill  terms  of  the 
astronomical  latitude  of  l\>  and  the  values  at  Pi,  of  the 
derivatives  of  W  taken  along  the  cardinal  axes  of  /'„,  we 
need,  in  addition  to  relations  (20),  the  relation  between  0o  and 
01.  and  the  equations  of  transformation  from  the  cardinal  axes  of 
Po  to  those  of  Pi.  The  astronomical  latitude  </>  of  a  general 
point      P      is  given   by    the  relation 


sin  <t>  = 


-  W, 


Vw,;2  +  ir„2  +  ir,2 

11',  eos  <£i  —  ll'(  sin  <£i 


V  \\r-  +  llV  +  Hr 

;     by  /-,  we   have,   as   in 


It    we  denote   this   function  of     »,. 
relations  (20), 

/."  =   L(1»+  U  '       h    . 
where 


/."'  = 


(24,) 


[k^\   = 


sin  4>„  —  sin  <#> 


iL,  sinCe  II     '    =  WW=  0 


WW 


II" 


But,  to  a  sufficient  degree  of  precision, 


24s      4>o  ~  « 
and  therefore 


sin  </>,i  —  sin  <^>i    _ 

cos  <t>, 

=    i 'os  </>     —  sin  <f>\ 

=   sin  <f>,,  -\-  cos  <£i 


eos  <j)„ 


sin  </>, 


in[' 

u 


-'i 


Let  ii-  denote  by  >,,  f,  j  the  co-ordinates  measured  along  the  car- 
dinal axes  of    Pi.    and  by    (o,,   ',-,,  ;  1. 1,  (a  i  he 
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iminating  (  between  equation  (22)  and  each  of 
the  equations  (23  ,  we  can  express  ij  and  £  in  terms 
of  h.  This  elimination  may  be  performed  as  follows. 
Equation  (22)  maj  be  written  in  the  form 

-  =?  +  blA  +  c/'  . 
a 

direction  angles  of  the  axes     /',.>;■  Po?,  PoC    respectively,  with 

respect  to  axes     l\  -  <, .  f ,  ~  ■     S«   Fig  5. 

Then 

T)  =  T)  cos  a\  +  ij  cos  ft  +  ({"  —  A)  cos  7,    , 
(25)  k  ~  V  <,(,s  «2  +  s  cos  ft  +  (£  — A)  cos  7:   ■ 

j"  =  t;  cos  a3  +  £  cos  ft  +  (f  —  h )  cos  73   . 
where 
(26) 

a,  =  1      .  cos  0i  =    —  tan  <t>\     — jjj    "1    , 

III!' 
cost,  =    -  pij-«    ■ 


cos  a-:  =  tan  4>i  ■ 


COSa3    =      ^hTT'    *    . 


COS  ft    =     1        . 


COS  72   =    -  ^p  ■   A    , 


I!    '        ' 


cos  73  =   1      . 

For  the  purpose  of  obtaining  these  cosines  let  us  recall  that,  at  a 
general  point  /',  (1)  the  vertical  is  the  normal  to  the  level  surface 
which  passes  through  /'.  (2  the  east-and-west  line  is  the  inter- 
section of  the  horizontal  plane  of  /'  by  the  plane  (2  =  const.) 
which  passes  through  P  and  is  perpendicular  to  the  axis  of 
:i  ni  the  earth,     !    the  uorth-and-south  line  is  the  common 

perpendicular   to    the   vertical    and    the   east-aml-west    line.       Hence 

for  the  point     P 

cos  n,  :  in-  (3    :  c  1-  -,.-.  =   W    :  II "  :  11 ' 

=  11'+      '1  :  II.1   -h:M   "   I-  II   ''     >> 

bj  eqs.  21)  , 
:  :     is  7 1  = 


'I 


' 


II" 


91 


11  ° 

9 
Wo 

: 

II 


-    11      sin  <'•     •     it      cos  </.     :        H      sin  ^   :  -  II',"  cos<£, 

b    eqs    7 

=   II"1' cos  ci.,  +  (U";"cos<£,  +  M.   :    sin  ■'■  '  ft  : 

it   "  -m^>,  ■  A  :  -  U"   co    <t> 

20 


where 

a  =  -  ill*:"   .        6  =  -   ,',. i.-.ll'1   -t    kc Cos-./,,)   . 

C  =    —    J-0!  II  'I"  ens  </),     . 

Hence 


1  +  #>13  +  id1  + 


cos  02  :  cos  ft:  cos  72  = 

I  cos  ft  COS  7:]  I   1  cos  73  cos  a3  I   I  cos  as  cos  ft 
I  cos  ft  cos  71  I   cos  7,  cos  a,   I  cos  ai  cos  ft 

=  in'sin  <*>:  -A:  ir:"cos<^,  +  (iiU'sin^i  +  2ir;!'cos^i)  ft  : 

-  in'  cos^>i    ft    . 

Prom  these  proportions  the  relations  (26)  easily  follow. 

We  are  mm  able  to  express  the  derivatives  of     W     with  respect 
in    7, .  .-,  :    in  terms  of  the  derivatives  of     W    with  respect    to 
Thus 

d-n  9£  9f 

"         "  *  "'    ,    +»";^7   =  '!'•  cos  7, +  11';  cos  7,  J- II    co    , 

9f  9f  <*<, 

anil 

II'     =       fll'.'.'  cos  71  +  II':;  cos  72  +  II';;,  cos  73)  cos  a, 

+  ( II';;  cos  71  +  11';;  cos  7...  +  11';,  cos  73)  cos  a» 

+  1  IT     cos  71  +  II';'  cos  7j  +  II;;  co    _,  co    a 

Since    I\,      •, .  .- .       are  the  cardinal  axes  of    Po, 

11        =    Wf  =  0 
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which,  when  solved  for    t,    gives  the  relation 

where  the  upper  sign  must  be  used  because  t  is  positive. 
Putting  this  value  of  t  in  equations  (23)  we  get  the 
equations 


Since 


V""J 


-  'I 


-Ml 


(33) 

jj   =    gV2  CO  COS  <f>i 
V~2  j 


-(  issin  <i>,    ir."  -  cos<f>,  -[Wg' 
1 1      fte/s 

+  21V!,1,'  +  4co=  (5  COS2  <f>i  -  2)     I  |  r       Jf{m]S/2  ' 
j    a         ^ 

^  =  fc(Wg)+  4co2sin<f>,  cos<f>iJ  — ^rr, 

+  ^?co|~9  sin  <|>,    11"!,!'+  cos^,  .  IWL     ^cirjvs  ' 


equations  (33)  may  be  written  as  follows 
v  =  gv'2  to  cos  <f>i  -it;  ~~  I  ~        " 


(34) 


+  ^J?co  I  18  sin  <f>, 
^  30       I 


3&— *■  L7(Sf 


and  hence 

II  o    =  Wi°    +  terms  in  ft2  and  higher  powers  of  ft 
I    also 
\       u-.."  =  W,i°  +  terms  in  ft   and  higher  powers  of  h 

(27)  Similarly 

J        llV  =  H';;0  +  terms  m  ft   and  higher  powers  of  ft  . 

/        W ."  =  II"'"  +  terms  in  A    and  higher  powers  of  A  , 

I         II".."  =  U" :■"  +  terms  in  ft   and  higher  powers  of  h  . 

By  means  of  these  relations  and  relations  (20)  we  can  express  the 
values  at  Pi  of  the  derivatives  of  W  with  respect  to  >,  .  f,  C 
in  terms  of  the  values  at  P„  of  the  derivatives  of  II  with 
respect  to    rt ,  ;  ,   '  ■     Thus 

(28) 

ir;"  =  n?  -  wfc   h  =  wf  -  u •■- °   ' 

+  terms  in  ft2  and  higher  powers  of  h, 

II ■;;>  =  ir,"   -  II',.';    A  =  H    " 

+  terms  in  ft  and  higher  power-  of  ft, 

WW  =   u?    -  It"?    ft  =  Wif 

+  terms  in  ft  and  higher  powers  of  A, 

tfgJ  =  ir,"  -  ir„?  ft  =  »'" 

+  terms  in  h  and  higher  powers  of  ft, 


II"!' 


H' 


ir.  "    h  =  » '.,J 


+  terms  in  b   and  higher  powers  oi  ft. 

Hence  equations  (24)  may  be  written  as  follows  : 

■    j.      R 
cos  <£,  =  cos<pn  —  sm  <P"  '   ,,-.,,  ''     > 
(29)  "' 

sin  <f>i   =  sin  (!'  CO     |l         77+  ft 


t  =  i    4co-  sin  <f>,  cos  «#>a  -  51  9g/aS)iJ  - 

+  ii4C0S*,'(:^)t-9sin*1'S)J  sF2' 

If  we  now  substitute  in  equation  (22)  the  value  given  by  relations 
(28)  and  (29),  we  obtain  the  equation 

(30) 

_  j  w  -o  i?4-ji:Tyt-°[5TFtr-0+4a-8  cos2<j>o]?+  &<o  TT;°  If  W°  cos  <rV  t5 

/i=  "  "T^TirTTT" 

=  _  in";"/2  -  j1*  Wf  [  If;/'  -  4co2  cos2  ^V+W  Wf  II":  ."  cos  •(>„   (5 
The  same  substitution  makes  the  first  of  equations  (23)  take  the  form: 

q  =  -  ifu  cos  <#>„     ir  '  /'  +  ico  sin  <!>„  Wtf  ft>+Jcocos<J>o  »    "  '<  ' " 

-  ,,'•,  H";1'  W„f  /4 

+  „'„-  co  Wf  [9  sin  <!>„    II";   +  cos  </>,,  (9ir  ■."  -  W   "  +  to2)]  '5. 

which,  by  (30),  becomes 

^=-  ^cos<j>0    r,°?  -  ,"','1    '"    ",; 

-5VcoW-i0[sin<f»o  ^0+cos^(Wff0+^^-4o,2)]t6 

and  the  second  of  equations  (23), 
t  _  _  ^  |i  fl  [5W(f  +  ko2    in  tj>   •  os  ^>o](4 
-ff\,co  0?[9sin4>o     d    1°  +  ''"s,','l     " 
1„  equations  (30)  and  (31 1  the  coefficients  ol  the  powers  oi 
expressed  intermsol  the  astronomical  latitude  oi    Po    andthevalues 
.,t    /•„  of  the  derivatives  of    11"    taken  along  the  cardinal  axe 
These  are  the  equations  winch  were  derived  by  the  author  in  his 
second  paper  (see  T.A.M.S.,  Vol.  XIII,  p.  473,  §  1,  eqs,  I),  where 
r  and  I  have  the  same  meaning  as  in  this  paper,  and    r   stands  tot 
/,     ,/,  for  </.„  .     (fori    and    ,, .  f,  :   for    ij ,   f,  C    respectivelj 
1,  is  very  gratifying  to  the  author  that  the  purely  analytic  proof 
given  above  leads  to  the  same  equations,  even  to  the  terms  oi  highesl 
order,  as  the  quasi-geometric  proof  of  the  paper  just  referred  to 

"By  means  of  relations  (28)  and    29  .  the  equations  (33    assume 
the  forms  : 
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Equations  (22)  and  (23),  which  express  the  heighl  of 
fall  /•.  the  easterly  deviation  ij  and  the  southerly 
deviation  I  in  terms  of  the  time  of  fall  t,  and  equa- 
tions <4  which  express  ij  and  \  in  terms 
of    h,     hold  for  an  asymmetric  distribution. 

[f,  in  particular,  the  distribution  is  one  of  revolution, 


II':"  =  o 


II   ■    =  0  , 


and  therefore  certain  terms  in  these  equations  drop  out. 
For  instance,  the  second  terms  in  the  righl  hand  members 
of  each  of  the  equations  (34)  become  zero. 

Remark.  The  coefficients  of  the  powers  of  /  in 
equations  (22)  and  (23),  and  those  of  the  powers  of  h 
in  equations  (33  and  (34),  are  expressed  in  terms  of  the 
constants  of  Pi  I  i.e.  in  terms  of  the  astronomical  latitude 
of  P]  and  the  values  at  /',  of  t  he  derivatives  of  11" 
taken  along  the  cardinal  axes  of  Pi).  In  equations 
(30),  (31  .    35      36    of  the  two  preceding  footnote-  the 

coefficients  are  expressed  in  term-  of  the  constants  of  /'„. 
li  i-  interesting  to  note  that  the  coefficients  of  the  lirst 
two  terms  in  the  developments  (31),  (35),  (36)  are  built 
up  from  the  constants  of  P0  in  exactly  the  same  way  as 
t  he  coefficients  of  the  first  two  terms  in  the  developments 
23  are  buill  up  from  the  constants  of  Pi. 


r,  =   h/2«cos*o  ^=+W^5 

,  V:>      l 

+  — -a    f  2  -:■.■•■      li        •    2cos  ■'       II 

+  4ar  (•">  cos'1  (/>„  -  2  COS  <fo)  Y  r^-.o-p/o 

h- 


;°-3cos<fo    Wii° 


'  <M 


—w> 


£  =    J[oir;[-°+   4a-'     in  •'■     Ci 

X    •'       T  1         hw" 

+  —ajUsin^o    II  •.■"+. -os  fr,  "V"jr_lr,,]3, 

These  arc  equations  II  in  the  author's  second  paper  (T.A.M.S 
Vol    XIII,  p    174),  and  may  be  written  : 

36 

V  =  §\/2  u  cos  <pu  ■  — 175  — // 

go         o 


+  21-  2  cos 

V   3r,    Ai 


.  dt]  A. 
\  =  J[4w2  mi  5    '■/  ■/^)o] 


- 


s/2   r 

la    T 


-  9  sin  'I', 


which  ai  [II  in  the  paper  just  referri  d  itement 

below  equatio  ©I  aoti 


§4.  The  Algebraic  Sign  oi  no:  Meridional  or 
Southerly  Deviation  and  the  Inadequacy  of 
any  formi  la  for  this  deviation  which  depends 
rjpoN  a  Particular  Potential  Function. 

From  the  second  of  equations  (34)  we  see  thai  the 
algebraic  sign  of  the  southerly  deviation  \  is  the  same 
as  that  of  the  expression 

2  oi2  sin  2*i  -  5  (&g    9£),     . 

This   expression    is   positive  when     (—  9g/i>t)x     \s  posi- 
tive,  and   negative  when     (  —  3<//9£)i     is   negative  and 

-  5(00/«0i|  >2co2sin2^     . 

In  order  to  determine  the  direction  of  curvature  of  the 
lines  of  force  of  the  weight  field  we  will  make  use  of  the 
following  well-known  relations  in  Geodesy.  The  curva- 
ture at  P\  of  the  line  of  force  of  the  weight  field*  which 
passes  through  P]  is  given  by  the  formula 


J& 


9V 


(ui<l  the  direction  from  Pi  of  the  center  of  tins  curvature  is 
given  by  the  horizontal  vector  of  components 


V, 

ia. 

-82  J 
P 

%^/ 

+% 


Xote.  In  the  paper  just  referred  to  the  following  typographical 
errors  occur.  In  formulas  II  and  III,  in  the  expressions  for  t\ 
.and  in  the  coefficient,  of  hv'2  ,  cos2  <t>  should  be  replaced  by  cos  <f>  ■ 
Also  in  the  first  of  these  expressions  for  r\  and  in  the  coefficient 
of  lr  ,  W"  should  be  replaced  by  It."  .  The  reader  can  easily 
verify  this  by  starting  with  formulas  I  which  are  correct. 

♦The  differential  equations  of  these  lines  of  force  are 

dv  dv  dz  _  , 

with  i'c-p.  Tito  the  axes    O  —  u,  v,  z        and 

H'„  U'r  II'.- 

iln  dt.         dt        .  ,  ,  „  u     <. 

■     with  respect  to  the  axes    /Ji  — rj,  i.  { 

\Y,  If.  II 
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Thus  for  the  values  given  in  the  following  Table  II  for 
station  2,192,  the  direction  of  concavity  is  represented 
bj  the  vector  Pi  Vi  in  Fig.  6.  For  a  distribution  of 
revolution 

,4  ~  ° ' 

and    hence  for  this    case   the    above  expression    for    thi 

cm  rut  arc  assumes  the  form 

-V- 

the  concavity  being  away  from  or  toward  the  equator  ac- 
cording as    {-dg/d£)\    is -positive  or  negative* 

Thus  we  see  that  the  direction  of  curvature  of  the 
lines  of  force  of  the  weight  field,  as  well  as  the  algebraic 
sign  of  the  meridional  deviation,  depends  upon  the  alge- 
braic sign  of  the  derivative     (—  dg/d&i  ■ 

The  algebraic  sign  of  (-  %/9£)i  depends  upon  the 
form  of  the  potential  function  W.  No  potential 
function  is  known  which  will  fit  all  parts  of  the  earth 
which  lie  near,  and  exterior  to,  the  surface.  A  potential 
function  which  is  sometimes  used  is  the  functionf: 


According  to  Poincare',* 

C-A  =  lU-£)l 


(39) 


where     rj     and     o     are  the  mean  radius  and  ellipticity, 
respectively,  of  the  standard  spheroid  : 


and 


['  +  !  <> 


3  sin2 1/<) 


(40) 


oi    — 

kM/iY 

The 

values  of  the  constants  are 

0i 

1 
~  293.5 

=  .003407 

<Tl    = 

and  hence 

e  =  ei  - 

§-.« 

=  .003468  , 


2ss.:;s 

.001673 

Thereforef 

C  -  A  =  3«.U /v  =  .00111  M  i\- 
and  the  function  (38)  may  be  written  in  the  formj 


(38)      II" 


Mi 


(C-A) 
2r3 


(1-3  sin2  M  +  ij  >'2  cos2  i    > 


W 


Muf,    ,  e     .,t-  -2z-~]   . 


where  .1/  is  the  mass  of  the  earth,  k  the  gravita- 
tion constant.  C  and  A  the  principal  moments  of 
inertia  of  the  earth,  C  being  that  with  respect  to  the 
axis  of  rotation  and  A  that  with  respect  to  an  equa- 
torial axis.  It  is,  of  course,  evident  that  this  function 
corresponds  to  some  distribution  of  revolution. 


The  derivatives  of  first  order  of  this  function  are 

9f        Mk  r  [" ,    .         .  t2  -  4z*~\  , 


L 


9[  _    MkzT 

9z  ~       r3    L 


1  +  er 


,3ts 


2zi 


*This  result  may  also  be  deduced  from  the  relation 


(37) 


— jr.    h  +  higher  powers  in  h 


(,>,,    ,yj), 


h  +  higher  powers  in  h 


which  is  obtained  from  equations  (240  and  (242).  In  the  firsl  place 
this  relation  (37),  which  holds  for  a  genera)  asymmetric  distribution, 
shows  that  the  astronomical  latitudt  o)  r,<  {which  is  above  /',  andin 
the  vertical  of  Pi)  is  greater  than  or  less  than  that  of  Pi  according  us 
(—9g/d£)     is  positive  or  negative. 

Geometrical  considerations  will  easily  convince  one  that  for  a  dis- 
tribution of  revolution  the  limit  of  the  ratio  (<fo— «fo)/''  ■  which  hv 
the  above  relation  37  i  equal  to  (-9g/V£)\/ 9u  is  the  curvature 
0f  the  line  of  force  of  the  weight  field  which  passes  through   P\  . 

tSee   HELMEKT,   <lu    Mullu  null isrhru     mill   I  "li  ilsll.ill  isrlu  „    'I'lunn,,,, 

,/,,  Hiiheren  Geodasie,  II  Teil,  p  75, or  Poincare,  Figures  d'Equilibn 
d'uru    Muss,    Fluide  (1902)  Chap.  V. 


Hence  the  acceleration    g    at  any  point 

g 


m  +  m 


■"•[ 


i  + 


r'-2r 


is 


<r  + 


(39,) 


(41) 


(42) 


(43) 

■■]■ 


*Loe.  cit.  p.  106.  The  quantity  n  used  from  equations  (39)  to 
(45)  is  not  the  length  of  the  radius  vector   0  Pi    (Fig.  2.) 

fDr.  Woodward,  in  the  last  of  his  relations  (31)  'A.J.,  Nos. 
651-652,  p.  23)  gives  C  -  A  =  .001065  Ma2 ,  where  a  is  the 
major  semi-axis  of  the  ellipsoid  (40).     Since  by  (40), 

a  =  r,  (\  +  6 


Dr.  Woodward's  value  for    C  -  A     does  not  differ   much   from 
that  here  given. 
{This  is  the  potential  function  given  by  Dr.  Woodward,  who 

writes  it    in  the  form  (38)  b  his  equation  (26)  (where      B   =  A      by 

his  equations  (31    and    V  =  W  -  "  r  cos'' ,/  ,  .  and  in  a  different 

form  in  his  equation  I  16       li  is  also  the  potential  function  which  I 
give  in  my  first  paper  [T.A.M.S.,  Vol.  XII,  pp    335-353)  under 

assumption    4,    where     M,p,pi,r     correspond   to     Mic,r,ri,T 
used  in   ill ). 
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where 

°  =  W*        ^£J  =  <*[!+ Ml -3sin**)]     , 
bj     10),  and 

'.  i  1    |    |90  |  l       |9,  i!  -  :iH,!^)] 

=    -,  (1  +20!  sin  i 

ii- 

n     being  the  major  semi-axis  of  the  spheroid  (40).    There- 
fore the  \  alue  of     g    on  the  standard  spheroid  is 

g  =  ^  1 1  +  23,  sin2  *)  [1  +  e  (1  -3  sin2  i  I 
II  -«i(l  -  sin-^)] 


1/ 


il  +  €  -  a,)  [1  +  (2<r,  -  e)  sin'-,/] 


iv,     12    and     13    , 


.!/«, 


( 1  +  t  —  <ti )     is  the  value  of    g 


;it  the  equator,  i.e.  for  ?  =  0  and  r  =  r  =  «.  If  we 
denote  this  value  of  g  by  (/.,  .  formula  (44)  takes 
the  form 

15)  g  =  g.  [1  +  i"-V,  -  ti  sin-./,]     , 

and  by  the  values  given  above 

■2a,  -  e  =  .00526  . 

From  the  last  formula  we  get  by  differentiation, 

9g  _   2<T,  —  e 


16 
since 


n 


g„sin  2  4 


—  (1$  =  c  d  t[/     +  terms  of  higher  order. 

It'  w e  assume 

y,,  =  978.06  cm. 


2a +  6 
3 


637105100  cm. 


we  find  that 


17. 


f/„  =  +  8.1  X  10-'J 


From    formulas      15)    and    (46)    the    values   of    g    and 

can    be    found    for    different    latitudes.      These 

values  do  not  differ  much  from  those  which  are  given  in 
the  following  table,  which  i-  computed  by  a  formula  due 
to  Hi  i  mi  i  3ei   Foi  inula    18)  this  paper) 


See  Helmert,  loc.  cit.  formul 


Table  I- 


,/, 

g 

in1  ,><j/9$; 

40° 

980.1  157 

8.0399 

15 

980.5966 

8.1568 

50° 

981.0475 

8.0259 

55° 

US  MS  17 

7.6517 

mi 

981.8949 

7.0463 

By  formula  (46),  in  which  the  coefficient  of  sin2\f/  has 
the  value  (47),  we  see  that  for  the  potential  function  (38), 
the  derivative  (— dg/d£)i  is  positive,  and  therefore 
by  the  first  two  paragraphs  of  this  section  (§4)  we  conclude 
that  for  the  potential  (unction  (38),  (1)  the  meridional 
deviation  is  toward  the  equator.  (2)  the  lines  of  force  of 
the  weight  field  ore  convex  to  the  equator.  (3)  the  astronomi- 
cal latitude  of  a  point  Po,  which  is  above  l'\  and  in  the 
vertical  of  /V  is  numerically  greater  than  that  of  Pi. 

While  the  conclusions  just  stated  hold  for  the  potential 
function  (38),  they  may  be  entirely  erroneous  for  another 
potential  function.  In  fact,  as  has  already  been  stated, 
no  potential  function  is  known  which  fits  every  region 
of  the  earth  near,  and  exterior  to,  its  surface.  However, 
it  is  possible  to  determine  experimentally  the  values  of 
g  and  (dg/di;)]  at  any  given  place.  The  first  quantity 
is  determined  by  means  of  pendulum  observations  and 
the  second  by  means  of  a  torsion  balance  devised  by  the 
Hungarian  physicisl  Baron  Roland  Eotvos. 

Observation  shows  that,  in  a  fairly  level  country, 
experimentally  determined  values  of  g  do  not  differ 
much  from  those  given  by  formula  (45).  Any  local 
influence,  such  as  a  mountain  or  a  mineral  deposit,  which 
causes  the  experimentally  determined  value  of  g  to 
differ  much  from  that  given  by  formula  (45),  and  the 
astronomical  latitude  and  longitude  to  differ  much  from 
the  geographic  (i.e.  those  determined  by  the  normal  to 
the  spheroid  (40)),  is  regarded  as  a  local  irregularity  in 
the  earth's  weight  field.  While  the  deviations  from  the 
normal  values  (i.e.  those  given  by  Table  I)  which  are 
produced  in  the  values  of  g  by  local  irregularities  in 
the  weight  field  are  relatively  small,  those  produced  in 
(dg  .'si,  are  relatively  very  great,  as  the  following  table 
will  serve  to  indicate. 

Table  II. 


Station 

Number 

-"ta 

+-0, 

-><m, 

1,018 

■  32.9 

+  88.1 

+  3.8 

1 .0:52 

(  25. 8 

+  G2.S 

+  2.5 

1.0:55 

+  15.5 

+  69.8 

-  4.6 

2,159 

-37.0 

+  34.5 

13.5 

2.ISS 

+  77.S 

+  59.8 

-b30.3 

2.102 

82.3 

1  64.5 

+26.7 

table  is  given  in  mj   second  paper  (T  I   l/.s 
p    170 
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The  values  given  in  this  table  were  obtained  in  a  survey 
which  was  made  with  the  Eotvos  balance  in  a  region 
just  east  of  Arad,  in  Hungary.*  The  stations,  of  which 
the  numbers  are  given  in  the  table,  are  just  west  of  some 
mountains.     The  latitude  of  this  region  is  about  46°  10'. 

The  value  of  g  at  Arad  (<p  =  46°  10'  17")  de- 
termined by  pendulum  observations,  is  =980.724,  the 
correction  for  height  is  +.034.  thus  making  the  sea- 
level  value,  g  =  980.758.  The  theoretical  value  given 
by  the  formula 

(48)  g,  =  978.030  (1  4-  0.005302  sin2  <t> 

-  0.000007  sin-  2<f>). 

from  which  Table  I  was  computed,  i-  980.721,  thus 
making  g  —  grt  =  +  .037.  In  similar  determinations, 
made  at  ten  other  places  in  Hungary, f  the  difference 
g  —  (/,  was  found  to  lie  between  +.026  and  +.049. 
This  result  hears  out  the  statement,  made  above  Table  II. 
that  the  deviations  in  </  are  relatively  small. 

On  the  other  hand,  the  figures  in  Table  II  show  that 
the  deviations  in  (-%/3£)i,  (^g/^v)i-  (—VW/'d£dv)i 
from  the  normal  values  +8.1  X  10-9,  0.  Of,  which 
correspond  to  the  potential  function  (38),  are  relatively 
very  great.  Thus  at  station  2,11)2.  (  — ety/dj;),  is 
more  than  ten  times  as  great  as  the  normal  value,  while 
.ii    station    2,159,     (-<?<// <-?£h    is   negative  and  numeri- 

See  Eotvos,  ten  Band  der  Abhandlungen  ihr  XV  Algemeinen 
Konfen  m  der  Erdmessung  in  Budapest,  1906,  pp.  337-395 

tSi'c  Appendix  by  Karl  Oltay  in  the  Eotvos  paper,  XVI 
Allgemeint  Konferem  der  International!  Krrfmcsnttiitj. 

fSince  the  potential  function  (38)  corresponds  to  some  distribution 
<>('  revolution 


d2W\ 


■a2w 

9£9V 


cally  four  and  one-half  times  as  great  as  the  normal 
value.  Hence  it  follows  from  the  general  formula  (k) 
(Part  I),  the  special  formula  (71-,)  (Part  I),  which  cor- 
responds to  the  potential  function  (38),  and  the  formula 
of  Gauss  (S.D.  =  Jco2  sin  2<f>  •  W/g) ,  (/)  that  at 
station  2,192  the  meridional  (southerly)  deviation  of 
a  freely  falling  body  would  be  8J^  times  as  great  as 
that  corresponding  to  the  potential  function  (38)  and 
42  times  as  great  as  that  given  by  the  formula  of  <  Iauss; 
i  .')  that  at  station  2,159  the  meridional  deviation  of  a 
freely  falling  body  would  be  poleward,  i.e.,  northerly,  ami 
—  V/2  times  that  corresponding  to  the  potential  function 
(38)  and — 1734  times  that  given  by  the  formula  of  Ga  crss. 
These  results  are  sufficient  to  prove  the  inadequacy  of 
any  formula  for  the  meridional  deviation  of  freely  falling 
bodies  which  is  based  upon  a  particular  potential  func- 
tion, and  to  show  that  in  the  future,  experiments  for  the 
determination  of  the  deviations  of  freely  falling  bodies  should 
be  preceded  by  premilinary  experiments  fur  tin  determina- 
tion Of  He  local  value  Of    (—  dg/d^)  . 

When  the  experimentally  determined  local  values  of 
the  derivatives  (&g/&0i ,  i9g/dl)>  ,  (diW/9&r,)s  are 
substituted  in  formulas*  (34)  (which  do  not  depend  upon 
any  particular  potential  function)  the  effect,  on  the 
deviations  of  a  freely  falling  particle,  of  local  irregular- 
ities in  the  Earth's  field  of  force  is  taken  into  account. 
As  already  stated,  these  formulas  do  not  take  into  ac- 
count the  effects  of  aii-  resistance,  air  currents,  the  actions 
of  the  Moon  and  the  Sun  and  the  curvature  of  the  string 
of  the  plumb-line. 


It  should  be  noted  that  the  values  of  the  derivatives 
(fV9j-)i  =  (-  9*-W/9-f-)x  and  (d-W/9-q-),  ,  which  occur  in 
the  third  term  of  the  expression  for  the  easterly  deviation  7;  ,  can 
not   be  determined  by  the  Eotvos  method. 


TRANSIT    OF    MERCURY.    1914  NOV.  7. 

By   F.   P.   LEAVENWORTH. 


The  times  of  the  third 
observed  with  the  10'j-m. 
follows:  — 


and    fourth    contacts    were 
Equatorial    power    150   as 


Third    contact    2h  7'"  28s 

Gr.  M.  T. 

Fourth  contact    2    9     25 

Gr.  M.  T. 

The  observation  was  made  through  a  light  bank  of 
clouds,  and  through  the  naked  branches  of  a  tree.  But 
the  definition  was  fair  for  the  third  contact.  The  fourth 
contact  is  more  doubtful  owing  to  the  wavy  appearance 

of  the  Sun's  limb  at  that  time. 


University  of  Minnesota,  Minneapoli 
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EPHEMERIS    OF    ASTEROID   -MT"   (albert), 

B.    F.  E.  SEAGRAVE. 


Epoch      April  30.50      L915,  G.  M.T. 
.1/  =  317°  51' 22'  M 

■*=  337°  29'  19".29 

n=  185'  32'36".92 

i=    10    19'  18" 
Log.       9.732c&2 
Log  7      0.0747^2 

n  =  853";.66491 

<  lONSTAN  rS. 

x  =  r(9.99993)  -in  275°  26'  13".60  +  u) 
y=r(9.98928  sin  L85°  12'  42".00  +  u 
:  =  r(9.34256)     sin  (190°     3'  41".  10  +  it) 


1(1   11  33 

16    9  IS 

Id    (l  33 

Hi    :;  20 

15  59  38 

15  55  34 

15  51  10 


L5  Id  36 
15  11  50 
15  37  4 
15  32  23 
15  27  53 
15  23  41 


-7 

21 

48 

-6 

36 

57 

-5 

50 

27 

-5 

2  46 

-4 

14 

43 

-3 

26 

46 

-2 

39 

45 

-1 

54  35 

-1 

11 

52 

-0 

32 

30 

+0 

2 

54 

+0 

33 

38 

+0 

59 

8 

log  r 

0.33616 
0.33084 
0.32542 
0.31990 

().:;  I  130 
0.30856 

1 1.30274 

0.29684 
0.29082 

0.28470 
0.27846 
0.27214 

0.20572 


ion  A 

0.09192 
0.07573 
0.06018 
0.04552 
0.03185 
0.01932 
0.00808 

9.99826 

9.98986 
9.98291 
9.97740 
9.97331 
9.97057 


Opposition  =  May  21"   1915.    Distance  from  Earth  unifr 
Nearesl  to  Earth  =  June  19,   1915. 
Perihelion  =  October    25.    1915. 


OBSERVATIONS   OF   COMET   1913    /    (delavan), 
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By    BERNHARD    11     DAWSON 
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Ann  Arbor  M.T 

* 
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Jo 

a    \i>|' 

Nil;  /i  A 

5  App. 

log  //A 

Oct.  -M 

26 

Nov.   1 

tarns 

(1  52  43 
6  36  12 
6  22  32 

1 

2 
3 

10.    8 

10,  10 

8,    8 

+  im2Lll       -  1  25.1.  1 -K3  ol".558.73      9.6874 

-  0  38.09      +  6  15.7       14  12     8.66      9.6788 

-  0  17.24  |    +  4  37.1        14  33  30.99    |  9.6669 

+  30  18  36.2 
+  26  20  44.9 
+  21  54  56.5 

0.7727 
0.7637 
0.7626 

Mean  Places  of  Comparison- Stars. 


* 

a  19U.0 

Red.  to  App.  PI. 

S  1914.0 

Red.  to  App.  PL 

Authority 

1 

2 

3 

13  50 

11    12  45.38 
11  33   16.8] 

+  1.34           +30  20  15.9 

+  1.37           +  26  20  44.0 

1.42           +21  50  34.1 

-  11.(1 

-  14.8 

-  14.7 

A.G.  Leiden  5040 

A.G.  Cambridge  Eng'.,  (177  1. 

A.G.  Berlin  B  5119. 

The  firsl  observation  was  made  by  the  method  of  micrometer  transits,  the  others  by  direct  micrometer  measure 
mini  of   An    and     Ao  .     All  the  observations  have  been  corrected  for  differential  refraction. 
Ir&or,  191  I  No     II. 
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